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Vortex stretching and compression, which cause enstrophy production by inviscid pro-
cesses, are investigated near the turbulent/nonturbulent (T/NT) interface in a planar
jet by using a direct numerical simulation. The enstrophy production is investigated by
analysing the relationship among a vorticity vector, strain-rate eigenvectors and strain-
rate eigenvalues. The statistics are calculated individually for three different interface
orientations. The vorticity near the T/NT interface is oriented in the tangential direc-
tion to the interface. The enstrophy production is affected by the interface orientation
because the intensity of vortex stretching depends on the interface orientation and the
alignment between the vorticity vector and the strain-rate eigenvectors is confined by the
interface. The enstrophy production near the T/NT interface is analysed by considering
the motion of turbulent fluids relative to that of the interface. The results show that the
alignment between the interface and the strain-rate eigenvectors changes depending on
the velocity field near the T/NT interface. When the turbulent fluid moves toward the
T/NT interface, the enstrophy is generated by vortex stretching without being greatly
affected by vortex compression. In contrast, when the turbulent fluid relatively moves
away from the T/NT interface, large enstrophy reduction frequently occurs by vortex
compression. Thus, it is shown that the velocity field near the T/NT interface affects
the enstrophy production near the interface through the alignment between the vorticity
and the strain-rate eigenvectors.

1. Introduction

Interfaces dividing turbulent and nonturbulent regions appear in free shear flows, such
as wakes, jets and mixing layers. These interfaces are called turbulent/nonturbulent
(T/NT) interface (da Silva et al. 2014). Because the free shear flows can be observed
in many environmental and industrial flows, predicting and controlling the development
of these flows is important. The free shear flows develop by converting nonturbulent fluids
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near the T/NT interface into turbulent fluids. This conversion of the nonturbulent fluids
into the turbulent fluids causes entrainment of the nonturbulent fluids. Therefore, the
development of the free shear flows strongly depends on the characteristics of the T/NT
interface.

The scales which dominate the entrainment process have been discussed over the years,
and the large scales have been considered to dominate it (e.g. Townsend 1976; Mungal &
Hollingsworth 1989). In contrast, Corrsin & Kistler (1955) emphasized the importance of
the small scales in the entrainment. The role of the T/NT interface in the entrainment has
been investigated recently by using numerical simulations and experiments. Westerweel
et al. revealed that small-scale eddies near the T/NT interface largely contribute to the
entrainment process by experimentally investigating a round jet (Westerweel et al. 2002,
2005, 2009). However, not only the small-scale eddies near the T/NT interface but also
the large-scale motions of nonturbulent fluids are responsible for the total entrainment
process (Philip & Marusic 2012). Therefore, for investigating the dominant scales of
the entrainment process, further investigations, such as multiscale analysis (de Silva
et al. 2013; Philip et al. 2014), are required. Chauhan et al. (2014) investigated the
T/NT interface in the boundary layer at high Reynolds numbers, and showed that the
entrainment in the boundary layer is characterized by two different length scales.

Because the turbulent region is characterised by high enstrophy, the entrainment pro-
cess has been investigated by analysing the enstrophy transport near the T/NT interface.
Holzner et al. (2008) and Holzner & Lüthi (2011) experimentally investigated a turbulent
front generated by an oscillating-grid, where mean shear does not exist. They derived
the expression for the velocity of the T/NT interface propagation, which is called local
entrainment velocity, by analysing the enstrophy transport equation. Holzner & Lüthi
(2011) showed that the propagation of the T/NT interface is dominated by the viscous
diffusion of the enstrophy. However, Wolf et al. (2012) experimentally investigated the
local entrainment velocity in a turbulent jet, and showed that vortex stretching, which
is the inviscid process, also has a potential to cause the local entrainment. They also
analysed the alignment between the vorticity and eigenvectors of rate-of-strain tensor
at the T/NT interface, and showed that the alignment can be related to the entrain-
ment process by vortex stretching. The T/NT interface consists of two layers: turbulent
sublayer (da Silva et al. 2014) and viscous superlayer (Corrsin & Kistler 1955). The in-
crease in the enstrophy is dominated by the viscous effects in the viscous superlayer,
but is caused by the inviscid and viscous processes in the turbulent sublayer (Taveira
& da Silva 2014). Therefore, the relative importance of the inviscid and viscous effects
depends on the threshold value used for defining the interface (van Reeuwijk & Holzner
2014). Taveira et al. (2013) used direct numerical simulations (DNSs) of a temporally
developing jet (da Silva & Pereira 2004) to investigate the Lagrangian statistics near the
T/NT interface. Their analysis of the enstrophy transport equation revealed that the
enstrophy growth in the nonturbulent region near the T/NT interface is caused by the
viscous diffusion, whereas the enstrophy production by the inviscid process dominates
its generation inside the turbulent region. As shown in the previous investigations on
the enstrophy transport, the increase in the enstrophy near the T/NT interface is not
only caused by the viscous diffusion, but also by the inviscid process. In this study, the
inviscid contribution to the enstrophy generation near the T/NT interface is investigated
in detail.

The enstrophy ω2/2 ≡ ωiωi/2 evolves according to the following transport equation

Dω2/2

Dt
= ωiSijωj + ν∇2(ω2/2)− ν∇ωi · ∇ωi. (1.1)
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Here, ωi = ϵijk∂Uk/∂xj is the i direction component of the vorticity vector (where
ϵijk is the Levi-Civita symbol), Sij = (∂Ui/∂xj + ∂Uj/∂xi)/2 is the component of the
rate-of-strain tensor and Ui is the i direction velocity. The first term on the right-hand
side of (1.1) is the production term, which is caused by the inviscid process, the second
term is the viscous diffusion term and the third term is the viscous dissipation term.
The enstrophy production term consists of ωi and Sij and is the scalar product of the
vorticity vector ωi with the vortex stretching vector Sijωj . Therefore, the interaction
between the vorticity and strain fields determines the enstrophy production. The rate-
of-strain tensor has three real eigenvalues si, where si is arranged in descending order
(i.e., s1 ⩾ s2 ⩾ s3). For an incompressible flow, s1+s2+s3 = 0 because of the continuity
equation. Therefore, the eigenvalue s1 is always positive and corresponds to the extensive
strain-rate, whereas s3, which is always negative, corresponds to the compressive strain-
rate. The intermediate strain-rate eigenvalue s2 can be positive or negative, and s1 and s3
are bounds for s2. The eigenvector corresponding to si is denoted by ei. The eigenvectors
of si are orthogonal to each other. By using the eigenvalues and eigenvectors of Sij , the
enstrophy production ωiSijωj is represented by

ωiSijωj = ω2si(ω̂ · ei)2. (1.2)

Here, ω̂ ≡ ω/|ω| is the unit vorticity vector. Equation (1.2) shows that si determines the
intensity of vortex stretching or compression in the direction of ei. The inner product
ω̂ · ei is the cosine of the alignment angle between the vorticity vector and the eigenvec-
tor for si. Vortex stretching or compression by si effectively acts on vorticity when its
eigenvector ei aligns with the vorticity vector. Therefore, the alignment between the vor-
ticity vector and the strain-rate eigenvectors is important in the enstrophy production.
The previous studies showed that the vorticity vector preferentially aligns with the in-
termediate strain-rate eigenvector e2 and is perpendicular to the compressive strain-rate
eigenvector e3 (Ashurst et al. 1987; Jiménez 1992; Tanahashi, Iwase & Miyauchi 2001;
Buxton & Ganapathisubramani 2010). Although the extensive strain-rate eigenvector e1
arbitrarily aligns with the vorticity vector, the enstrophy production term tends to be
positive when e1 aligns with the vorticity vector (Buxton & Ganapathisubramani 2010).

The T/NT interface envelops the high enstrophy region and appears along the vortical
structures in the turbulent region (da Silva, Dos Reis & Pereira 2011). da Silva & Taveira
(2010) showed that the thickness of the T/NT interface is almost equal to the radius of
large vorticity structures near the interface. Because the vortical structures do not exist
in the nonturbulent region, the vorticity in the turbulent region cannot penetrate the
T/NT interface, and the spatial distribution of the vorticity is confined by the presence
of the interface. Therefore, the vorticity near the T/NT interface tends to align with the
tangential direction to the interface (da Silva & dos Reis 2011). This confinement of the
vorticity distribution near the interface is expected to affect the alignment between the
vorticity and strain-rate eigenvectors. In this study, we analysed the relationships among
the T/NT interface orientation, the vorticity vector and the strain-rate eigenvectors and
eigenvalues near the T/NT interface in a planar jet for investigating the enstrophy gen-
eration and reduction by vortex stretching and compression. Unlike Wolf et al. (2012),
we investigate the alignment between the vorticity and strain-rate eigenvectors in the
turbulent region near the interface, where the enstrophy growth is caused on average
by the inviscid process (Taveira et al. 2013). DNS results of the planar jet (Watanabe
et al. 2013b, 2014a) are used in this study. We also focus on large scale motions in the
turbulent region, which characterise the interface geometry and velocity field near the
T/NT interface, and investigate its roles in vortex stretching and compression near the
interface. The conditional sampling methods have been used for investigating turbulent
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Figure 1. Computational domain of planar jet.

fronts and trailing edges in experiments using hot-wire anemometry. In this study, the in-
variants of velocity gradient and strain-rate tensors and the enstrophy production, whose
measurements are not easy in the experiments using hot-wire anemometry, are analysed
for different interface orientations. Sec. 2 describes the DNS of the planar jet and the
procedure of the T/NT interface detection. The numerical results are presented in Sec.
3. Finally, the conclusions are summarised in Sec. 4.

2. Direct numerical simulation of a planar jet

2.1. Numerical method and computational parameters

The spatially developing planar jet described in figure 1 is investigated using the DNS.
The origin of the coordinate system is located at the centre of the jet inlet. The stream-
wise, lateral and spanwise directions are represented by x, y and z, respectively. The
size of the computational domain is Lx × Ly × Lz = 9.5πd × 7.3πd × 1.2πd, where d
is the width of the jet inlet. The governing equations are the continuity equation and
Navier–Stokes equations for an incompressible flow, which are written as follows:

∂Uj

∂xj
= 0, (2.1)

∂Ui

∂t
+

∂UjUi

∂xj
= − ∂p

∂xi
+ ν

∂2Ui

∂xj∂xj
, (2.2)

where Ui is the instantaneous velocity, p is the instantaneous pressure divided by the
density and ν is the kinematic viscosity.
The governing equations are solved using a finite difference method. The fully conser-

vative fourth-order central difference scheme proposed by Morinishi et al. (1998) is used
for spatial discretization in the x and z directions, and the fully conservative second-order
central difference scheme (Morinishi et al. 1998) is used in the y direction because the
second-order scheme does not require special treatments for nonequidistant grids. The
advection term in (2.2) is discretized using a skew-symmetric form for suppressing alias-
ing errors. Equations (2.1) and (2.2) are solved using the fractional step method. The
Poisson equation is solved by the fast Fourier transform (in the spanwise direction), the
cosine transform (in the streamwise direction) and a tridiagonal matrix algorithm (in the
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Table 1. Coefficients in (2.3), (2.4), (2.5) and (2.6) used to determine boundary condition at
jet inlet.

n 0 1 2 3 4 5

An 1.303× 100 −9.236× 10−1 −8.571× 100 −1.207× 102 3.464× 102 0
Bu,n 4.673× 10−2 5.470× 10−2 −1.368× 100 1.043× 101 −1.657× 101 0
Bv,n 3.505× 10−2 −1.558× 10−2 5.192× 10−1 −1.249× 100 0 0
Bw,n 3.505× 10−2 −3.551× 10−3 1.930× 10−1 −1.186× 100 7.355× 100 −1.267× 101
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Figure 2. Mean streamwise velocity and rms values of velocity fluctuations at the jet inlet.
Lateral profiles of velocity statistics at the jet inlet are compared with the measurement results
(Watanabe et al. 2012, 2013a, 2014b,c). (a) Mean streamwise velocity. (b) Rms values of velocity
fluctuations.

cross-streamwise direction). The Crank–Nicolson method is used for the time integration
of the y direction viscous terms, whereas the third-order Runge–Kutta method is used
for the other terms (Spalart, Moser & Rogers 1991).
The Reynolds number based on the width of the jet inlet d and the mean bulk velocity

at the jet inlet UJ isRe = UJd/ν = 2, 200.Nx×Ny×Nz = 2, 048×600×128 computational
grid points are used in the DNS. The uniform grid is used in the x and z directions. In
the y direction, a fine grid is used near the jet centreline, and the grid is stretched
near the lateral boundaries. The periodic boundary condition is applied in the spanwise
(z) direction. At the lateral boundaries, the y directional gradient of velocity is set to
0. The convective boundary condition proposed by Dai, Kobayashi & Taniguchi (1994)
is used at the outlet plane. At x = 0 in the ambient flow, the cross-streamwise and
spanwise velocities are set to zero and the streamwise velocity is UA = 0.056UJ without
any fluctuations. The velocity at the jet inlet (x = 0) is generated by superimposing
velocity fluctuations on the mean velocity so that the lateral profiles of the streamwise
mean velocity (Uin) and the rms values of the velocity fluctuations (urms, vrms, wrms) at
the jet inlet satisfy the following equations:

Uin(y)− UA

UJ
=

5∑
n=0

An

(y
d

)2n

, (2.3)
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urms(y)

UJ
=

1

20

5∑
n=0

Bu,n

∣∣∣y
d

∣∣∣n , (2.4)

vrms(y)

UJ
=

1

20

5∑
n=0

Bv,n

∣∣∣y
d

∣∣∣n , (2.5)

wrms(y)

UJ
=

1

20

5∑
n=0

Bw,n

∣∣∣y
d

∣∣∣n . (2.6)

The coefficients An, Bu,n, Bv,n and Bw,n are summarised in table 1. The cross-streamwise
and spanwise mean velocities are zero at the jet inlet. Equations (2.3) and (2.4) are ob-
tained from the measurement results for Uin(y) and urms(y) in the experimental apparatus
used in Watanabe et al. (2012, 2013a, 2014b,c). Figure 2 (a) shows Uin given by (2.3) and
figure 2 (b) shows urms, vrms and wrms given by (2.4), (2.5) and (2.6), respectively. The
measurement results for Uin(y) and urms(y) (Watanabe et al. 2012, 2013a, 2014b,c) are
compared with above equations in figure 2. The velocity fluctuations which satisfy (2.4),
(2.5) and (2.6) are generated by a diffusion process that converts the random noise into
the fluctuations which possess the required length scales (Kempf, Klein & Janicka 2005).
According to Stanley, Sarkar & Mellado (2002), the length scale which corresponds to
the fundamental mode for the shear layer near the jet inlet is used as the integral length
scales of the velocity fluctuations at the jet inlet, which are 0.29d in the present DNS. The
small velocity fluctuations are used for the boundary conditions at the jet inlet. For the
jet development, velocity fluctuations at large scales are important because small-scale
fluctuations decay near the jet inlet. The velocity fluctuations generated by the diffusion
process contain most of the energy at large scales. Although the total energy represented
by the rms values is small, the generated velocity fluctuation contains the energy at large
enough scales to develop the jet flow.

2.2. Validations of the DNS results

The time-averaged statistics obtained by the present DNS are compared with the pre-
vious experimental and numerical studies on planar jets. Figure 3 (a) shows the mean
streamwise velocity ⟨U⟩ on the jet centreline. Here, the time-averaged value is denoted by
⟨ ⟩. The DNS result agrees well with the experiment by Watanabe et al. (2014b), which
was conducted for the Reynolds number Re ≈ 2 200. Similar to the previous studies on
a planar jet (Bradbury 1965; Davies, Keffer & Baines 1975; Stanley et al. 2002; Deo, Mi
& Nathan 2008), the mean streamwise velocity on the jet centreline is found to evolve
according to (⟨U⟩ − UA) ∝ (x/d)−1/2. Figures 3 (b) and (c) show the lateral profiles of
the mean streamwise velocity and the jet half-width bU , respectively. The mean stream-
wise velocity exhibits the self-similar profile, and bU increases in proportion to x. In the
downstream of x/d = 10, the mean streamwise velocity and the jet half-width can be
represented by

U2
J

(⟨U⟩ − UA)2
= 0.140(x/d)− 0.0627, (2.7)

bU/d = 0.0936(x/d)− 0.0123. (2.8)

Thus, the self-similar characteristics in the planar jet can be observed in the mean stream-
wise velocity profile.
Figure 4 shows the lateral profiles of the rms values of the streamwise and cross-

streamwise velocity fluctuations (urms and vrms) normalized by the mean streamwise
velocity on the jet centreline (UC − UA). The normalised rms values in the previous ex-
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Figure 3. Comparison of mean streamwise velocity between the DNS results and the experi-
mental results (Watanabe et al. 2014b). (a) Streamwise evolution of mean streamwise velocity
on the jet centreline. (b) Lateral profiles of mean streamwise velocity. (c)Streamwise evolution
of jet half-width based on mean streamwise velocity.

periments (Gutmark & Wygnanski 1976; Ramaprian & Chandrasekhara 1985; Watanabe
et al. 2014b) and DNSs (Stanley et al. 2002; Klein, Sadiki & Janicka 2003) are also shown
in Fig. 4. Self-similar profiles can be observed in urms and vrms obtained by the DNS, and
their profiles show the similar tendency to the previous studies. Thus, typical properties
of the self-similar planar jet can be observed in the present DNS results.
The T/NT interface is analysed in the self-similar region. We analyse the T/NT in-

terface detected in the region of 22 ⩽ x/d ⩽ 24, where the self-similarity can be ob-
served without being affected by the boundary conditions. Reynolds number based on
the Taylor microscale is Reλ = urmsλx/ν = 84 at x/d = 23 on the jet centreline. Here,
λi =

√
⟨u′2

i ⟩/⟨(∂u′
i/∂xi)2⟩ is the i direction Taylor microscale, and u′

i = Ui − ⟨Ui⟩ is the
instantaneous velocity fluctuation. The interface is frequently detected at y/bU ≈ 1.8.
The computational grid sizes in the x, y and z directions are 0.82η, 1.7η and 1.7η, at
(x, y) = (23d, 1.8bU ), respectively, where η = (ν3/ϵ)1/4 (ϵ: dissipation rate of turbulent
kinetic energy) is the Kolmogorov microscale at y = 0. Here, η at y = 0 is used be-
cause the outer intermittency greatly affects η at y/bU = 1.8. The Taylor microscale
λ = (λx + λy + λz)/3 at y = 0 is 0.26d at x/d = 22 and is 0.29d at x/d = 24.

We use the enstrophy transport equation for the analysis. For investigating the error
in evaluating the enstrophy transport equation, we compared the temporal derivative of
enstrophy ∂(ω2/2)/∂t and the sum of the advection, production and viscous terms, which
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Figure 5. Detection of T/NT interface by thresholding vorticity magnitude. (a) Volume frac-
tion of turbulent region in the region of 11Lx/16 ⩽ x ⩽ 15Lx/16, −Ly/2 ⩽ y ⩽ Ly/2 and
−Lz/2 ⩽ z ⩽ Lz/2 as a function of the threshold ωth. (b) Three-dimensional visualisation
of T/NT interface and vortical structures. Translucent orange represents the T/NT interface
(isosurface of |ω|bU/UC = 0.3). White represents the isosurface of the second invariant of the
velocity gradient tensor (Q/(UJ/d)

2 = 1).

are here denoted by δω1 and δω2, respectively. Here, ∂(ω2/2)/∂t is estimated by using the
fourth-order central difference although the DNS is conducted using the explicit/implicit

hybrid scheme (Spalart et al. 1991). The error is estimated from

√
⟨(δω1 − δω2)

2⟩/⟨δω2
2⟩,

and is 7 % at (x, y) = (23d, 0).
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Figure 6. Schematic of T/NT interface in a jet flow and definition of interface orientation.

2.3. T/NT interface detection method and conditional analysis near the interface

The T/NT interface is detected by using the vorticity magnitude |ω|. According to the
previous studies (Bisset, Hunt & Rogers 2002; Taveira et al. 2013; Watanabe et al. 2014a),
the flow region where the normalized vorticity magnitude |ω|bU/UC is larger than a
certain threshold ωth is defined as the turbulent region. Therefore, the T/NT interface is
defined as the isosurface of |ω|bU/UC = ωth. In Taveira et al. (2013), the threshold ωth

is determined based on the dependence of the volume fraction of turbulent region VolT
on ωth. In this study, VolT is calculated for a wide range of ωth. Because we investigate
the T/NT interface around x/d = 23, VolT is calculated in the region of 11Lx/16 ⩽
x ⩽ 15Lx/16, whose volume is represented by Lx/4 × Ly × Lz. Figure 5 (a) shows the
relationship between VolT and ωth. Although VolT decreases with increasing ωth, there is
a plateau of VolT for a wide range of ωth. The T/NT interface location weakly depends
on ωth when the threshold is involved in the plateau like region in figure 5 (a) as shown in
Taveira et al. (2013). In our analysis, ωth = 0.3 is used for detecting the T/NT interface.
For ωth smaller than 0.017, VolT largely increases with decrease of ωth. This is caused
by numerical noise in the nonturbulent regions.
The detected T/NT interface and the vortical structures in the region of 11Lx/16 ⩽

x ⩽ 15Lx/16 are visualised in figure 5 (b). In figure 5 (b), the isosurface of |ω|bU/UC = 0.3,
which represents the T/NT interface, is shown by translucent orange, and the vortical
structures are visualised by the isosurface (white) of the second invariant of the velocity
gradient tensor, Q = (ωiωi − 2SijSij)/4. It is found that the vortical structures near
the outflow plane are not affected by the boundary conditions, and are similar to those
far from the outflow boundary. The visualisation of the T/NT interface shows that the
interface is convoluted and envelops the vortical structures. The convolutions of the
T/NT interface are related to the large vorticity structures (da Silva et al. 2011).

The conditional statistics conditioned on the distance from the T/NT interface (Bisset
et al. 2002) are used to investigate the characteristics of the T/NT interface, and are cal-
culated by the same procedure as in Watanabe et al. (2014a). Figure 6 shows a schematic
of the T/NT interface in the planar jet. The local coordinate yI is defined for the de-
tected interface as shown in figure 6. The location of the T/NT interface is represented
by yI = 0 in the local coordinate system. Here, yI is taken to be normal to the T/NT
interface and the turbulent fluid is on the side of negative yI. The conditional average
conditioned on yI is denoted by ⟨ ⟩I. Because of the strongly convoluted structures of
the T/NT interface, the T/NT interface can face various directions. For investigating
the relationship between the interface orientation and its characteristics, the conditional
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Figure 7. Conditional average of enstrophy near the cross-streamwise, leading and trailing
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statistics are calculated individually for three orientations of the T/NT interface, which
are called the cross-streamwise edge, leading edge and trailing edge. Examples of these
interface orientations are shown in figure 6. These interface orientations are distinguished
by the unit vector normal to the T/NT interface, which is defined by n ≡ −∇ω2/|∇ω2|.
At the cross-streamwise edge, n is parallel to the cross-streamwise direction. The inter-
face at which n points in the streamwise direction is defined as the leading edge, whereas
the interface at which n is opposite to the streamwise direction is defined as the trailing
edge. It should be noted that the leading edge can be distinguished from the trailing
edge because there are mean shear and mean flow in a jet. In calculations of conditional
statistics for the three interface orientations, deviations of the interface orientation within
±25◦ are accepted. This criterion for the interface orientation is the same as that in Bis-
set et al. (2002). For the interface detected as the cross-streamwise edge, yI is set to
be parallel to the cross-streamwise direction. Similarly, for the interfaces detected as the
leading and trailing edges, yI is set to be parallel to the streamwise direction. The leading
and trailing edges appear with the convoluted structures. Therefore, the envelop of the
interface should not be used for correctly evaluating the conditional statistics near the
leading and trailing edges. The conditional statistics are evaluated using the interface
defined by the isosurface of vorticity norm instead of the envelop.

The conditional statistics are calculated for the turbulent and nonturbulent sides of
the T/NT interface. When the conditional statistics are calculated for a T/NT interface,
other interfaces can appear near the T/NT interface. The characteristics of the flow field
drastically vary near the T/NT interface, and the width of this variation is slightly smaller
than the Taylor microscale (da Silva & Taveira 2010). Therefore, when other interfaces
appear near the T/NT interface, the region within λ away from the other interfaces is
not used for calculating the conditional statistics. Here, the Taylor microscale λ on the
jet centreline is used, and existence of other interfaces is examined on the line of yI.
When ωth = 0.3 is used as the interface detection threshold, “holes” of nonturbulent
fluids are detected in the turbulent region. These holes of nonturbulent fluids are not
used for calculating the conditional statistics.

3. Results and discussion

3.1. Enstrophy transport near the T/NT interface

Figure 7 compares the conditional average of the enstrophy ω2/2 conditioned on the
distance from the T/NT interface yI for the cross-streamwise, leading and trailing edges.
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The distance from the interface is normalised by λ on the jet centreline. As in many
figures in this paper, the vertical broken line indicates yI/λ = −0.6, where the conditional
statistics are analysed in detail below. The enstrophy begins to increase from the T/NT
interface toward the turbulent region. The conditional average of the enstrophy near the
interface strongly depends on the interface orientation, being smallest near the trailing
edge and largest near the cross-streamwise edge.
As shown in figure 6, the orientation of the local coordinate yI for the leading edge is

opposite to that for the trailing edge. The turbulent region near the trailing (leading)
edge is downstream (upstream) of the interface. Because the enstrophy decreases in the
downstream direction in the jet, the enstrophy in the turbulent region far from the
interface differs greatly between the leading and trailing edges. However, even near the
T/NT interface, the conditional average of the enstrophy differs among the three interface
orientations, most likely because of differences in the interface characteristics. A mean
flow in a jet causes differences between the leading and trailing edges. Therefore, the
difference between the leading and trailing edges, i.e., the geometrical effects on the
interface characteristics, can be related to the effects of the mean flow and mean shear.
The mean flow field strongly depends on the flow configuration. For example, Philip
& Marusic (2012) showed that the mean flow field differs between jets and wakes in
both turbulent and nonturbulent regions. Thus, the geometrical effects of the interface
orientation can change depending on the flow configuration.
Figure 8 shows the conditional averages of the enstrophy production, diffusion and

dissipation calculated for the three interface orientations. The conditional average of
the viscous diffusion changes from negative to positive values from the turbulent region
toward the T/NT interface. Thus, the enstrophy in the turbulent region is transferred
toward the nonturbulent region by viscous diffusion. Viscous diffusion makes the largest
contribution to the enstrophy growth near the interface. A similar conditional profile of
the viscous diffusion was obtained in da Silva & Pereira (2008), Holzner et al. (2008)
and Taveira et al. (2013). The tendency of the conditional average of the viscous diffu-
sion is almost independent of the interface orientation, although the magnitude of the
conditional average is small for the trailing edge. Near the location of the negative peak
of the conditionally averaged diffusion term, enstrophy is generated mainly by enstro-
phy production. Deep inside the turbulent region, enstrophy production almost balances
enstrophy dissipation on average, similar to the case of the temporally developing jet
(Taveira et al. 2013). However, near the T/NT interface, the conditionally averaged en-
strophy production quantitatively and qualitatively depends on the interface orientation.
A peak appears at yI/λ ≈ −0.6 near the cross-streamwise and leading edges. In contrast,
the conditionally averaged enstrophy production decreases from the turbulent region
toward the T/NT interface near the trailing edge.
Figure 9 shows the probability density function (PDF) of the enstrophy production

at yI/λ = −0.6. Large positive values of ωiSijωj arising from vortex stretching appear
frequently near the cross-streamwise and leading edges, and the enstrophy production
tends to be positive. Thus, enstrophy generation by vortex stretching is predominant over
enstrophy reduction by vortex compression near these interfaces. In contrast, the PDF
for large positive ωiSijωj is small near the trailing edge. The enstrophy production does
not show a preference for positive values near the trailing edge, resulting in the small
conditionally averaged enstrophy production [figure 8 (c)]. Figure 8 also shows that the
conditionally averaged enstrophy production is largest near the cross-streamwise edge
and smallest near the trailing edge. The enstrophy production ωiSijωj is proportional to
the enstrophy ω2/2, as shown in (1.2). One of the reasons that ωiSijωj depends on the
interface orientation is that the values of the enstrophy differ among the three orientations
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is normalised by UJ and d.

-1 0 1
10-2

10-1

100

101

102

ωi Sij ωj/(UJ/d)3

PD
F

 Cross-streamwise edge   Leading edge   Trailing edge

Figure 9. PDF of enstrophy production term at yI/λ = −0.6.

even near the T/NT interface (figure 7). However, a comparison of the enstrophy (figure
7) and the enstrophy production (figure 8) shows that the interface orientation has a
more significant influence on the enstrophy production than on the enstrophy. Therefore,
the enstrophy production in (1.2) implies that the strain-rate eigenvalues si and the
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(a)

(b) (c)

Figure 10. T/NT interface (translucent orange) and isosurfaces of enstrophy produc-
tion term ωiSijωj . (a) Visualisation of jet flow. White: ωiSijωj/(UJ/d)

3 = 3. Green:
ωiSijωj/(UJ/d)

3 = −1.5. (b) Close-up of T/NT interface [white box in figure 10 (a)]. White:
ωiSijωj/(UJ/d)

3 = 0.5. Green: ωiSijωj/(UJ/d)
3 = −0.25. (c) Close-up of T/NT interface. Only

the isosurfaces of ωiSijωj are visualised; they are the same as in (b).

relationship between their eigenvectors ei and the vorticity vector ω̂ also depend on the
interface orientation.

Figure 10 (a) shows the T/NT interface and the isosurfaces of the enstrophy produc-
tion ωiSijωj . The vortex stretching regions are visualised by the isosurfaces of positive
enstrophy production (white), and the vortex compression regions are visualised by those
of negative enstrophy production (green). A close-up of the T/NT interface is shown in
figures 10 (b) and (c) to illustrate the topological structures of vortex stretching and
compression near the interface. The vortex stretching region near the interface shows
sheetlike structures, and small spots of vortex compression can be observed near the in-
terface. The topological structures of vortex stretching and compression near the T/NT
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edge. (b) Leading edge. (c) Trailing edge. White broken line shows DA = 0 (Q = −3(R2/4)1/3).
Colour contours are the same as in figure 11.

interface are similar to those in the turbulent core region visualised in figure 10 (a) and
observed experimentally in an axisymmetric jet (Buxton & Ganapathisubramani 2010).

3.2. Invariants of the velocity gradient tensor and the rate-of-strain tensor

The invariants of the velocity gradient tensor and rate-of-strain tensor have been inves-
tigated in various turbulent flows (Soria et al. 1994; Blackburn, Mansour & Cantwell
1996; Ooi et al. 1999; Zhou et al. 2014). The invariants near the T/NT interface were
first studied by da Silva & Pereira (2008), who revealed the dynamics, geometry and
topology of the local flow field. However, they did not consider the interface orientation.
In this study, the invariants of the velocity gradient tensor and rate-of-strain tensor are
analysed for the three interface orientations.
The eigenvalues ΛAi (i = 1 ∼ 3) of the velocity gradient tensor Aij = ∂Ui/∂xj satisfy

the characteristic equation

Λ3
Ai + PΛ2

Ai +QΛAi +R = 0, (3.1)

where P , Q and R are the first, second and third invariants of Aij , respectively. In an
incompressible flow, P = −Aii = 0. The second invariant Q and the third invariant R
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are written as

Q =
1

4
(ωiωi − 2SijSij) , (3.2)

R = −1

3

(
SijSjkSki +

3

4
ωiωjSij

)
. (3.3)

The discriminant of Aij is given by

DA =
27

4
R2 +Q3. (3.4)

The joint PDF of Q and R is used to classify the topological structure of the local flow
field (Davidson 2004; da Silva & Pereira 2008). When DA > 0 (i.e., Q > −3(R2/4)1/3),
a negative R implies vortex stretching, whereas a positive R implies vortex compression.
On the other hand, when DA < 0 (i.e., Q < −3(R2/4)1/3), a negative R implies a region
of axial strain (tubelike structure), whereas a positive R implies a region of biaxial strain
(sheetlike structure).
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The invariants of the rate-of-strain tensor Sij are written as

QS = −1

2
SijSij , (3.5)

RS = −1

3
SijSjkSki. (3.6)

By using the eigenvalues of the rate-of-strain tensor si (here, s1 ⩾ s2 ⩾ s3), RS is
represented by RS = −s1s2s3. In an incompressible flow, s1 + s2 + s3 = 0. When a is
defined as a = s2/s1, the following equation is used to classify the flow geometry:

RS = (−QS)
3/2a(1 + a)(1 + a+ a2)−3/2. (3.7)

The flow geometry is indicated by the lines of (3.7) corresponding to s1 : s2 : s3 = 2 :
−1 : −1 (axisymmetric contraction), 1 : 0 : −1 (two-dimensional flow), 3 : 1 : −4 (biaxial
stretching) and 1 : 1 : −2 (axial stretching) (da Silva & Pereira 2008). The joint PDF
of QS and RS is used with (3.7) to analyse the flow geometry. Furthermore, because
RS = −s1s2s3, the flow structure corresponding to negative RS is tubelike, whereas that
corresponding to positive RS is sheetlike.
Figure 11 shows the joint PDF of Q and R at yI/λ = −0.6, which is in the turbulent

region. The invariants are normalised by the mean strain product on the jet centreline,
which is denoted by ⟨SijSij⟩C. When DA < 0 (Q < −3(R2/4)1/3), R tends to be positive
near these three interfaces, and the joint PDF indicates that sheetlike structures exist
in the turbulent region near them. However, the tail of the joint PDF for negative Q
and positive R is short near the trailing edge. When DA > 0, R tends to be negative
near the cross-streamwise and leading edges, as shown in figures 11 (a) and (b). The
region of DA > 0 and R < 0 is characterised by strong vortex stretching (Buxton &
Ganapathisubramani 2010; Taveira et al. 2013). In contrast, the joint PDF near the
trailing edge maps not only negative R but also positive R when DA > 0. The region of
DA > 0 and R > 0 is characterised by vortex compression, which reduces the enstrophy.
Thus, the joint PDF of Q and R also indicates that the enstrophy production is small in
the turbulent region near the trailing edge.
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Figure 12 shows the joint PDF of Q and R at the interface (yI/λ = 0). Because the
T/NT interface is defined as the isosurface of small enstrophy values, the joint PDF
maps negative Q. At the cross-streamwise and leading edges, the joint PDF of Q and R
preferentially maps near the line of DA = 0 in the region of R > 0. A similar tendency
was observed in the joint PDF obtained for a temporally developing jet (da Silva &
Pereira 2008). In contrast, the ridge of the joint PDF does not align with DA = 0 at
the trailing edge but with the line of R = 0, and it maps both positive and negative R.
Because of the small enstrophy at the T/NT interface, Q and R are approximated by
−SijSij/2 and −SijSjkSki, respectively. Therefore, the difference in the joint PDF of Q
and R at the T/NT interface among the three interface orientations is attributed to the
strain field.
Figure 13 shows the joint PDF of QS and RS at yI/λ = −0.6. In the turbulent region

near the T/NT interface, it maps mainly QS < 0 and RS > 0. Near the cross-streamwise
and leading edges, a large probability appears between the lines of (3.7) corresponding
to s1 : s2 : s3 = 3 : 1 : −4 and 1 : 1 : −2. Thus, axial or biaxial stretching appears
frequently near the cross-streamwise and leading edges. On the other hand, near the
trailing edge, the ridge of the joint PDF appears on the line of (3.7) corresponding to
s1 : s2 : s3 = 3 : 1 : −4. A large positive RS appears at the trailing edge less frequently
than at the cross-streamwise and leading edges. Figure 14 shows the joint PDF of QS and
RS at the T/NT interface (yI/λ = 0). At the interface, the ratios (⟨s1⟩I : ⟨s2⟩I : ⟨s3⟩I)
are (4, 1,−5), (4, 1,−5) and (9, 1,−10) for the cross-streamwise, leading and trailing
edges, respectively. The large ⟨s1⟩I and ⟨s3⟩I relative to ⟨s1⟩2 for the trailing edge are
caused by the small ⟨s2⟩I, which is almost 0. At the cross-streamwise and leading edges,
the shape of the joint PDF of QS and RS is similar to that in the turbulent region.
The preference for positive RS was also observed at the interface in the temporally
developing jet (da Silva & Pereira 2008). However, the joint PDF of QS and RS at the
trailing edge differs greatly from that in the turbulent region, and the large probability
appears on the line of (3.7) corresponding to s1 : s2 : s3 = 1 : 0 : −1. Note that the joint
PDF preferentially maps negative RS at the trailing edge rather than positive RS . This
implies that the flow field at the trailing edge is characterised by a tubelike structure. At
the cross-streamwise and leading edges [figures 14 (a) and (b)] and the turbulent region
near the interface (figure 13), the joint PDF of QS and RS preferentially maps positive
RS , indicating that the flow field is characterised by sheetlike structure. The joint PDF
of QS and RS in the turbulent region differs slightly between the trailing edge and the
cross-streamwise and leading edges (figure 13). This difference can be considered as the
imprint of the large difference in the flow structure at the T/NT interface (figure 14).
Figure 15 shows the mean trajectory of QS and RS near the trailing edge. The mean
trajectory in the nonturbulent region appears on the line for s1 : s2 : s3 = 1 : 0 : −1.
Even in the turbulent region near the interface, the mean flow topology is 1 : 0 : −1.
Beyond yI/λ ≈ −0.6, the mean trajectory moves to the region between 3 : 1 : −4 and
1 : 1 : −2. We also found that the mean trajectory in the nonturbulent region near the
cross-streamwise and leading edges appears near the line for s1 : s2 : s3 = 3 : 1 : −4,
similar to da Silva & Pereira (2008). At the trailing edge, the joint PDFs also differ
greatly from those shown in da Silva & Pereira (2008). These characteristics near the
trailing edge are veiled by those of the other interface orientations when one calculates
the statistics without distinguishing the interface orientations, as in da Silva & Pereira
(2008). da Silva & Pereira (2008) suggested that the irrotational dissipation near the
interface might arise from the instantaneous pure shear motions induced by the large-
scale motions, although they also raised the possibility that it is caused by small-scale
processes near the interface. Thus, the large-scale motions are related to the strain field in
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Figure 16. PDF of cosine of alignment angle between the unit normal vector to the T/NT
interface (n) and the vorticity vector (ω̂). (a) Deep inside turbulent region (yI/λ = −4). (b)
Near T/NT interface (yI/λ = −0.6).

the nonturbulent regions. The large-scale motions that dominate the nonturbulent fluid
depend on the interface orientation. For example, engulfed nonturbulent fluids often
appear between the leading and trailing edges. The mean flow also causes the difference
in the velocity field near the interface between the leading and trailing edges, as discussed
below. Therefore, the different characteristics of QS and RS for the different interface
orientations might be caused by the large-scale motions near the interface.

3.3. Alignment of T/NT interface, vorticity vector and strain-rate eigenvectors

We investigate the alignment of the unit normal vector of the interface n, the vorticity
vector ω̂ and the strain-rate eigenvectors ei using the PDF of the cosine of the alignment
angles between two of these three vectors. Because these three vectors are unit vectors,
the cosine of the alignment angle can be obtained by taking an inner product.
First, we investigate the alignment angle between n and ω̂ (θnω ). Figure 16 compares

the PDFs of the cosine of θnω deep inside the turbulent region (yI/λ = −4) and near the
T/NT interface (yI/λ = −0.6). Deep inside the turbulent region, the PDF of |cosθnω |
is almost flat for all three interface orientations. Thus, the vorticity vector is arbitrarily
oriented. In contrast, near the T/NT interface, the PDF is large for |cosθnω | ≈ 0 and
small for |cosθnω | ≈ 1. The orientation of the vorticity vector is confined near the T/NT
interface, so the vorticity vector is perpendicular to n. Therefore, the vorticity tends
to be tangential to the T/NT interface. The tendency toward perpendicular alignment
between n and ω̂ is independent of the interface orientation.

Figure 17 shows the PDF of the cosine of the alignment angle between n and ei (θnei
)

at yI/λ = −0.6. The PDF of |cosθne2
| is large for |cosθne2

| ≈ 0, and the intermediate
strain-rate eigenvector e2 tends to be perpendicular to n [figure 17 (b)]. The PDF of
|cosθne2

| shows a similar profile for all three interface orientations. Thus, e2 near the
T/NT interface shows a preference for tangential alignment with the interface. The PDF
of |cosθne1

| depends on the interface orientation [figure 17 (a)]. Near the cross-streamwise
and leading edges, the PDF of |cosθne1

| is small for |cosθne1
| ≈ 1, and the extensive

strain-rate eigenvector e1 tends not to align with n. However, the PDF of |cosθne1
|

is almost flat near the trailing edge, and an arbitrary alignment between n and e1
appears. Figure 17 (c) shows that the PDF of |cosθne3

| is large for |cosθne3
| ≈ 1. The

compressive strain-rate eigenvector e3 shows a preference for parallel alignment with n,
and vortex compression by s3 acts in the direction normal to the T/NT interface. Near
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Figure 17. PDF of cosine of alignment angle between the normal vector to the T/NT in-
terface (n) and the eigenvectors of the rate-of-strain tensor (ei) near the T/NT interface
(yI/λ = −0.6). Lines are same as in figure 16. (a) Extensive strain-rate eigenvector e1. (b)
Intermediate strain-rate eigenvector e2. (c) Compressive strain-rate eigenvector e3.

the trailing edge, the PDF of |cosθne3
| for small |cosθne3

| is larger than those near the
cross-streamwise and leading edges. Thus, vortex compression by s3 often acts in the
direction tangential to the trailing edge.
Because the presence of the T/NT interface confines the orientation of the vorticity to

the direction tangential to the interface, the dependence of the strain-rate eigenvectors
on the interface orientation is expected to affect the alignment between the vorticity
and strain-rate eigenvectors, which is important for enstrophy production. Figure 18
shows the PDF of the cosine of the alignment angle between ω̂ and ei (θωei

) on the
jet centreline. The PDF of |cosθωe1

| is almost flat, and e1 aligns arbitrarily with the
vorticity. Further, e2 preferentially aligns with the vorticity vector, whereas e3 tends to
be perpendicular to the vorticity vector. Similar profiles of the PDF of |cosθωei

| were
observed in various turbulent flows (Ashurst et al. 1987; Jiménez (1992); Tanahashi et al.
2001; Buxton & Ganapathisubramani 2010). Figure 19 compares the PDF of |cosθωei

|
near the T/NT interface (yI/λ = −0.6) at the cross-streamwise, leading and trailing
edges. The PDF of |cosθωe1

| in figure 19 (a) is slightly larger than 1 for |cosθωe1
| ≈ 0.

However, e1 aligns almost arbitrarily with the vorticity vector. In addition, the alignment
between ω̂ and e1 is independent of the interface orientation. The PDF of |cosθωe2

| near
the T/NT interface [figure 19 (b)] is very similar to that on the jet centreline (figure
18), and e2 preferentially aligns with the vorticity vector. Therefore, vortex stretching
or compression by s2 effectively acts on the vorticity near the T/NT interface because
|ω̂ · e2| ≈ 1. The alignments between ω̂ and e1 and e2 are almost independent of the
interface orientation. In contrast, the alignment between ω̂ and e3 strongly depends
on the interface orientation [figure 19 (c)]. e3 tends to be perpendicular to the vorticity
vector. The peak value of the PDF for |cosθωe3

| ≈ 0 near the cross-streamwise and leading
edges is larger than those deep inside the turbulent region (figure 18) and near the trailing
edge. A comparison of the PDF of |cosθωe3

| deep inside the turbulent region (figure 18)
and near the T/NT interface [figure 19 (c)] shows that the perpendicular alignment
between ω̂ and e3 appears more clearly near the cross-streamwise and leading edges.
Near the trailing edge, e3 often aligns with ω̂, unlike the case deep inside the turbulent
region and near the cross-streamwise and leading edges. Because of the tendency toward
perpendicular alignment between ω and e3 near the cross-streamwise and leading edges,
the compressive strain due to s3 acts ineffectively on the vorticity. However, the vorticity
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Figure 18. PDF of cosine of alignment angle between the vorticity vector (ω̂) and the
eigenvectors of the rate-of-strain tensor (ei) on the jet centreline.
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Figure 19. PDF of cosine of alignment angle between the eigenvectors of the rate-of-strain
tensor (ei) and the vorticity vector (ω̂) near the T/NT interface (yI/λ = −0.6). Lines are same
as in figure 16. (a) Extensive strain-rate eigenvector e1. (b) Intermediate strain-rate eigenvector
e2. (c) Compressive strain-rate eigenvector e3.

near the trailing edge is strongly affected by the compressive strain due to s3 because of
the parallel alignment between ω and e3.

3.4. Eigenvalues of rate-of-strain tensor and its contribution to enstrophy production

The rate-of-strain tensor affects the enstrophy production ωiSijωj = ω2si(ω̂·ei)2 through
two factors. One is the alignment between the vorticity and strain-rate eigenvectors,
which is discussed above. The other is the intensity of vortex stretching or compression
represented by the strain-rate eigenvalues si. Figure 20 shows the PDF of the strain-rate
eigenvalues si at yI/λ = −0.6. Figure 20 (a) shows that s1 tends to be large near the
cross-streamwise and leading edges and small near the trailing edge. Therefore, strong
vortex stretching by s1 appears frequently near the cross-streamwise and leading edges.
The PDF is almost symmetric about s2 = 0 near the trailing edge [figure 20 (b)], and both
vortex stretching and compression occur owing to s2. In contrast, s2 shows a preference
for positive values near the cross-streamwise and leading edges. The positive value of s2 is
small compared with that of s1, and s2 does not greatly amplify the enstrophy. However,
s2 is important for enstrophy production because the strain by s2 effectively acts on the
vorticity in turbulent flows owing to the parallel alignment between its eigenvector and
the vorticity vector. Because s1 + s2 + s3 = 0 in an incompressible flow, a large negative
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Figure 20. PDF of strain-rate eigenvalues near the T/NT interface (yI/λ = −0.6). Lines are
same as in figure 16. The strain-rate eigenvalues are normalised by the mean strain product on
the jet centreline. (a) Extensive strain-rate eigenvalue s1. (b) Intermediate strain-rate eigenvalue
s2. (c) Compressive strain-rate eigenvalue s3.
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Figure 21. PDF of enstrophy production term normalised by the enstrophy near the T/NT
interface (yI/λ = −0.6). Contributions of three eigenvalues are shown separately: (a) extensive
strain-rate eigenvector, (b) intermediate strain-rate eigenvector and (c) compressive strain-rate
eigenvector. Lines are same as in figure 16.

s3 appears frequently near the cross-streamwise and leading edges [figure 20 (c)], where
s1 and s2 show a preference for large positive values. In contrast, the magnitude of s3
near the trailing edge is small. Thus, both strong vortex stretching and compression act
on the vorticity near the cross-streamwise and leading edges, whereas the vorticity near
the trailing edge is under weak vortex stretching and compression represented by small
|si|.
The enstrophy production can be decomposed into the contributions from three eigen-

values, as shown in (1.2). To compare the three interface orientations, which are charac-
terised by different levels of enstrophy, we investigate the enstrophy production divided
by ω2:

ωiSijωj/ω
2 = si(ω̂ · ei)2. (3.8)

Figure 21 shows the PDF of the three components of si(ω̂ · ei)2 at yI/λ = −0.6. The
enstrophy production due to the extensive strain-rate eigenvalue, s1(ω̂ · e1)2, tends to
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Figure 22. Definition of the velocity normal to the T/NT interface.

be large near the cross-streamwise and leading edges because strong vortex stretching,
which is represented by large s1, acts on the vorticity near these two interfaces [figure
20 (a)]. s2 makes both positive and negative contributions to the enstrophy production.
Because the alignment angle between ω̂ and e2 is almost independent of the interface
orientation [figure 19 (b)], the PDF of s2(ω̂ · e2)2 differs because s2 depends on the
interface orientation. Further, e2 shows a preference for parallel alignment with ω̂, and
the strain due to s2 effectively acts on the vorticity. Therefore, as shown in figures 21
(a) and (b), the enstrophy generation by s2 is comparable to s1(ω̂ · e1)2, although s2
is smaller than s1. The enstrophy generation by s1 and s2 is small near the trailing
edge because of the small eigenvalues. The PDF of s3(ω̂ · e3)2 is almost independent
of the interface orientation [figure 21 (c)]. Strong vortex compression by s3 acts on the
vorticity near the cross-streamwise and leading edges because of the large negative s3.
However, because e3 tends to be perpendicular to the vorticity vector, vortex compression
by s3 acts ineffectively on the vorticity near the cross-streamwise and leading edges. In
contrast, e3 is oriented parallel to the vorticity vector more frequently near the trailing
edge than near the cross-streamwise and leading edges. Although the vorticity near the
trailing edge is under weak vortex compression by small |s3|, it effectively acts on the
vorticity near the trailing edge, resulting in the large negative s3(ω̂ ·e3)2. Thus, the small
enstrophy production near the trailing edge in figure 9 is caused by the small s1 and s2
and effective vortex compression by s3. The vorticity vector and strain-rate eigenvectors
are confined by the presence of the T/NT interface, and the strain-rate eigenvalues also
change depending on the interface orientation. These results show that vortex stretching
and compression significantly depend on the characteristics of the T/NT interface. We
also confirmed that these characteristics of the alignments and enstrophy production
term are observed at yI/λ = −0.3, which is closer to the interface than yI/λ = −0.6.

3.5. Velocity field near the T/NT interface

To investigate the factors affecting vortex stretching and compression near the interface,
we analyse the relationship between the enstrophy production and the velocity field in
this region. In particular, we focus on the motion of the turbulent fluids normal to the
T/NT interface. Figure 22 shows the relationship between the velocity of the T/NT
interface and the velocity of turbulent fluid in the direction normal to the interface.
Here, we consider the turbulent fluid on the line normal to the interface to analyse the
conditional statistics conditioned on the local coordinate yI. The velocity of the interface,
U I, can be divided into the local entrainment velocity V P and the velocity of the fluid
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edge.

on which the interface is located:

U I = V P +U(0). (3.9)

According to Holzner & Lüthi (2011), V P is represented by

V P =

(
2ωiSijωj

|∇ω2|
+

2νωi∇2ωi

|∇ω2|

)
n. (3.10)

The velocity component of the interface motion normal to the interface, U I
n, can be

obtained as the inner product U I
n = U I · n. Similarly, the velocity component of fluids

normal to the interface, Un, can be obtained as Un(yI) = U(yI) · n.
We investigate the relative velocity between the motions of the interface and of the

turbulent fluid, which is defined as ∆Un(yI) = Un(yI)− U I
n. The unit normal vector n is

defined as positive in the direction of the nonturbulent flow. Turbulent fluid is located in
the region of yI < 0. Therefore, when ∆Un(yI) > 0, the turbulent fluid at yI approaches
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the T/NT interface. In contrast, when ∆Un(yI) < 0, the T/NT interface moves in the
interface normal direction away from the turbulent fluid at yI. Figure 23 (a) shows the
conditional average of ∆Un. At the T/NT interface (yI = 0), the relative velocity is equal
to the local entrainment velocity, ∆Un = −V P, where V P ≡ V P · n. As shown in figure
23 (a), ⟨∆Un⟩I is negative at yI = 0. Thus, the T/NT interface propagates toward the
nonturbulent region on average because ⟨V P⟩I is positive at the interface. The relative
velocity ∆Un in the turbulent region strongly depends on the interface orientation; near
the cross-streamwise and leading edges, ⟨∆Un⟩I is positive, and the turbulent fluid near
these two edges approaches the interface on average. In contrast, ⟨∆Un⟩I is negative and
small in the turbulent region near the trailing edge. Figure 23 (b) shows the PDF of ∆Un

at yI/λ = −0.6. Near the cross-streamwise and leading edges, the PDF preferentially
maps positive and large ∆Un, indicating that the turbulent fluids near these two edges
frequently move rapidly toward the interface. In contrast, turbulent fluids do not often
move toward the interface near the trailing edge.
The relative velocity is represented by ∆Un(yI) = Un(yI) − Un(0) − V P. To investi-

gate whether it is determined by the fluid velocity difference Un(yI)−Un(0) or the local
entrainment velocity −V P, the PDFs of Un(yI) − Un(0) at yI/λ = −0.6 and −V P are
compared in figure 24. The fluid velocity difference is not small at yI/λ = −0.6. Addi-
tionally, the large relative velocity is caused by the large fluid velocity difference. Thus,
the fluid velocity difference makes a much larger contribution to the relative velocity even
near the T/NT interface.
The difference in ∆Un among the three interface orientations can be explained by

considering the interface geometry in the jet, which is shown in figure 6. The turbulent
fluids in the jet are characterised by larger streamwise velocity than the nonturbulent
fluids in the ambient flow. Therefore, the motion of turbulent fluids in the streamwise
direction, which is the direction normal to the leading and trailing edges, is faster than
the T/NT interface movement in the streamwise direction. Near the leading edge, the
turbulent fluids are located upstream of the leading edge, as shown in figure 6, and the
velocity difference ∆Un tends to be positive. In contrast, the turbulent fluids are located
downstream of the trailing edge and tend to move away from it, resulting in negative
∆Un. For the cross-streamwise edge, ∆Un is calculated from the cross-streamwise (y)
component of the velocity. Because the jet expands in the cross-streamwise direction
as it develops, the cross-streamwise velocity of the turbulent fluids tends to point in
the direction of the ambient flow. The nonturbulent fluids move toward the jet because
of engulfing motion and induced flow in the ambient flow (Philip & Marusic 2012).
Because of these opposite motions of turbulent and nonturbulent fluids in the cross-
streamwise direction, the turbulent fluid approaches the T/NT interface, and ∆Un tends
to be positive in the turbulent region near the cross-streamwise edge. Thus, the large-
scale motions in the jet and ambient flows, such as engulfing motion and induced flow
in the nonturbulent region and large streamwise velocity in the turbulent core region,
characterise the velocity field near the T/NT interface.

3.6. Relationship between enstrophy production and velocity field near the T/NT
interface

We investigate the relationship between the enstrophy production and the velocity field
near the T/NT interface by analysing the statistics conditioned on the sign of ∆Un.
Figure 25 shows the PDF of |cosθnω | at yI/λ = −0.6 calculated conditioned on the sign
of ∆Un. For both positive and negative ∆Un, the vorticity vector aligns perpendicular
to n, and the vorticity aligns tangential to the interface.
Figure 26 shows the conditional PDF of |cosθnei

| conditioned on the sign of ∆Un at
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Figure 25. Conditional PDF of cosine of alignment angle between the unit normal vector to
the T/NT interface (n) and the vorticity vector (ω̂) near the T/NT interface (yI/λ = −0.6).
PDF is calculated conditioned on the sign of the relative velocity ∆Un = Un −U I
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Figure 26. Conditional PDF of cosine of alignment angle between the normal vector to the
T/NT interface (n) and the eigenvectors of the rate-of-strain tensor (ei) near the T/NT in-
terface (yI/λ = −0.6). PDF is calculated conditioned on the sign of the relative velocity ∆Un.
(a) Extensive strain-rate eigenvector. (b) Intermediate eigenvector. (c) Compressive strain-rate
eigenvector.

yI/λ = −0.6. The unconditional PDF is shown in figure 17. The PDFs of |cosθne2
| for

positive and negative ∆Un are very similar, and the alignment angle between n and
e2 is almost independent of the sign of ∆Un. In contrast, the alignment angle between
n and e1 strongly depends on ∆Un [figure 26 (a)]. When ∆Un is positive, the PDF
of |cosθne1

| is large for perpendicular alignment (|cosθne1
| ≈ 0) and small for parallel

alignment (|cosθne1
| ≈ 1). Thus, when ∆Un > 0, the extensive strain due to s1 tends to

act in the direction tangential to the T/NT interface (perpendicular to n). The opposite
tendency can be observed for e1 when ∆Un < 0. Thus, when ∆Un < 0, e1 does not
show a preference for tangential alignment with the T/NT interface. Figure 26 (c) shows
that the alignment angle between n and e3 also depends on the sign of ∆Un. When
∆Un > 0, the PDF of |cosθne3

| has a large peak for parallel alignment (|cosθne3
| ≈ 1),
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Figure 28. Conditional PDF of cosine of alignment angle between the vorticity vector (ω̂)
and the extensive strain-rate eigenvector (e1) near the T/NT interface (yI/λ = −0.6). PDF is
calculated conditioned on the sign of the relative velocity ∆Un. (a) Cross-streamwise edge. (b)
Leading edge. (c) Trailing edge.

and the compressive strain due to s3 preferentially acts in the direction normal to the
T/NT interface. In contrast, for negative ∆Un, the PDF for parallel alignment between
n and e3 is small, and e3 in the direction normal to the T/NT interface can scarcely be
observed. Further, e3 often (seldom) aligns tangentially with the interface when ∆Un < 0
(∆Un > 0).

Figure 27 summarises the relationship between n and ei near the interface for positive
and negative ∆U . For positive ∆U , e1 and e2 are on the plane parallel to the interface,
and e3 points in the direction normal to the interface. For negative ∆Un, although e2 is
on the parallel plane, e1 is not. In addition, e1 is inclined from n, and e3 does not align
with n. The vorticity vector is on the plane parallel to the interface for both positive and
negative ∆Un. These tendencies appear for all three interface orientations. The alignment
angle between the interface and the strain-rate eigenvectors strongly depends on the sign
of ∆Un but is qualitatively independent of the interface orientation when it is conditioned
on the relative velocity. Thus, the alignment between the interface and the strain-rate
eigenvectors near the T/NT interface depends on the velocity field near the interface. The



Vortex stretching and compression near the turbulent/nonturbulent interface 27

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

|ω  e3| = |cos θωe3|

PD
F

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

|ω  e3| = |cos θωe3|

PD
F

0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

|ω  e3| = |cos θωe3|

PD
F

(a) (b) (c)

^ . ^ . ^ .

 ∆Un < 0
 ∆Un > 0

 ∆Un < 0
 ∆Un > 0

 ∆Un < 0
 ∆Un > 0

Figure 29. Conditional PDF of cosine of alignment angle between the vorticity vector (ω̂) and
the compressive strain-rate eigenvector (e3) near the T/NT interface (yI/λ = −0.6). PDF is
calculated conditioned on the sign of the relative velocity ∆Un. (a) Cross-streamwise edge. (b)
Leading edge. (c) Trailing edge.

unconditional PDFs of |cosθnei
| (figure 17) for the three interface orientations differ. This

difference can be attributed to the dependence of the velocity field ∆Un on the interface
orientation.
The PDF of |cosθωei

| is calculated conditioned on the sign of ∆Un. Because the align-
ment between n and e2 is independent of the sign of ∆Un, the PDF of |cosθωe2

| is
also independent of ∆Un. Therefore, we analyse the PDFs of |cosθωe1

| (figure 28) and
|cosθωe3

| (figure 29). The PDF for parallel alignment (|cosθωe1
| ≈ 1) is large for all three

interface orientations when ∆Un > 0 rather than when ∆Un < 0. Perpendicular align-
ment between ω and e3 appears more frequently when ∆Un > 0 than when ∆Un < 0. In
contrast, when ∆Un < 0, e3 often aligns with the vorticity. The dependence of the align-
ment between ω and e3 on ∆Un appears clearly near the cross-streamwise and trailing
edges.
The vorticity vector is confined by the T/NT interface and shows a preference for

tangential alignment with the interface independently of ∆Un. When ∆Un > 0, e1 also
tends to be tangential to the interface. Therefore, parallel alignment between e1 and the
vorticity vector appears frequently when ∆Un > 0. Furthermore, when ∆Un > 0, e3 is
often oriented perpendicular to the T/NT interface, resulting in perpendicular alignment
between e3 and ω̂. Therefore, when ∆Un > 0, the extensive strain due to s1 effectively
acts on the vorticity because of the parallel alignment between ω̂ and e1, whereas the
compressive strain due to s3 does not act well because of its perpendicular alignment with
the vorticity. In contrast, when ∆Un < 0, e1 shows no preference for parallel alignment
with the vorticity vector, but e3 often acts in the direction parallel to the vorticity vector.
This dependence of the alignment between ω̂ and ei on the sign of ∆Un can be observed
for all three interface orientations. These results show that the alignment angle between
the strain-rate eigenvector and the vorticity depends on the velocity field near the T/NT
interface.
Figure 30 shows the PDF of the enstrophy production ω2si(ω̂ ·ei)2 conditioned on the

sign of ∆Un near the T/NT interface (yI/λ = −0.6). The PDF for negative ω2si(ω̂ · ei)2
is large when ∆Un < 0. The difference between positive and negative ∆Un is small for
the leading edge because the alignment angle between e3 and ω̂ differs only slightly
between positive and negative ∆Un [figure 29 (b)]. Thus, the enstrophy is reduced (neg-
ative ω2si(ω̂ · ei)2) mainly when ∆Un < 0 for all three interface orientations. Further,
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Figure 30. Conditional PDF of the enstrophy production term normalised by the enstrophy
near the T/NT interface (yI/λ = −0.6). PDF is calculated conditioned on the sign of the relative
velocity ∆Un = Un − U I

n. (a) Cross-streamwise edge. (b) Leading edge. (c) Trailing edge.

enstrophy generation (positive ω2si(ω̂ · ei)2) is frequently observed when ∆Un > 0 near
the cross-streamwise and leading edges. These differences between positive and negative
∆Un can be related to the alignment between the vorticity and the strain rate eigen-
vectors. The large enstrophy reduction for negative ∆Un is caused by the inconsistency
between the directions of ω̂ and e1 and the parallel alignment between ω̂ and e3. These
alignments between the vorticity and the extensive and compressive strain-rate eigenvec-
tors cause the small enstrophy generation by s1 and the large enstrophy reduction by s3
for negative ∆Un. In contrast, when ∆Un > 0, vortex stretching by s1 and compression
by s3 preferentially act in the directions parallel and perpendicular to the vorticity, re-
spectively. Thus, enstrophy is produced by vortex stretching by s1 without being greatly
affected by vortex compression.
The vorticity and strain-rate eigenvectors are confined by the T/NT interface. The con-

finement of the strain field and vorticity causes the difference in the enstrophy production
among the interface orientations. The alignment between the strain-rate eigenvectors and
the interface orientation depends on the velocity field near the T/NT interface, which is
determined mainly by the interface orientation, i.e., the geometry of the T/NT interface.
The dependence of the velocity field on the interface orientation can be related to the
effects of the mean flow and mean shear. The T/NT interface is strongly convoluted, and
the convolution is formed by the large-scale motions of the jet and ambient flows. The
present results reveal that the enstrophy production near the T/NT interface in the jet is
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affected by the velocity field near the interface, which strongly depends on the interface
geometry, because the relationship between the vorticity and strain field depends on the
velocity field near the interface.

4. Conclusion

Vortex stretching and compression, which cause enstrophy production by inviscid pro-
cesses, were investigated in the turbulent region near the T/NT interface by using the
DNS results of the planar jet. The interface characteristics were analysed individually
for three different interface orientations, which are called cross-streamwise edge, leading
edge and trailing edge.
The enstrophy and its production rate strongly depend on the interface orientation

near the T/NT interface. Near the cross-streamwise and leading edges, the enstrophy
generation by vortex stretching is predominant over the enstrophy reduction by vortex
compression. However, both vortex stretching and compression are important near the
trailing edge, resulting in the small averaged enstrophy production rate. Analysis of the
invariants of velocity gradient tensor and rate-of-strain tensor shows that the strain field
near the T/NT interface is significantly different between the trailing edge and the cross-
streamwise and leading edges. The visualisation of instantaneous flow field shows that the
vortex stretching and compression regions near the T/NT interface appear as sheetlike
structures and small spots, respectively.
The enstrophy production is investigated by analysing the relationship among a vortic-

ity vector, strain-rate eigenvectors and eigenvalues. The orientation of vorticity near the
T/NT interface is confined in the tangential direction to the interface. The strain-rate
eigenvectors are also confined by the interface. Near the cross-streamwise and leading
edges, vortex compression by the compressive strain-rate eigenvalue s3 ineffectively acts
on the vorticity because of the perpendicular alignment between the eigenvector for s3
and the vorticity. In contrast, vortex compression by s3 effectively acts on the vorticity
near the trailing edge because of the parallel alignment between the eigenvector for s3
and the vorticity. The enstrophy production near the trailing edge is small because of the
weak intensity of vortex stretching and effectively acting vortex compression. Thus, vor-
tex stretching and compression significantly depend on the characteristics of the T/NT
interface, around which the vorticity vector and strain-rate eigenvectors are confined by
the presence of the T/NT interface.
The statistics were calculated conditioned on the motion of turbulent fluids relative

to that of the T/NT interface. The alignment between the interface and the strain-rate
eigenvectors near the T/NT interface changes depending on the velocity field near the
interface. When the turbulent fluid relatively moves toward the T/NT interface, the vor-
ticity shows preference for parallel and perpendicular alignments with the extensive and
compressive strain-rate eigenvectors, respectively. In this case, the enstrophy is generated
by vortex stretching without being largely affected by vortex compression by s3. For the
turbulent fluids moving away from the interface, the opposite alignment can be observed
between the vorticity and the extensive and compressive strain-rate eigenvectors. There-
fore, vortex compression effectively acts on the vorticity, whereas vortex stretching does
not act well. Because of these alignments, large enstrophy reduction arises when the tur-
bulent fluids move away from the interface. This alignment tendency can be observed
for three interface orientations. The geometrical effects on the velocity field near the
interface can be related to the effects of the mean flow and mean shear. Thus, the enstro-
phy production near the T/NT interface strongly depends on the velocity field near the
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interface because the alignment between the vorticity and the strain-rate eigenvectors
changes depending on the velocity field near the interface.
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Holzner, M. & Lüthi, B. 2011 Laminar superlayer at the turbulence boundary. Phys. Rev.
Lett. 106 (13), 134503.
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