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Turbulent Schmidt number and eddy diffusivity
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We provide empirical evidence that the eddy diffusivity Dtα and the turbulent Schmidt
number Sctα of species α (α = A, B or R) change with a second-order chemical
reaction (A+ B→ R). In this study, concentrations of the reactive species and axial
velocity are simultaneously measured in a planar liquid jet. Reactant A is premixed
into the jet flow and reactant B is premixed into the ambient flow. An optical
fibre probe based on light absorption spectrometry is combined with I-type hot-film
anemometry to simultaneously measure concentration and velocity in the reactive
flow. The eddy diffusivities and the turbulent Schmidt numbers are estimated from
the simultaneous measurement results. The results show that the chemical reaction
increases SctA; SctB is negative in the region where the mean concentration of reactant
B decreases in the downstream direction, and is positive in the non-reactive flow in
the entire region on the jet centreline. It is also shown that SctR is positive in the
upstream region whereas it is negative in the downstream region. The production
terms of axial turbulent mass fluxes of reactant B and product R can produce axial
turbulent mass fluxes opposite to the axial gradients of the mean concentrations. The
changes in the production terms due to the chemical reaction result in the negative
turbulent Schmidt number of these species. These results imply that the gradient
diffusion model using a global constant turbulent Schmidt number poorly predicts
turbulent mass fluxes in reactive flows.
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1. Introduction
A turbulent flow with chemical reactions (Hill 1976) can be observed in various

settings. For example, it appears in combustors, in chemical reactors, and in pollutants
emitted into the atmosphere and ocean. Therefore, it is important to investigate the
mechanism of chemical reactions in turbulence and to develop numerical methods to
precisely predict the turbulent reactive flows. Recently, direct numerical simulations
(DNS) have been applied to turbulent reactive flows to investigate chemical reactions
and to verify numerical models (e.g. Mizobuchi et al. 2005; Fabregat et al. 2010;
Lignell, Chen & Schmutz 2011). However, performing DNS of turbulent flows with
complex chemical reactions at high Reynolds number or high Schmidt number is not
feasible because of the high computational cost. In practice, the Reynolds-averaged
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approach and large-eddy simulation (Pitsch 2006) are widely used to predict turbulent
flows. In the former approach, the Reynolds-averaged Navier–Stokes equations and the
Reynolds-averaged scalar transport equations are solved using turbulent models. The
Reynolds-averaged scalar transport equation for passive scalar Γα is given by

∂〈Γα〉
∂t
+ ∂

∂xi
(〈Ui〉〈γα〉)= ∂

∂xi

(
Dα

∂

∂xi
〈Γα〉

)
− ∂

∂xi
〈uiγα〉 + 〈Sα〉. (1.1)

Here, 〈 〉 denotes an ensemble average, Ui is the velocity component, Dα is the
molecular diffusivity of species α, Sα is the production rate of Γα by chemical
reactions and the summation convention is applied to the index i; ui and γα are
the fluctuating components of Ui and Γα, respectively, and are represented by
ui = Ui − 〈Ui〉 and γα = Γα − 〈Γα〉. In (1.1), the mean production rate 〈Sα〉 and
the turbulent scalar flux term 〈uiγα〉 appear in unclosed form. Several closure models
have been developed for the mean production rate (e.g. Toor 1969; Patterson 1981;
Dutta & Tarbell 1989), and some have been verified using experimental data (e.g.
Wang & Tarbell 1993; Komori, Kanzaki & Murakami 1994; Chornyi & Zhdanov
2010). However, the models for the turbulent mass flux for reactive scalars have not
been investigated in detail. One of the most practical and widely used models for
〈uiγα〉 is the gradient diffusion model (e.g. Tominaga & Stathopoulos 2007; Combest,
Ramachandran & Dudukovic 2011), in which 〈uiγα〉 is modelled by

〈uiγα〉 =−Dtα
∂〈Γα〉
∂xi

. (1.2)

Here, Dtα is the eddy diffusivity of species α and is generally given by

Dtα = νt

Sctα
, (1.3)

where νt is an eddy viscosity, which is given by another turbulence model, and Sctα

is the turbulent Schmidt number of species α. The gradient diffusion model is used
to predict the turbulent mass flux even for reactive scalars (Wang & Tarbell 1993;
Veynante & Vervisch 2002). In general, Sctα is assumed to be a global constant
parameter. Here Dtα and Sctα play a crucial role in the Reynolds-averaged approach
using the gradient diffusion model.

Experimental measurements of Dtα and Sctα require simultaneously measuring
velocity and diffusive scalar. In a non-reactive flow, measurements of Dtα and Sctα

are not as difficult and have been made in various studies (e.g. Flesch, Prueger &
Hatfield 2002; Yimer, Campbell & Jiang 2002; Feng et al. 2005, 2007). Because it
is difficult to simultaneously measure velocity and concentration of reactive species
in a turbulent reactive flow, surprisingly few measurements of Dtα have been made
so far: the eddy diffusivity for reactive species has been measured by Bilger, Saetran
& Krishnamoorthy (1991) in a scalar mixing layer in the gas phase and by Komori
et al. (1993) in a scalar mixing layer in the liquid phase. The results of Bilger et al.
(1991) were discussed in detail by Toor (1993). These studies have shown that Dtα

changes with a chemical reaction. Nevertheless, we have only scanty information on
the effects of chemical reaction on Dtα and Sctα: only one reactive component has
been measured in a liquid (Komori et al. 1993) and no measurements of Sctα have
been reported so far.
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In turbulent premixed flames, the gradient diffusion model (1.2) is known to
be inappropriate because the turbulent flux does not often align with the mean
gradient direction, resulting in negative eddy diffusivity. The turbulent diffusion in
the direction opposite to the mean gradient direction (i.e. negative eddy diffusivity) is
called counter-gradient diffusion. It has been theoretically predicted (Bray et al. 1981;
Libby & Bray 1981) and observed in experiments (Shepherd, Moss & Bray 1982;
Cheng & Shepherd 1991) and numerical simulations (Veynante et al. 1997; Nishiki
et al. 2006; Chakraborty & Cant 2009) of turbulent premixed flames. In turbulent
flames, chemical reactions greatly affect the flow field. The counter-gradient diffusion
in premixed flames is related to the heat release and the change in density due to
chemical reactions (Veynante et al. 1997). It is also well known that under the effect
of body force, such as found in stratified flows, counter-gradient diffusion occurs (e.g.
Hanazaki & Hunt 1996; Komori & Nagata 1996).

In this study, we simultaneously measure concentrations of all reactive species and
axial velocity in a planar liquid jet with a second-order chemical reaction A+B→R,
and we experimentally measure Dtα and Sctα for all scalar components. In our
experiment, the heat release and the change in density due to the reaction can be
neglected because the reactants are dilute, and the reactive species act as passive
scalars. Furthermore, the two reactants A and B are separately supplied from jet and
ambient flows, respectively. Thus, the reactive jet investigated in this study is entirely
different from turbulent premixed flames. Although the two reactants, which act as
passive scalars, are supplied in a non-premixed condition, we will show that Dtα and
Sctα drastically change with a chemical reaction, even permitting counter-gradient
mass transport. We also show that the eddy diffusivity expression can be ill-defined
for the turbulent mass flux in a reactive flow because the mean concentration gradient
becomes zero although the turbulent mass flux has a non-zero value.

2. Experiments

A schematic diagram of a planar liquid jet with a second-order chemical reaction
is shown in figure 1. Liquids for the ambient flow and the jet flow are supplied to
a test section through two head tanks. The jet flow is injected into the ambient flow
through a rectangular nozzle of width d = 2 mm and spanwise length 40 mm. The
origin of the coordinate system is located at the centre of the nozzle. Here x and y
are the axial and cross-stream directions, respectively, with z completing the coordinate
system. The axial velocity of the jet flow, UJ , is set to 1.29 m s−1 at x= 0 and the
axial velocity of the ambient flow, UM, is set to 0.073 m s−1 at x = 0. Thus, the
Reynolds number defined by Re = (UJ − UM)d/ν is 2200, where ν is the kinematic
viscosity. The Schmidt number based on the molecular diffusivity of the non-reactive
species C is Sc≈ 600.

The second-order chemical reaction investigated in this study is represented by
A + B→ R. The reactants are 1-naphthol (A) and diazotized sulphanilic acid (B).
The product is 4-(4′-sulphophenylazo)-1-naphthol (R) and is a monoazo dyestuff.
The reaction rate constant of the chemical reaction is k = 12 000 (Bourne, Hilber &
Tovstiga 1985). In this study, reactant A is premixed into the jet flow and reactant
B is premixed into the ambient flow. These flows are then mixed in the test section
and product R is produced by the chemical reaction. The initial concentrations of
reactants A and B are ΓA0= 0.4 mol m−3 and ΓB0= 0.2 mol m−3, respectively. Thus,
the Damköhler number, defined by Da= k(ΓA0+ΓB0)d/(UJ −UM), which is the ratio
of the timescale of flow to that of chemical reaction, is 11.8. The chemical reaction
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FIGURE 1. Planar jet with a second-order chemical reaction.

investigated in this study has a pH dependence. Therefore, we keep the pH in the
flow constant by adding sodium carbonate and sodium hydrogen carbonate into the
jet flow as buffer salts. To measure the concentrations of reactants A and B using
conserved scalar theory (Bilger et al. 1991), acid blue 9 (species C) is also added
into the jet flow. The species C is blue dyestuff, and it is independent of the chemical
reaction. Therefore, the concentration of the non-reactive species C can be considered
as a conserved scalar. Its initial concentration is ΓC0 = 0.1 kg m−3. Because the
reactants are dilute, the chemical reaction can be considered to be isothermal, and
the reactive and non-reactive species (A, B, R and C) act as passive scalars.

3. Measurement methods
The axial velocity and the concentrations of the dyestuffs R and C are simultane-

ously measured by a combined probe (figure 2) consisting of an optical fibre
probe and an I-type hot-film probe (TSI 1210-20W). Simultaneous measurement
of instantaneous concentrations of the dyestuffs R and C is made using the optical
fibre probe based on light absorption spectrometry (Nakamura, Sakai & Miyata 1987;
Watanabe et al. 2012). The concentration measurement system is also shown in
figure 2. The light from a halogen lamp is fed to the optical fibre probe through
an optical fibre and passes through the measuring point. After the light passes the
measuring point, it is split into two wavelengths (λ1 = 520 nm and λ2 = 600 nm) by
a grating spectroscope and their light intensities are measured by a photomultiplier.
When light of wavelength λ passes through a solution of one dyestuff species α, the
light absorption spectrum is defined by

P(λ)≡− ln
I(λ)
I0(λ)

, (3.1)

where I0(λ) is the intensity of incident light and I(λ) is the instantaneous intensity of
transmitted light. Beer’s absorption law relates P(λ) to the instantaneous concentration
of species α, Γα, as follows:

P(λ)= kα(λ)Γα. (3.2)
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FIGURE 2. Measurement system.

Here, kα is given by kα=aα(λ)l, where aα(λ) depends on the absorptive characteristics
of species α and l is the length of the light path. When light of wavelength λ passes
through a solution of multiple dyestuff species, P(λ) is equal to the sum of the P(λ)
for the solution of each species. Therefore, P(λn) (n = 1, 2) for the solution of the
dyestuffs R and C is written as

P(λn)≡− ln
I(λn)

I0(λn)
= kR(λn)ΓR + kC(λn)ΓC. (3.3)

Here P(λn) for two wavelengths is measured by the optical fibre probe, and kR and kC
are obtained from the calibration experiment. Hence, the instantaneous concentrations
of dyestuffs R and C can be obtained from (3.3) by measuring P(λ1) and P(λ2).

The instantaneous concentrations of reactants A and B are calculated from the
instantaneous concentrations of the dyestuffs R and C by using conserved scalar
theory (Bilger et al. 1991) as follows:

ΓA = ξΓA0 − ΓR, (3.4)
ΓB = (1− ξ)ΓB0 − ΓR. (3.5)

Here, ξ is the mixture fraction defined by ξ ≡ΓC/ΓC0; ΓR and ξ are directly measured
by the optical fibre probe. The instantaneous concentrations of reactants A and B are
calculated from (3.4) and (3.5).

The mass conservation law is obtained from (3.4) and (3.5) as follows:

ΓA

ΓA0
+ ΓB

ΓB0
+ ΓR

ΓR0
= 1, (3.6)

where ΓR0 is defined by ΓR0≡ΓA0ΓB0/(ΓA0+ΓB0). In this study, ΓR0=0.133 mol m−3.
Bilger et al. (1991) introduced the frozen limit, which is the limiting case of no

reaction (Da→ 0), and the equilibrium limit, which is the limiting case of infinitely
fast reaction (Da→∞). The equilibrium limit has been used in the previous studies
of a single-step chemical reaction (Bilger et al. 1991; Mell et al. 1994; Brown &
Bilger 1998a,b; de Bruyn Kops, Riley & Kosaly 2001; Sawford 2006). In this study,
the concentrations for the frozen limit, Γ 0

α , are derived as follows:

Γ 0
A ≡ lim

Da→0
ΓA = ξΓA0, (3.7)
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Γ 0
B ≡ lim

Da→0
ΓB = (1− ξ)ΓB0, (3.8)

Γ 0
R ≡ lim

Da→0
ΓR = 0. (3.9)

The concentrations for the equilibrium limit, Γ ∞α , are derived as follows:

Γ ∞A ≡ lim
Da→∞

ΓA = (ΓA0 + ΓB0)(ξ − ξS)H(ξ − ξS), (3.10)

Γ ∞B ≡ lim
Da→∞

ΓB = (ΓA0 + ΓB0)(ξS − ξ)H(ξS − ξ), (3.11)

Γ ∞R ≡ lim
Da→∞

ΓR =
{
ΓA0ξ (ξ < ξS)

ΓB0(1− ξ) (ξ > ξS).
(3.12)

Here, H(z) is defined to be 0 for z< 0 and 1 for z> 0; ξS is the stoichiometric ratio of
the reactants in the mixture and is given by ξS = ΓB0/(ΓA0+ ΓB0). In this study, ξS =
0.333. The results for the frozen limit (Da→ 0) and the equilibrium limit (Da→∞)
are compared with the results for finite Damköhler number (Da = 11.8). It is noted
that the results for the frozen limit are equivalent to those for the non-reactive species.

The combined probe consisting of the optical fibre probe and the I-type hot-film
probe is used to simultaneously measure the axial velocity and the concentrations of
the dyestuffs R and C. It was previously confirmed that a concentration fluctuation
up to 2000 Hz can be accurately measured by using the concentration measurement
system shown in figure 2 (Watanabe et al. 2012). The diameter of the optical fibre
bundle used in the optical fibre probe is 0.5 mm and the length of the sampling
volume is 0.7 mm. The length and the diameter of the sensing element of the
I-type hot-film probe are 1.02 mm and 50.8 µm, respectively. The distance between
two probes is 0.4 mm. The Kolmogorov scale ηK and the Taylor microscale λx are
0.427 mm and 2.32 mm at x/d = 20 on the jet centreline, respectively (Watanabe
et al. 2012). The Batchelor scale, which is the smallest scale of scalar fluctuation, is
ηB = ηK/Sc1/2 = 0.0174 mm at x/d = 20 on the jet centreline. The spatial resolution
of the combined probe is comparable to the Kolmogorov scale, and is much smaller
than the Taylor microscale. It has been verified that simultaneous measurements of
velocity and concentration can be accurately conducted using this combined probe in
the same jet flow (Watanabe et al. 2012).

In this study, we mainly investigate the turbulent mass fluxes and the mean
concentrations. As can be seen in the previous measurements of turbulent mass fluxes
and cospectra of scalar and velocity fluctuations (Komori & Nagata 1996; Nagata
& Komori 2000), the large-scale fluctuations make a much greater contribution to
the turbulent mass flux than the small-scale fluctuations. Cospectra of axial velocity
and concentration of the reactive species measured in the present experiment were
shown in Watanabe et al. (2013). It was found that the large-scale fluctuations, which
greatly affect the turbulent mass flux, are resolved well by the present measurement
systems. Therefore, although the spatial resolution is larger than the Batchelor scale,
it is sufficiently small for measuring the turbulent mass fluxes.

Concentration and velocity are simultaneously measured over T = 21 s, and
the sampling frequency is 5000 Hz. The integral timescales of axial velocity
and concentration of the non-reactive species C are about TU = 5 × 10−3 s
and TC = 3 × 10−3 s at x/d = 20 on the jet centreline, respectively. Thus, the
measurement is conducted over a much longer time interval than the timescales of the
large-scale fluctuations of the flow and scalar fields, indicating that a large number of
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FIGURE 3. (Colour online) Convergence of statistics and uncertainty of the measurement.
The statistics are calculated from the concentration and velocity signals measured over T=
336 s by taking the time average over various time intervals 1t. The r.m.s. values of the
fluctuation of statistics from their mean values is shown. The r.m.s. values are normalized
by the mean values of the statistics. (a) x/d= 10, (b) x/d= 40.

independent samples are used for calculating the statistics. The number of independent
samples for velocity and concentration can be estimated as NU = T/(2TU) = 2100
and NC = T/(2TC) = 3500 (Tennekes & Lumley 1972). The relative errors in
mean estimation (Tennekes & Lumley 1972) are

√〈u2〉/(〈U〉2NU) = 0.5 % and√〈γ 2
C〉/(〈ΓC〉2NC)= 0.3 % for velocity and concentration, respectively.

To check the convergence of statistics, simultaneous measurements of concentration
and velocity are conducted over T=336 s at x/d=10 and 40. The mean concentration
of the non-reactive species C and product R (〈ΓC〉 and 〈ΓR〉), the mean axial velocity
(〈U〉) and the axial turbulent mass flux of the non-reactive species C and product R
(〈uγC〉 and 〈uγR〉) are calculated by using the time average taken over various time
intervals 1t. The measured signals of concentration and velocity are divided into T/1t
blocks, each of which corresponds to the time interval 1t. The statistics based on
the time average taken over 1t are calculated for each block. We use the root mean
square (r.m.s.) values of the fluctuation of statistics from its mean value among all
blocks for investigating convergence of statistics and uncertainty of the measurement.
Figure 3 shows the relationship between 1t and the r.m.s. value of the fluctuation
of statistics normalised by its mean value among all blocks at (a) x/d = 10 and (b)
x/d = 40. The r.m.s. values of the fluctuation of statistics represent the variations in
the statistics among the measurements which are conducted over 1t. It is found that
as 1t increases, these r.m.s. values become small. When 1t is larger than 20 s, the
variations in the statistics among the measurements are almost independent of 1t,
indicating convergence. Thus, the time interval 21 s, over which the time average
is taken in this study, is sufficiently long to obtain converged statistics. Even if the
time averages are taken over a longer time interval than 21 s, the variations in the
statistics among the measurements do not become zero. These variations are treated
as the error arising from uncertainty of the measurement. To quantify this error, the
results in figure 3 for 1t= 21 s are summarised in table 1. It is found that the errors
are approximately 2–7 % for the mean concentrations and the mean axial velocity and
approximately 5–12 % for the turbulent mass fluxes.

4. Results and discussion
Figure 4 shows the mean concentrations 〈Γα〉 of species α (α=A,B or R) on the

jet centreline for Da=11.8, compared with the mean concentrations for the frozen and
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FIGURE 4. (Colour online) Mean concentration of (a) reactant A, (b) reactant B and (c)
product R, on the jet centreline.

〈ΓC〉 (%) 〈ΓR〉 (%) 〈U〉 (%) 〈uγC〉 (%) 〈uγR〉 (%)

x/d= 10: 1.7 2.0 2.7 4.8 6.2
x/d= 40: 7.2 7.0 4.3 12.0 11.8

TABLE 1. The errors in the statistics arising from uncertainty of the measurement.

equilibrium limits. The mean concentrations of reactants A and B decrease owing to
the chemical reaction. The decrease in 〈ΓA〉 and 〈ΓB〉 due to the chemical reaction
for the equilibrium limit is larger than that for Da = 11.8. The mean concentration
of product R increases in the axial direction because of the progress of the chemical
reaction. The mean concentration of product R for the equilibrium limit is larger than
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FIGURE 5. (Colour online) Turbulent mass flux of (a) reactant A, (b) reactant B and (c)
product R, on the jet centreline.

that for Da= 11.8. Figure 5 shows the axial turbulent mass flux 〈uγα〉 of species α
(α =A, B or R) on the jet centreline. Comparison of 〈uγA〉 between the frozen limit
and the reactive flows (Da= 11.8 and the equilibrium limit) shows that the chemical
reaction makes 〈uγA〉 large in the upstream region but small in the downstream region.
In contrast, for reactant B, the chemical reaction makes 〈uγB〉 small in magnitude
in the upstream region but large in the downstream region. For product R, 〈uγR〉 is
negative in the upstream region but is positive in the downstream region. These effects
of chemical reaction on 〈Γα〉 and 〈uγα〉 have been thoroughly discussed in Watanabe
et al. (2012).

Figure 6 shows ∂〈Γα〉/∂x on the jet centreline, again for Da= 11.8 and the frozen
and equilibrium limits. Here 〈Γα〉 and x are normalised by Γα0 and d, respectively.
Figure 6(a) shows that ∂〈ΓA〉/∂x is negative, and the chemical reaction makes
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FIGURE 6. (Colour online) Axial gradient of mean concentration of (a) reactant A,
(b) reactant B and (c) product R, on the jet centreline.

∂〈ΓA〉/∂x large in magnitude because 〈ΓA〉 decreases in the downstream direction as
a result of consumption by the chemical reaction as well as diffusion of reactant A.
Figure 6(b) shows that ∂〈ΓB〉/∂x in the reactive flow differs significantly from that for
the frozen limit. In the region of x/d< 12, ∂〈ΓB〉/∂x is positive because the chemical
reaction rate is small and the mean concentration of reactant B increases on the jet
centreline because of entrainment. It should be noted that (3.6) for the frozen limit
is written as Γ 0

A/ΓA0 + Γ 0
B/ΓB0 = 1, namely, ∂(〈Γ 0

A〉/ΓA0)/∂x=−∂(〈Γ 0
B 〉/ΓB0)/∂x. In

the region 126 x/d 6 27.5, the chemical reaction rate is large, and 〈ΓB〉 decreases in
the downstream direction because the chemical reaction consumes reactant B. Then,
∂〈ΓB〉/∂x becomes negative in the region 12 6 x/d 6 27.5. Further downstream,
the chemical reaction rate is small because most of A has reacted. Therefore,
〈ΓB〉 increases in the downstream direction because of entrainment, resulting in
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FIGURE 7. (Colour online) Eddy diffusivity of (a) reactant A, (b) reactant B and
(c) product R, on the jet centreline.

positive ∂〈ΓB〉/∂x. Figure 6(c) shows that ∂〈ΓR〉/∂x is large in the upstream region
and decreases in the downstream direction because of the reduction of the chemical
reaction rate. For the equilibrium limit, ∂〈Γ ∞R 〉/∂x becomes negative in the region
x/d> 35 because the production of R is smaller than the decrement arising from the
diffusion of R.

The eddy diffusivity Dtα is estimated from Dtα = 〈uγα〉/(−∂〈Γα〉/∂x). It is shown
in figure 7 for species α = A, B or R on the jet centreline. Because DtB and DtR

change greatly owing to the chemical reaction, figures 7(b) and 7(c) are enlarged in
figure 8 to investigate DtB and DtR in detail. In figures 7 and 8, the eddy diffusivities
for the frozen and equilibrium limits are also shown, and Dtα is normalized by
d and (UJ − UM). Figure 7(a) shows that the chemical reaction makes DtA small
and DtB (figure 7b) for the frozen limit is positive in the entire region on the
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FIGURE 8. (Colour online) Eddy diffusivity of (a) reactant B and (b) product R on the
jet centreline.

jet centreline. Figures 6(b), 7(b) and 8(a) show that DtB is positive in the region
where ∂〈ΓB〉/∂x > 0. However, in the region where ∂〈ΓB〉/∂x < 0, DtB is negative
and counter-gradient diffusion is observed. DtB discontinuously varies on the jet
centreline because ∂〈ΓB〉/∂x can be zero: at this location, the eddy diffusivity
expression for the axial turbulent mass flux is ill-defined. For the frozen limit,
∂(〈Γ 0

A〉/ΓA0)/∂x = −∂(〈Γ 0
B 〉/ΓB0)/∂x and 〈uγ 0

A〉/ΓA0 = −〈uγ 0
B〉/ΓB0. Hence, DtA is

identical to DtB in the non-reactive flow. This relationship can be confirmed in
figures 7(a) and 8(a). Figures 7(c) and 8(b) show that DtR is positive in the region
x/d < 25 but is negative in the region x/d > 25. Here DtR for the equilibrium limit
discontinuously varies because ∂〈ΓR〉/∂x becomes zero at x/d ' 35 as shown in
figure 6(c). The eddy diffusivity of the reactive species is different for Da= 11.8 and
the equilibrium limit. Thus, the effects of chemical reaction on the eddy diffusivity
depend on the Damköhler number.

A large difference in the eddy diffusivity can be observed between reactants A
and B, which are supplied from the jet and ambient flows, respectively. Here, we
separately consider the transport of the reactants by the velocity field and the effect
of the reaction on the concentrations of the reactants. First, we consider the former.
The concentration of reactant A on the jet centreline decreases in the axial direction
because of diffusion, whereas the concentration of reactant B on the jet centreline
increases in the axial direction because it is entrained from the ambient flow. Thus, the
transport by the velocity field has an opposite effect on the concentration on the jet
centreline for reactants A and B. In contrast, the chemical reaction simply decreases
the concentrations of both reactants A and B. The concentration of reactant B in the
jet increases by entrainment but decreases by chemical reaction. Therefore, the mean
concentration profile of reactant B on the jet centreline is significantly different for
the reactive and non-reactive cases, and the axial gradient of its concentration can be
both positive and negative. The concentration of reactant A in the jet decreases owing
to both diffusion and chemical reaction, and its mean concentration monotonically
decreases in the axial direction on the jet centreline. The change in the sign of the
mean concentration gradient due to the chemical reaction is important in considering
the gradient diffusion model in the reactive planar jet. Therefore, it is expected to be
crucial for the gradient diffusion model whether the reactant is supplied from the jet
or the ambient flow.



110 T. Watanabe, Y. Sakai, K. Nagata and O. Terashima

The eddy diffusivity of reactant species measured in the scalar mixing layer in
liquid (Komori et al. 1993) is larger than that of non-reactive species. However,
Bilger et al. (1991) show that in the scalar mixing layer in gas, the chemical reaction
makes the eddy diffusivity of reactant species large in the region where the reactant
is abundant but small in the region where the reactant is deficient. Additionally, the
eddy diffusivity measured by Bilger et al. (1991) and Komori et al. (1993) is always
positive, and counter-gradient diffusion was not observed. In contrast, in this study,
the eddy diffusivity of reactant B premixed into the ambient flow can be negative,
and counter-gradient diffusion is observed. The effects of the chemical reaction on
the eddy diffusivity observed in our study and in those of Bilger et al. (1991) and
Komori et al. (1993) are different from each other. This difference implies that the
effects of the chemical reaction on the eddy diffusivity can change with the flow
field, the molecular Schmidt number and the Damköler number, although the present
results are not enough to specify the factors which can affect the gradient diffusion
model for reactive flows.

The transport equation for the turbulent mass flux of reactive species α (Fox 2003)
can be written as follows:

∂〈uiγα〉
∂t
+ 〈Uj〉∂〈uiγα〉

∂xj
= ∂

∂xj

(
Tijα − 〈ujuiγα〉

)+ Piα +Πiα − εiα + 〈uisα〉, (4.1)

where sα = Sα − 〈Sα〉 is the fluctuating component of the chemical reaction rate. The
molecular-transport term Tijα, the pressure-scrambling term Πiα and the scalar-flux
dissipation εiα are expressed as

Tijα ≡ ν

〈
γα
∂ui

∂xj

〉
+Dα

〈
ui
∂γα

∂xj

〉
, (4.2)

Πiα ≡ −
〈
γα
∂p
∂xi

〉
, (4.3)

εiα ≡ (ν +Dα)

〈
∂ui

∂xj

∂γα

∂xj

〉
. (4.4)

Here, p is the pressure fluctuation. The production term Piα is expressed as

Piα ≡ Piα1 + Piα2, (4.5)

Piα1 ≡ −〈uiuj〉∂〈Γα〉
∂xj

, (4.6)

Piα2 ≡ −〈ujγα〉∂〈Ui〉
∂xj

. (4.7)

First, we investigate the direct influence on the turbulent mass flux budget of the
chemical reaction, which is represented by 〈usα〉 for the axial turbulent mass flux
of concentration of species α. Here 〈usα〉 can be also represented by 〈uSα〉 because
〈uSα〉 = 〈u〉〈Sα〉 + 〈usα〉 = 〈usα〉. For the chemical reaction A+ B→ R, the chemical
source term is given by SR = −SA = −SB = kΓAΓB. For the frozen limit, 〈uSα〉 is
zero because the frozen limit corresponds to the non-reactive case (k = 0). For the
equilibrium limit, either of the instantaneous concentrations of reactants A or B is
zero as shown in (3.10) and (3.11). Therefore, 〈uSα〉 is also zero for the equilibrium
limit. Here, we compare 〈uΓAΓB〉 instead of 〈uSR〉 = k〈uΓAΓB〉 between the reactive
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FIGURE 9. (Colour online) 〈ûΓ̂AΓ̂B〉 on the jet centreline; 〈ûΓ̂AΓ̂B〉 is related to the
direct influence on the turbulent mass flux budget of the chemical reaction.

flow (Da = 11.8) and the non-reactive flow (the frozen limit), because 〈uΓAΓB〉 can
be calculated for both the frozen limit and the reactive case with a finite reaction
rate. Figure 9 shows 〈ûΓ̂AΓ̂B〉 on the jet centreline, where û = u/(UJ − UM) and
Γ̂α = Γα/Γα0. In the upstream region, 〈ûΓ̂AΓ̂B〉 is negative for both reactive and non-
reactive cases. In the non-reactive flow, 〈ûΓ̂AΓ̂B〉 increases in the downstream direction
and becomes positive. On the other hand, 〈ûΓ̂AΓ̂B〉 in the reactive flow is small in
magnitude in the downstream region. These profiles can be explained as follows: by
using (3.4) and (3.5), the product of the normalized concentrations of reactants A and
B can be written as follows:

Γ̂AΓ̂B = Γ̂A(1− Γ̂R − Γ̂A)=−
{
Γ̂A − 1

2(1− Γ̂R)
}2 + 1

4(1− Γ̂R)
2 (4.8)

= Γ̂B(1− Γ̂R − Γ̂B)=−
{
Γ̂B − 1

2(1− Γ̂R)
}2 + 1

4(1− Γ̂R)
2. (4.9)

Thus, Γ̂AΓ̂B is a quadratic function of Γ̂A (and Γ̂B). Equations (4.8) and (4.9)
imply that Γ̂AΓ̂B becomes maximum for the condition Γ̂A = Γ̂B = (1 − Γ̂R)/2.
Further discussion on the relationship between the reaction rate (kΓ̂AΓ̂B) and the
concentrations of the reactants can be found in Watanabe et al. (2012). The sign
of 〈ûΓ̂AΓ̂B〉 is determined by the correlation between û and Γ̂AΓ̂B. In the upstream
region on the jet centreline, the reactant B is deficient (figure 4), and Γ̂B tends to be
smaller than Γ̂A. Because Γ̂AΓ̂B becomes maximum for the condition Γ̂A = Γ̂B, the
large Γ̂AΓ̂B in the upstream region on the jet centreline can be related to the large
concentration of reactant B. The turbulent mass flux 〈ûγ̂α〉 can be represented by
〈ûγ̂α〉 = 〈û〉〈Γ̂α〉 + 〈ûγ̂α〉 = 〈ûΓ̂α〉. Because of the negative correlation between û and
Γ̂B (figure 5b), when û is negative, Γ̂B tends to be large, resulting in the large Γ̂AΓ̂B.
Therefore, because Γ̂AΓ̂B is always positive, 〈ûΓ̂AΓ̂B〉 is negative in the upstream
region. In contrast, reactant A is deficient in the downstream region as shown in
figure 4, and Γ̂A tends to be smaller than Γ̂B. Because Γ̂AΓ̂B becomes maximum for
the condition Γ̂A = Γ̂B, the large Γ̂AΓ̂B in the downstream region can be related to
the large concentration of reactant A. Because of positive correlation between û and
Γ̂A (figure 5a), when û is positive, Γ̂A tends to be large, resulting in the large Γ̂AΓ̂B.
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Therefore, 〈ûΓ̂AΓ̂B〉 is positive in the downstream region. In the reactive case, because
the concentration of reactant A becomes small as shown in figure 4(a) because of
the chemical consumption, Γ̂AΓ̂B is small in the downstream region. Therefore, in the
reactive flow, 〈ûΓ̂AΓ̂B〉 becomes small in the downstream region.

Thus, it is found that the chemical reaction term 〈usα〉 directly affects the turbulent
mass flux budget in the upstream region where the chemical reaction rate is not small.
Although the direct influence of the chemical reaction is important in the upstream
region, the turbulent mass flux changes owing to the chemical reaction even in the
downstream region as shown in figure 5. Therefore, not only the chemical reaction
term 〈usα〉 but also the other terms such as the production term are responsible for
the change in the turbulent mass flux by the chemical reaction.

Next, we consider the change in the production term Pxα due to the chemical
reaction to investigate the effect of the chemical reaction on the eddy diffusivity.
Statistics in the planar jet are symmetrical with respect to the x-axis (y = 0)
and homogeneous in the spanwise direction. Therefore, the lateral and spanwise
components of the production term are zero on the jet centreline, and the production
term is determined solely by the axial component. Although the spanwise component
does not exist in the entire region of the planar jet, the lateral component contributes
to the production term in the planar jet except for the jet centreline. On the jet
centreline, Pxα1 and Pxα2 are given by

Pxα1 = −〈u2〉∂〈Γα〉
∂x

, (4.10)

Pxα2 = −〈uγα〉∂〈U〉
∂x

. (4.11)

Figure 10 shows P̂xα1 ≡ Pxα1d/{(UJ − UM)
2Γα0} on the jet centreline. Because the

chemical reaction is passive with respect to the flow field, the change in P̂iα1 due to
the chemical reaction corresponds to the change in the mean concentration gradient.
The axial gradient of the mean concentration of reactant A, which is always negative
on the jet centreline, becomes large in magnitude owing to the chemical reaction (see
figure 6a). Hence, the chemical reaction increases P̂xA1. Here P̂xB1 for the frozen limit
is negative on the jet centreline because ∂〈ΓB〉/∂x is always positive (see figure 6b).
However, P̂xB1 for Da= 11.8 can be positive because the chemical reaction changes
the sign of ∂〈ΓB〉/∂x, as shown in figure 6(b). Here P̂xB1 for the equilibrium limit is
very small; however, its sign does not change owing to the chemical reaction. In the
region x/d > 10, P̂xR1 becomes small in magnitude in the axial direction. Here P̂xR1
for the equilibrium limit becomes positive in the downstream region because of the
negative value of ∂〈ΓR〉/∂x (figure 6c).

Figure 11 shows P̂xα2≡Pxα2d/{(UJ −UM)
2Γα0} on the jet centreline. The change in

P̂xα2 due to the chemical reaction corresponds to the change in the turbulent mass flux.
The chemical reaction makes P̂xA2 large in the upstream region but slightly smaller
in the downstream region. In contrast, the chemical reaction makes P̂xB2 small in
magnitude in the upstream region but large in the downstream region. The sign of P̂xB2

does not change owing to the chemical reaction, whereas the sign of P̂xB1 depends on
the axial gradient of 〈ΓB〉 as shown in figure 10(b). Figure 11(c) shows that P̂xR2 is
negative in the upstream region and becomes positive in the downstream region.

Figure 12 shows the normalised production term P̂xα ≡ P̂xα1 + P̂xα2 on the jet
centreline. Comparison between P̂xA1 (figure 10a) and P̂xA2 (figure 11a) shows that
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FIGURE 10. (Colour online) Pxα1 given by (4.10) on the jet centreline for (a) reactant A,
(b) reactant B and (c) product R.

P̂xA1 makes a much larger contribution to P̂xA. The profiles of P̂xB and P̂xR are also
similar to those for P̂xB1 and P̂xR1. However, because P̂xB1 and P̂xR1 can be equal
to zero as shown in figure 10(b,c), P̂xB2 and P̂xR2 are important in the production
of turbulent mass flux. The production term P̂xα divided by (−∂〈Γ̂α〉/∂ x̂) is shown
in figure 13 to investigate the relationship between the axial gradients of the mean
concentrations and the production of the axial turbulent mass fluxes. Here, x̂ ≡ x/d.
For reactant A, the chemical reaction hardly changes P̂xA/(−∂〈Γ̂A〉/∂ x̂). For reactant
B, P̂xB/(−∂〈Γ̂B〉/∂ x̂) changes significantly owing to the chemical reaction and can
be negative for Da= 11.8. It should be noted that from (4.10) and (4.11), when the
magnitude of Pxα2 is much smaller than that of Pxα1, Pxα/(−∂〈Γα〉/∂x)≈ 〈u2〉> 0 on
the jet centreline, and Pxα/(−∂〈Γα〉/∂x) does not change owing to the chemical
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FIGURE 11. (Colour online) Pxα2 given by (4.11) on the jet centreline for (a) reactant A,
(b) reactant B and (c) product R.

reaction. Thus, the negative values of P̂xB/(−∂〈Γ̂B〉/∂ x̂) arise from the large
contribution of P̂xB2 to P̂xB in the region where P̂xB1 ≈ 0. Considering (1.2), one
sees that this difference of sign between P̂xB and (−∂〈Γ̂B〉/∂ x̂) is assumed to cause
the counter-gradient flux of reactant B. Figure 13(c) shows that P̂xR divided by
(−∂〈Γ̂R〉/∂ x̂) also can be negative for the equilibrium limit. For reactant B and
product R, the production term can produce an axial turbulent mass flux opposite
to the axial gradient direction of the mean concentrations on the jet centreline. The
region where P̂xα/(−∂〈Γ̂α〉/∂ x̂) (α = B or R) is negative does not entirely match the
region where the eddy diffusivity is negative because the change in the turbulent mass
flux due to the chemical reaction is not determined solely by the production term.
The production term, however, significantly affects the profile of the turbulent mass
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FIGURE 12. (Colour online) Production term of axial turbulent mass flux on the jet
centreline for (a) reactant A, (b) reactant B and (c) product R.

flux. These changes of the production term result in the negative eddy diffusivity of
reactant B and product R.

Figure 14 compares the chemical source terms and the production terms for
Da= 11.8. For the transport equation normalized by (UJ −UM) and Γα0, the chemical
source terms for A, B and R are represented by −DaξS〈ûΓ̂AΓ̂B〉, −Da(1− ξS)〈ûΓ̂AΓ̂B〉
and Da〈ûΓ̂AΓ̂B〉, respectively. Because the chemical source terms are calculated from
triple correlations, it is difficult to obtain their profiles which are converged as well
as the production terms. However, it is clearly seen that the chemical source terms
are important at x/d = 10 compared with the production terms because of the large
reaction rate in this region.
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FIGURE 13. (Colour online) Comparison between the axial gradient of mean concentration
and the production term of axial turbulent mass flux for (a) reactant A, (b) reactant B and
(c) product R.

In the eddy viscosity model (Combest et al. 2011), the Reynolds stress is given by

−〈uiuj〉 = νt

(
∂〈Ui〉
∂xj
+ ∂〈Uj〉

∂xi

)
− 2

3
δijkt, (4.12)

where kt = 〈ukuk〉/2 is a turbulent kinetic energy, δij is the Kronecker delta and νt is
the eddy viscosity. In the self-preserving region of the planar jet, νt can be written as
(Pope 2000)

νt(x, y)=
[
ln(1+√2)2

]−2 dbU

dx
UC(x)bU(x), (4.13)
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FIGURE 14. (Colour online) Comparison between the chemical source terms and the
production terms for Da= 11.8. These terms are normalized by UJ −UM and Γα0.
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FIGURE 15. Eddy viscosity on the jet centreline.

where UC(x) is the mean axial velocity difference on the jet centreline, (〈U〉−UM)y=0,
and bU(x) is the jet half-width of the mean axial velocity difference (〈U〉 − UM).
Figure 15 shows the axial profile of normalised νt calculated from (4.13) in the self-
preserving region. In the self-preserving region of the planar jet, UC ∝ (x/d)−1/2 and
bU ∝ x/d, and then νt is proportional to (x/d)1/2 in the x direction.

The turbulent Schmidt number Sctα (α=A,B or R) on the jet centreline is shown
in figure 16, and the frozen and equilibrium limits are also shown. Figure 16(a)
shows that the chemical reaction makes SctA large. However, SctA for the equilibrium
limit is close to SctA for the frozen limit. This implies that the effect of chemical
reaction on SctA depends on the Damköhler number. In figure 16(b), it is shown that
SctB becomes small owing to the chemical reaction. In the region 12 6 x/d 6 27.5,
SctB for Da = 11.8 is negative because DtB < 0 in this region. Here SctB in
the reactive flow approaches the values for the frozen limit in the downstream
direction. Figure 16(c) shows that SctR for Da = 11.8 is positive in the region of
x/d < 25 but is negative in the region x/d > 25. It is also shown that SctR
discontinuously varies at the point where 〈uγR〉 = 0 (i.e. DtR = 0). In the region
x/d< 25, SctR for the equilibrium limit is smaller than SctR for the finite Damköhler
number. Therefore, it is suggested that SctR becomes small in this region if the
Damköhler number is large. These changes in Sctα due to the chemical reaction
correspond to the changes in the eddy diffusivity because the chemical reaction is
passive with respect to the flow field and does not affect the eddy viscosity νt.
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FIGURE 16. (Colour online) Turbulent Schmidt number of (a) reactant A, (b) reactant B
and (c) product R on the jet centreline.

SctB in the reactive flow is close to SctB in the non-reactive flow in the far-
downstream region whereas the chemical reaction greatly affects SctB in the upstream
region. The chemical reaction rate is small in the far-downstream region because most
of A has reacted. After this, the instantaneous concentration of the other reactant B
mainly changes because of convective transport and molecular diffusion. Therefore,
SctB for Da = 11.8 in the far-downstream region is nearly equal to that in the
non-reactive flow. In contrast, SctB in the reactive flow is very different from that in
the non-reactive flow in the upstream region because the chemical reaction rate is
large and the chemical reaction affects SctB.

In this study, it is clarified that Sctα for a finite Damköhler number is different from
Sctα for the equilibrium limit. The change in Sctα for reactants A and B due to the
chemical reaction for the equilibrium limit is smaller than that for Da= 11.8. Sctα for
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the reactant species is expected to be greatly affected by the chemical reaction when
the Damköhler number is small. In general, Sctα is assumed to be a global constant
parameter. However, there is large difference in Sctα between reactive and non-reactive
flows, as shown in figure 16.

5. Conclusion
Eddy diffusivity and turbulent Schmidt number are experimentally investigated in a

planar liquid jet with a second-order chemical reaction (A+ B→ R). Reactant A is
premixed into the jet flow and the other reactant B is premixed into the ambient flow.
The eddy diffusivity Dtα and the turbulent Schmidt number Sctα are obtained from
the measurement results of mean concentration 〈Γα〉 and turbulent mass flux 〈uγα〉
(α =A,B or R).

The chemical reaction makes DtA small. In the reactive flow DtB is negative in
the region where 〈ΓB〉 decreases in the downstream direction, and counter-gradient
diffusion is observed. In contrast, in the non-reactive flow DtB is positive in the entire
region on the jet centreline. In the reactive flow DtB discontinuously varies because
∂〈ΓB〉/∂x can be zero on the jet centreline. Negative values of the eddy diffusivity
are also found for the product R. When the chemical reaction occurs, the production
terms of axial turbulent mass fluxes of reactant B and product R can produce axial
turbulent mass fluxes opposite to the axial gradients of the mean concentrations. The
changes in the production terms due to the chemical reaction result in negative eddy
diffusivities of reactant B and product R. The effects of the chemical reaction on
the eddy diffusivity observed in this study are different from the results in previous
research (Bilger et al. 1991; Komori et al. 1993), and this implies that the effects of
chemical reactions depend on the flow field, the molecular Schmidt number of reactive
species, the Damköhler number and possibly other factors.

The chemical reaction makes SctA large; SctB and SctR can be negative when the
chemical reaction occurs. The difference in SctB between the reactive and non-reactive
flows becomes small in the far-downstream region. It is also found that Sctα for
reactants A and B significantly changes owing to the chemical reaction when the
Damköhler number is small.

Chemical reactions significantly affect the eddy diffusivity and the turbulent
Schmidt number of reactive species. Applying the gradient diffusion model to reactive
flows may result in significant errors in estimating turbulent mass fluxes under the
assumption of global constant turbulent Schmidt numbers.
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