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Wavelet analysis of coherent vorticity near
the turbulent/non-turbulent interface in a turbulent
planar jet

T. Watanabe,’® Y. Sakai," K. Nagata,' Y. Ito,' and T. Hayase?
'Department of Mechanical Science and Engineering, Nagoya University, Nagoya, Japan
2 Institute of Fluid Science, Tohoku University, Sendai, Japan

(Received 20 June 2014; accepted 6 September 2014; published online 26 September 2014)

Coherent vorticity near the turbulent/non-turbulent (T/NT) interface is investigated
by using direct numerical simulation of a planar jet. The coherent vorticity extrac-
tion (CVE) method based on the orthogonal wavelet decomposition of vorticity is
applied to the planar jet for extracting the coherent vorticity. We analyze the condi-
tional statistics conditioned on the distance from the T/NT interface. The coherent
vorticity is reconstructed from small number of wavelet coefficients. Nevertheless,
the coherent vorticity contains most of enstrophy in the planar jet. Furthermore, the
characteristics of the vorticity field are well captured even near the T/NT interface
by the coherent vorticity. The coherent velocity obtained by the Biot—Savart relation
shows that the large-scale motions, such as induced flow and engulfing motion in the
non-turbulent region, are also well represented by the coherent field. The enstrophy
transport equation is decomposed into coherent and incoherent parts by the CVE for
investigating the role of the coherent vorticity in the enstrophy transport mechanism.
The conditional average of the enstrophy transport equation shows that the enstro-
phy production and dissipation associated with the incoherent vorticity are small
compared with the coherent contributions. The enstrophy diffusion near the T/NT
interface, which causes the local entrainment of non-turbulent fluids, arises from the
coherent vorticity. Thus, most of the enstrophy transport mechanism near the T/NT
interface is well captured by the coherent vorticity extracted by the CVE method.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4896298]

. INTRODUCTION

Interfaces which divide flow fields into turbulent and non-turbulent regions can be observed
in environmental and industrial flows. These interfaces are called turbulent/non-turbulent (T/NT)
interface,! and appear in free shear flows, such as wakes, jets, and mixing layers. The free shear
flows develop by converting the non-turbulent fluids near the T/NT interface into the turbulent
fluids. Therefore, the T/NT interface plays an important role in the entrainment process, which
largely affects heat and mass transfers in free shear flows. Understanding the characteristics of
the T/NT interface is desired for controlling the entrainment rate and the heat and mass transfers in
engineering equipments. The T/NT interface consists of turbulent sublayer' and viscous superlayer.?
In the viscous superlayer, vorticity is transported by the viscous effect from turbulent regions,
whereas the inviscid processes, such as vortex stretching and compression, are important in the
turbulent sublayer.?

Westerweel ef al. experimentally investigated the T/NT interface in a round jet, and revealed
that the entrainment process is dominated by small-scale eddies near the T/NT interface.*% The
entrainment process has been investigated by analyzing the enstrophy transport equation. Holzner
et al. conducted experiments on a turbulent front generated by an oscillating-grid by using particle
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tracking velocimetry,”® and showed that the viscous process plays an important role in the T/NT
interface propagation, which results in the entrainment of the non-turbulent fluids.” Direct numerical
simulations (DNSs) of a temporally developing jet'® were used for analyzing the enstrophy transport
near the T/NT interface by Taveira et al.'' They showed that the enstrophy growth in the non-
turbulent region near the T/NT interface is caused by the viscous diffusion, whereas the enstrophy
production dominates its generation inside the turbulent region. The vorticity diffusion near the
interface caused by small-scale eddy motions is referred to as “nibbling.” Thus, the previous studies
have demonstrated the importance of the small-scale eddies in the local entrainment process because
these eddies cause the enstrophy diffusion. However, the large-scale motions of non-turbulent
fluids are also responsible for the total entrainment process.'”> The vortical structure near the T/NT
interface was investigated by using DNS of the temporally developing jet by da Silva et al.'*'* In
their analysis, the intense vorticity structures are detected by thresholding vorticity magnitude, and
the large vorticity structures are detected by low pressure isosurfaces. These studies showed that the
thickness of the T/NT interface is almost equal to the radius of the large vorticity structures near
the interface, and the intense vorticity structures near the T/NT interface are well modeled by the
Burgers vortex.

Investigating vortical structures requires the extraction of specific vorticity from the total vor-
ticity field. Farge er al. proposed the method to extract the coherent structure using the wavelet
analysis.!>!® This method splits the vorticity into the coherent and incoherent parts by using the or-
thogonal wavelet decomposition of the vorticity, and is called coherent vorticity extraction'” (CVE).
The CVE method is related to a denoising of signals in wavelet space. The CVE method has been
applied to homogeneous isotropic turbulence.'®'3-2° Curvelet and total variation filtering methods,
which decompose flow fields into coherent and incoherent parts, have also been applied to homo-
geneous isotropic turbulence to extract the coherent structure.?'>> Low-pass Fourier filtering can
also be used for the data compression of turbulent flows by discarding a small-scale part. When the
Fourier filtering is applied at the compression rate similar to the CVE, the discarded part by the
Fourier filtering shows spatial structures, which can be considered as the coherent part and important
in turbulent flows.?> In contrast, the discarded part by the CVE is structureless and uncorrelated
in space.? These previous studies showed that the CVE based on the wavelet decomposition can
more efficiently extract the coherent structures than the Fourier filtering. The CVE using the wavelet
analysis has been demonstrated mainly for homogeneous isotropic turbulence. The CVE method
was also applied to sheared and rotating turbulence,’® mixing layers,”*?* and boundary layers,?®
and succeeded in extracting the coherent structure. However, applications of the CVE method to
inhomogeneous and anisotropic turbulence are limited. The CVE method is used in the coherent
vorticity simulation (CVS), in which the evolution of the coherent vorticity is solved whereas the
influence of the incoherent vorticity is modeled.'>!” The CVS has been applied to turbulent mixing
layers.?>?” Because the CVE method extracts the coherent structure more efficiently than the Fourier
filtering, the CVS has advantages over the large eddy simulation, in which the large-scale structure
is extracted by the low-pass filtering such as the Fourier filter. Therefore, the further development of
the CVS is desired for predicting turbulent flows.

In this work, the CVE method is applied to DNS results of a turbulent planar jet. We extract the
coherent structure in the planar jet, and investigate the coherent vorticity near the T/NT interface.
The purposes of this work are to extract the coherent vorticities in a turbulent jet and to investigate
them near the T/NT interface. It has been shown that the small-scale eddies near the interface play
an important role in the entrainment process. The characteristics of the vortical structure, such as the
radius, circulation, and tangential velocity, were investigated near the T/NT interface.'* However,
the role of the vortical structure in the entrainment process still remains unclear. The entrainment
of non-turbulent fluids is caused by the transport of vorticity near the interface. The CVE method
enables us to directly investigate the contribution of the coherent vorticity to the enstrophy transport
because the velocity fields corresponding to the coherent and incoherent vorticities can be obtained
by using the Biot—Savart relation in the CVE method. By using the CVE method, we investigate the
role of the coherent vorticity in the enstrophy transport near the T/NT interface by analyzing the
coherent and incoherent contributions to the enstrophy transport equation. In Sec. II, the DNS of
the planar jet is described. The procedure of the T/NT interface detection and the CVE method are
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described in Secs. Il and IV, respectively. The numerical results are presented in Sec. V. Finally,
the conclusions are summarized in Sec. VI.

Il. DIRECT NUMERICAL SIMULATION OF A PLANAR JET
A. Numerical methods and computational parameters

The CVE method is applied to the DNS result of a spatially developing planar jet.?® The
numerical methods and simulation conditions are described here. In this work, the incompressible
planar jet illustrated in Fig. 1 is considered. The origin of the coordinate system is located at the
center of the jet inlet. The streamwise, lateral, and spanwise directions are represented by x, y, and
z, respectively. The governing equations are the continuity equation and Navier—Stokes equations,
which are written as follows:

aU;
i _y, )
a)Cj
BU,- 8UjU,' 1 3]) 82Ui
—t——=——"—+v , 2
ot 8x_,~ p oX; ana.Xj

where U, is the instantaneous velocity component, p is the density, p is the instantaneous pressure,
and v is the kinematic viscosity.

The governing equations are solved using a finite difference method. The fully conservative
fourth-order central difference proposed by Morinishi et al.?® is used for spatial discretization in the
x and z directions, and the fully conservative second-order central difference® is used for spatial
discretization in the y direction. The continuity equation and Navier—Stokes equations are solved
using the fractional step method. The Poisson equation is solved by the fast Fourier transform
(in the spanwise direction), the cosine transform (in the streamwise direction), and a tridiagonal
matrix algorithm (in the cross-streamwise direction). The Crank—Nicolson method is used for the
time integration of the y-direction viscous term, and the third-order Runge—Kutta method is used
for the time integration of the other terms. The extent of the computational domain is (Ly, Ly, L)
= (9.0nd, 7.37d, 1.2nd), and N, x N, x N, =2, 048 x 600 x 128 computational grid points are
used in the DNS. The grid is equidistant in the x and z directions, whereas the non-equidistant grid
is used in the y direction. In the y direction, a fine grid is used near the jet centerline, and the grid
is stretched near the lateral boundaries. The Reynolds number based on the width of the jet inlet
d and the mean bulk velocity at the jet inlet Uy is Re = Ujd/v = 2, 200. The convective boundary
condition® is applied to the y—z plane at x = L,. At the lateral boundaries, the y-directional gradient
of velocity is set to zero, and the periodic boundary condition is applied in the spanwise direction. At
x = 0 in the ambient flow, the cross-streamwise and spanwise velocities are set to zero without any
fluctuations. The streamwise velocity of the ambient flow at x = 0 is Ux = 0.056Uj. The measured

Jet flow

I
N

Ambient flow /L.

L

X

FIG. 1. Computational domain of a planar jet.
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TABLE I. Coefficients in Egs. (3)—(6) used to determine boundary condition at jet inlet.

n 0 1 2 3 4 5
Ay 1.303 x 10° —9.236 x 107! —8.571 x 10° —1.207 x 10? 3.464 x 10? 0
B, 4673 x 1072 5.470 x 1072 —1.368 x 10° 1.043 x 10! —1.657 x 10! 0
By, 3.505 x 1072 — 1.558 x 1072 5192 x 107" —1.249 x 10° 0 0
By,  3.505x 1072  —3.551 x 1073 1.930 x 1071 —1.186 x 10° 7355 x 10°  —1.267 x 10!

streamwise velocity statistics at the jet inlet*' 3 are used to determine the inflow velocity at the jet
inlet. The inflow velocity is generated by a diffusion process that converts the random noise into
the fluctuations which possess the required length scales.’* According to Stanley et al.,?® the length
scale which corresponds to the fundamental mode for the shear layer near the jet inlet is used as the
integral length scales of the velocity fluctuations at the jet inlet, which are set to 0.29d in the present
DNS. The inflow velocity at the jet inlet is generated so that the lateral profiles of the streamwise
mean velocity (Uj,) and the rms values of the velocity fluctuations (#ms, Vrms, Wrms) at the jet inlet
satisfy the following equations:

5
Uin(y) — Ua Y\
— =) A=) . 3
Ao () 8
rms 1 n
tms) _ Ly~ 12" 4
U 204 d
1 n
vl’TIlS(y) = - Bv,n Z s (5)
U 204 d
Wrms(Y) 1< v
——=—)> B 3 (6)

w,n
U; 20 =

The coefficients A,, By, », By, and By, ,, are summarized in Table I. The mean cross-streamwise
and spanwise velocities are zero at the jet inlet. In Fig. 2, the measurement results in the experi-
mental apparatus®'=>* for Uy, (y) and uyy(y) are compared with Eqs. (3) and (4). Equations (3)—(6)
are used to generate the inflow velocity. Although the mean velocity profile is similar to that in
the experiments,’!=3? the measured rms value um(y) is 20 times larger than Eq. (4). The small
rms velocity is used for the boundary condition at the jet inlet. For the jet development, velocity
fluctuations at large scales are important because small-scale fluctuations decay near the jet inlet.

15 —— (U= U 001F —— Uy
------ Vimg/ Uy
©  Experiment 0.008F T T wm/Us

Experiment

A (U Up)/20

n 0 [ n
-0.5 0 0.5
y/d y/d
(a) Mean streamwise velocity (b) Rms values of velocity fluctuations

FIG. 2. (a) Mean streamwise velocity and (b) rms values of the velocity fluctuations at jet inlet. Lateral profiles of velocity
statistics at jet inlet are compared with measurement results.3!-33
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(a) (b) DNS Present DNS
15 0.5 Stanley 2002 —-—x/d =20
L ! ! | —Klein 2003 ----x/d=23
----DNS 16 r
_ (<] 4 Experiment o 0.4 Experiment
SIS (Watanabe 2013) - SERSEN o  Gutmark 1976
= 4 1 [ 0.3F jooo%p, A Ramaprian 1985
‘b I -~ S 9 ° o Watanabe 2013
A b Y. 502
3 0.5- A 2on £}
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FIG. 3. Comparison of streamwise velocity statistics between the DNS results and the experimental results. (a) Streamwise
evolution of the mean streamwise velocity on the jet centerline. (b) Lateral profiles of the rms value of the streamwise velocity
fluctuation. The experiments by Gutmark and Wygnansk,3® Ramaprian and Chandrasekhara,” and Watanabe et al.3'~3* and
the DNSs by Stanley et al.’> and Klein ef al.?® are compared with the present DNS results.

The velocity fluctuations generated by the diffusion process contain most of energy at large scales.
Although the total energy represented by rms values is small, the generated velocity fluctuations
contain energy at large enough scales to develop the jet flow.

B. Validations of the DNS results

The time-averaged statistics obtained by the present DNS are compared with those obtained by
the experiments and the previous DNSs. Figure 3(a) shows the mean streamwise velocity (U) on
the jet centerline. Here, ( ) denotes the time-averaged value. The present DNS result shows good
agreement with the experimental result. The mean streamwise velocity on the jet centerline is also
found to evolve according to ((U) — Uy) o (x/d)~ 2. Figure 3(b) shows the lateral profiles of the rms
value of the streamwise velocity fluctuation (u,s/Uc — Ua ). Here, Uc is the mean streamwise velocity
on the jet centerline. The jet half-width based on ((U) — Uy), denoted by by, is used to normalize the
lateral coordinate y. Self-similar profiles of u.,s/Uc — Ua can be observed in the present DNS results.
The lateral profiles of u;,s/Uc — Up in the present DNS are similar to those in the experiments and
the previous DNSs. Thus, typical properties of the planar jet can be observed in the present DNS
results.

We investigate the T/NT interface detected in the region of 22.5 < x/d < 23.5, which is in the
self-similar region. Reynolds number based on the Taylor microscale is Re; = umsA,/v = 84 at

x/d = 23 on the jet centerline. Here, A; = \/ (u?)/ ((Qu}/0x;)?) is the i-direction Taylor microscale,
and u; = U; — (U;) is the velocity fluctuation. The computational grid size is about 1.2n at
x/d = 23, where n = (v3/€)"* (e: dissipation of turbulent kinetic energy) is the Kolmogorov
lengthscale. The spatial resolution of the present DNS is small compared with the previous DNS

studies on a spatially developing jet at similar Reynolds numbers.?>38

IIl. T/NT INTERFACE IN A PLANAR JET
A. Detection of the T/NT interface

According to the previous studies,'"* the vorticity magnitude |@| normalized by by and Uc

is used to detect the T/NT interface. The flow region where the normalized vorticity magnitude
|@|by / Uc is larger than a certain threshold wy, is defined as the turbulent region. Therefore, the
T/NT interface is defined as the isosurface of |@|by/Uc = ww. The threshold wy, is determined
according to the procedure used by Taveira et al.!' First, we calculate the volume fraction of the
turbulent region Volr as a function of wy. The volume of the turbulent region can be calculated
as the volume of the region of |@|by /Uc > wy,. Because we investigate the T/NT interface around
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® 194 x/d 26.5
(x=11L/16) (x=15L/16)

(2)

0.8

0.6f

Vdp

0.4

FIG. 4. Detection of the T/NT interface by thresholding vorticity magnitude. (a) The volume fraction of the turbulent region
in the region of 11L,/16 < x < 15L,/16, —L,/2 <y < L,/2, and —L,/2 < z < L./2 as a function of the threshold wg. (b)
Visualization of the T/NT interface and the vorticity field on a x—y plane for the interface detection threshold wy = 0.3.
White lines represent the T/NT interface (isosurface of |@|by /Uc = 0.3). Color contours represent the normalized vorticity
magnitude |@|by /Uc. Blue: |w|by /Uc = 0, red: |@|by /Uc > 5.

x/d = 23, Vol is calculated in the region of 11L,/16 < x < 15L,/16, whose volume is represented
L./4 x Ly, x L,. NJ/4 x N, x N, computational grid points are involved in this region. Figure 4(a)
shows the relationship between Volr and wy,. As the threshold wy, becomes large, the turbulent
volume decreases. However, there is a plateau of the turbulent volume for a wide range of wy,.
Taveira et al.'' showed that the T/NT interface location is almost independent of the interface
detection threshold when the threshold is selected from the plateau like region in Fig. 4(a). We use
wm = 0.3 as the interface detection threshold.

Figure 4(b) shows a snapshot of the vorticity field and the detected T/NT interface on a x—y
plane. In Fig. 4(b), the isosurface of |w|by /Uc = 0.3 which represents the T/NT interface is shown
by white lines. The T/NT interface is convoluted and envelops the high vorticity region.

B. Conditional statistics conditioned on the distance from the T/NT interface

The conditional statistics conditioned on the distance from the T/NT interface are calculated
using a procedure similar to that in previous works.>**’ Figure 5 shows a schematic of T/NT interface
in a jet flow. The local coordinate y; and the interface height Y are defined as shown in Fig. 5. The

Non-turbulent fluid .
Cross-streamwise edge

Trailing edge

T/NT Interface

Leading edge

y
I N S

Turbulent fluid

FIG. 5. Schematic of T/NT interface in a jet flow and definition of interface orientation.
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location of the T/NT interface is represented by y; = 0. Here, yy is taken to be normal to the T/NT
interface. The turbulent fluid is on the side of negative y;, whereas the non-turbulent fluid is on the
side of positive y;. We use ( )1 to represent the conditional average conditioned on y;. We consider
three orientations of the T/NT interface, which are called the cross-streamwise edge, leading edge,
and trailing edge. These interface orientations are distinguished by the unit vector normal to the
T/NT interface, n = —Vw?/|Vw?|. At the cross-streamwise edge, n is parallel to the y direction. At
the leading and trailing edges, n is parallel to the x direction, and the leading and trailing edges face
the x and —x directions, respectively. The conditional statistics conditioned on yy are calculated for
each interface orientation. In this calculation, deviations of the interface orientation within +25° are
accepted. This criterion for the interface orientation is the same as that in Bisset et al.*® For example,
the interface at which the angle between n and the cross-streamwise direction is smaller than 25° is
used as the cross-streamwise edge for calculating the conditional statistics. For the interface detected
as the cross-streamwise edge, yy is set to be parallel to the cross-streamwise direction, although the
angle between n and the cross-streamwise direction might not be zero. Similarly, for the interfaces
detected as the leading and trailing edges, y is set to be parallel to the streamwise direction.

The conditional statistics are calculated for the turbulent and non-turbulent sides of the T/NT
interface. When the conditional statistics are calculated for a T/NT interface, other interfaces can
appear near the T/NT interface. The characteristics of the flow field drastically vary near the T/NT
interface, and the width of this variation is of the order of the Taylor microscale. Therefore, when
other interfaces appear near the T/NT interface, the region within A away from the other interfaces
is not used for calculating the conditional statistics, where A is the Taylor microscale A = (A, + A,
+ A.)/3 on the jet centerline. The existence of other interfaces is examined only in the direction of
y1. As shown in Fig. 4(b), “holes” of non-turbulent fluids are detected in the turbulent region when
o = 0.3 is used as the threshold. These holes of non-turbulent fluids are not used for calculating
the conditional statistics.

IV. COHERENT VORTICITY EXTRACTION IN A PLANAR JET
A. Coherent vorticity extraction based on an orthogonal wavelet decomposition

The wavelet-based CVE method used in this work is described here. The CVE method proposed
by Farge et al.'>!% is based on the wavelet decomposition of vorticity. We consider the vorticity
field w(x, y, z) = (@, ®y, ;) and the computational domain represented by (N,” x N}V x N¥)
= (2% x 2% x 2%) grid points. First, the three-dimensional wavelet transform is applied to the
vorticity components in the x, y, and z directions. Then, the vorticity components are represented
in wavelet space by using the chosen wavelets and the wavelet coefficients @ = (&, @y, @;), which
contain information on scales, positions, and directions. In the CVE method, the coherent and
incoherent vorticities are obtained by the inverse wavelet transform of the wavelet coefficients for
the coherent and incoherent parts, which are obtained by thresholding the wavelet coefficients. The
CVE algorithm is summarized below.

1. The wavelet coefficients & = (&, ®,,®;) are computed from the vorticity field
® = (wyx, Wy, ®;) by using the fast wavelet transform.
2. The first threshold €y, is calculated from
2{w -
en = | 22Oy %)
3
Here, N = N x N}' x N is the number of the computational grid points, and ( ) denotes
the spatial average in the computational domain in one realization of the flow.
3. The wavelet coefficients @ are decomposed into the coherent (@) and incoherent (@) parts
by thresholding |®|

®)

0 otherwise

@ for |®@| > ey , @ for |®| < ey
@
0 otherwise
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4. The new threshold is determined from Eq. (7) by using the incoherent vorticity. The threshold
can be directly calculated in wavelet space using Parseval’s relation. The wavelet coefficients
are decomposed into @ and @’ by using the new threshold and Eq. (8). This procedure iterates
until the number of @’ does not change by the iteration.

5. The inverse fast wavelet transform is applied to @ for reconstructing the coherent vorticity
®° . Similarly, the incoherent vorticity @’ is reconstructed by the inverse fast wavelet transform
of ®'. Thus, we can decompose the vorticity

w=0"+o. 9

6. The coherent and incoherent velocity fields are reconstructed from the coherent and incoher-
ent vorticities by using the Biot-Savart relation U = —V x (V~2w), respectively. Thus, the
velocity field U is decomposed into

U=U°+U" (10)

The threshold €, is chosen as the optimal value for denoising signals.*! The iteration method
(step 4) to determine the threshold was proposed by Azzalini et al.** Similar to the previous study,?’
we perform one iteration in the iterative procedure instead of the full iteration because of the fast
convergence of the iterative procedure.!” The wavelet transform used in this study assumes that
the computational domain is periodic. However, the flow field analyzed by the CVE method is not
periodic in the x and y directions. This difference may affect the extracted coherent field near the
boundaries which face in the x and y directions. Therefore, we investigate statistics around x/d = 23,
which is far away from the x-direction boundaries. It should be noted that the y-direction boundaries
are also located far away from the jet.

B. Coherent vorticity extraction in a planar jet

The CVE method is applied to the planar jet. The Coiflet 12** is used as the wavelet in the
CVE method. We also applied the CVE method using the Coiflet 6, and it was confirmed that
both wavelets yield similar results. The coherent vorticity is extracted in the region of 11L,/16 < x
< 15L,/16, whose volume is L,/4 x L, x L. This computational domain is represented by the
(Ny/4 x Ny x N;) = (512 x 600 x 128) computational grid points. The non-equidistant grid is used
in the y direction. Before applying the fast wavelet transform, the vorticity field w is interpolated
onto a fine equidistant grid which is represented by (VY x N}V x N) = (512 x 1024 x 128) grid
points. The linear interpolation in the y direction is used here. The CVE method is applied to
on the equidistant grid. The coherent and incoherent vorticities obtained on the equidistant grid are
reinterpolated onto the non-equidistant grid which is used in the DNS. Finally, the coherent (U°)
and incoherent (U’) velocities are computed by using the Biot—Savart relation on the non-equidistant
grid. In our analysis, the time-average of ey, is 2.75U;/d.

V. RESULTS AND DISCUSSIONS
A. Coherent vorticity in the planar jet

We compare the vorticity field among the total, coherent, and incoherent vorticities by visualizing
the vorticities. Figures 6(a)-6(c) show the three-dimensional visualizations of the total, coherent,
and incoherent vorticities, respectively. From Figs. 6(a) and 6(b), it can be seen that the coherent
vorticity shows good agreement with the total vorticity, and the vorticity field is well represented
by the coherent vorticity. The incoherent vorticity field is noise-like and structureless, and has weak
amplitude as shown in Fig. 6(c). The coherent vorticity is similar to the total vorticity even near
the x-direction boundaries. Thus, the nonperiodic computational domain has small influence on the
coherent vorticity. Based on the time-averaged results, the coherent field is represented by using
only (Né’v /N%) =0.5 % of the wavelet coefficients, where N(‘j’v is the number of the coherent
coefficients in one realization of the flow and NW is the total number of the wavelet coefficients,
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19.4 x/d 265 194 x/d 265 194 x/d 26.5

(a) Total vorticity (b) Coherent vorticity (c) Incoherent vorticity

FIG. 6. Three-dimensional visualization of the vorticity fields in the region of 11L,/16 < x < 15L,/16. Here, 11L,/16
= 19.4d and 15L,/16 = 26.5d. The vorticities are visualized by the isosurfaces of enstrophy. (a) Total vorticity. Green:
(@ - ®)/2 = 50(Uc/by)?. White: (@ - )/2 = 100(Uc/by)?. (b) Coherent vorticity. Green: (@€ - @€)/2 = 50(Uc /by )>.
White: (0€ - @€)/2 = 100(Uc/by)?. (c) Incoherent vorticity. Green: (! - @!)/2 = 1.5(Uc/by)?. White: (o' - @')/2
=3(Uc/bu)*.

which is determined by the computational grid used in the CVE. The mean enstrophy of the coherent
vorticity is (@€ - ©©)/2) = 0.985((w - w)/2) at (x, y) = (23d, 0), where {(@ - ®)/2) is the mean
enstrophy of the total vorticity. For the enstrophy, the time-averaged values are also averaged in
the spanwise (z) direction. Thus, the coherent vorticity contains 98.5% of the total enstrophy at
(x, ) = (23d, 0) on average. In contrast, (N IW /NW) =99.5% of the wavelet coefficients are used
to reconstruct the incoherent field, where N ,W is the number of the incoherent coefficients in one
realization of the flow. However, the mean enstrophy of the incoherent vorticity is (@' - ®')/2)
= 0.015{((@ - w)/2) at (x, y) = (23d, 0), and the incoherent vorticity contains only 1.5% of the total
enstrophy on average. In the DNS, N,/4 x N, x N, =512 x 600 x 128 computational grid points are
used for representing the computational domain analyzed by the CVE. The number of the coherent
coefficients is 0.8% of the number of the computational grid points used in the DNS.

Figure 7(a) shows the probability density function (PDF) of the spanwise vorticity in the total
(w;), coherent (wzc), and incoherent (a)g ) fields obtained at (x, y) = (23d, 0). In Fig. 7(a), the Gaussian
profiles with the variance of a)zc and a)Z’ are shown by black solid lines. The PDF of wZC agrees well
with the PDF of the total vorticity, and shows the non-Gaussian profile. In contrast, the PDF of wzl

(@) ®
T T T T T T T 10 ¥ T T T T T
. Total Total
10° + —-— Coherent - ) —-— Coherent
- = - - Incoherent 10°F -—--Incoherent
. Gaussian Gaussian
w 1071 B o9 |
2 5w
107 .
[ 10°
' |
1073 | _ o
1 N n 1 n n 1
-2 0 2 0—0.2 -0.1 0 0.1 0.2
w./(Uy/d) WU,

FIG. 7. PDF of (a) spanwise vorticity and (b) spanwise velocity in the total, coherent, and incoherent fields at (x, y) = (23d,
0). The Gaussian profiles with the variance of spanwise vorticity and velocity in the coherent and incoherent fields are shown
by black solid lines.
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FIG. 8. Spatial one-dimensional spectrum (spanwise) of lateral velocity at (x, y) = (23d, 0). The wavenumber k; is normalized
by the reference wavenumber ket = 27/d.

is similar to the Gaussian profile, and the variance of ! is small compared with that of the total
vorticity. However, similar to the incoherent vorticity in the homogeneous isotropic turbulence,'®
the tail of the pdf shows a small difference from the Gaussian profile. Figure 7(b) compares the PDF
of spanwise velocity W among the total, coherent, and incoherent fields. Both of the coherent and
incoherent velocities have a PDF close to the Gaussian profile. The PDF of the coherent velocity is
close to that in the total field, and the coherent velocity has a larger amplitude than incoherent one,
in agreement with the previous study on the homogeneous isotropic turbulence.'® Figure 8 shows
the one-dimensional spectrum (spanwise direction) of lateral velocity. It is found that most of the
energy of the velocity fluctuation is contained in the coherent field. The incoherent contribution
becomes relatively important at a high-wavenumber range because the energy contained at the small
scale in the total field is not as large as at the large scale. These results show that the CVE method
successfully decomposes the vorticity in the jet into the coherent vorticity and the incoherent one.

B. Coherent vorticity near the T/NT interface

Figure 9 compares the T/NT interface represented by the total and coherent vorticities. The
T/NT interface exhibits the convoluted structures. The interface for the coherent vorticity is not
smooth. However, the large-scale geometry is very similar between the total and coherent vorticities.
The viscous superlayer exists at the edge of the turbulent region while the turbulent sublayer appears
between the turbulent core region and the viscous superlayer. The mean thickness of the viscous
superlayer is about 57,% and the intense vorticity structure does not exist in this region.'* It can be
considered that the viscous superlayer is more structureless than the turbulent sublayer. Therefore, a
part of vorticity in the viscous superlayer might be discarded by the CVE, resulting in the nonsmooth
T/NT interface for the coherent vorticity.

The conditional statistics conditioned on the distance from the T/NT interface are analyzed
for investigating the coherent vorticity near the interface. The T/NT interface detected by using the
total vorticity is used for calculating the conditional statistics for the total, coherent, and incoherent
vorticities. Figure 10 shows the conditional average of the normalized vorticity magnitude |@|by / Uc.
In Fig. 10, the distance from the T/NT interface is normalized by the Taylor microscale A = (X,
+ Ay + A.)/3 on the jet centerline. The vorticity magnitude is small in the non-turbulent region. The
conditional average of the vorticity magnitude shows a sharp jump near the T/NT interface. Within
the distance A, (|w|by /Uc)r almost reaches its value in the deep inside of the turbulent region. The
width in the vorticity jump weakly depends on the interface orientation, and the width near the
trailing edge is slightly larger than those near the cross-streamwise and leading edges. In contrast,
magnitude of the normalized vorticity strongly depends on the interface orientation. The normalized
vorticity magnitude is largest near the cross-streamwise edge, and smallest near the trailing edge
among the three interface orientations.

The enstrophy w?/2 = w;w;/2 can be decomposed into the coherent and incoherent contributions
using the CVE based on the orthogonal wavelet decomposition

0*)2 = wfof )2+ wlw! /2. an
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(a) 19.4 x/d 26.5

Yi/by=2.5

(b) 19.4 x/d 26.5

Yi/by=0

FIG. 9. The T/NT interface represented by (a) the total and (b) coherent vorticity detected in y < 0. The isosurface of the
normalized vorticity magnitude (|w|by / Uc and | |by /Uc) is visualized. The color of the interface shows the normalized
interface height Y1/by.

Figure 11 shows the conditional average of the total enstrophy w?/2, coherent enstrophy a)ic a)ic /2,
and incoherent enstrophy ! @! /2. The enstrophy near the trailing edge is smallest among the three
interface orientations. Most of the enstrophy is contained in the coherent vorticity in the deep inside
of the turbulent region. The region near the T/NT interface is characterized by small enstrophy
compared with the deep inside of the turbulent region. However, Fig. 11 shows that even near the
T/NT interface, the coherent vorticity contains most of the enstrophy, and the incoherent contribution
is small.

Figures 12(a) and 12(b) compare the streamwise (x), cross-streamwise (y), and spanwise (z)
components of the vorticity vector between the total and coherent vorticities. The cross-streamwise
vorticity, which is the normal component to the T/NT interface, is found to be the weakest component
of the vorticity vector near the cross-streamwise edge. This tendency is related to the tangential
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FIG. 10. Conditional average of the normalized vorticity magnitude near the cross-streamwise, leading, and trailing edges.
The interface-detection threshold g = 0.3 is shown by the black dashed line.
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FIG. 11. Coherent and incoherent contributions to enstrophy near the T/NT interface. (a) Cross-streamwise edge. (b) Leading
edge. (c) Trailing edge.

alignment between the vorticity vector and the interface.** (w§)1 gradually increases toward the

turbulent region near the cross-streamwise edge. In contrast, (wi) 1 and (a)g)[, which are the parallel
components to the interface, show a sharp jump near the T/NT interface. (a)g)l has a large peak
value slightly inside the T/NT interface. A comparison between Figs. 12(a) and 12(b) shows that

these characteristics of the vorticity field near the T/NT interface are well captured by the coherent
vorticity extracted by the CVE method.

C. Velocity field near the T/NT interface

The CVE decomposes the velocity field U into the coherent (U¢) and incoherent (U’) velocities.
Figure 13 shows the conditional average of the streamwise velocity U and the coherent (U€) and
incoherent (U”) contributions to (U);. The results show that the incoherent contribution to the mean
streamwise velocity is very small. The streamwise velocity in the turbulent region is faster than that
in the non-turbulent region. However, the difference in (U); between the turbulent and non-turbulent
regions is small near the trailing edge. Near the cross-streamwise edge (Fig. 13(a)), the conditional
average of U slightly inside the T/NT interface (—1 < y;/A < 0) sharply increases toward the
turbulent region, and then gradually increases toward the turbulent core region. Figure 14 shows the
conditional average of the cross-streamwise velocity V and the coherent (V¢) and incoherent (V')
contributions. Here, the cross-streamwise velocity toward the jet centerline is defined as negative.
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(a) Total vorticity

(b) Coherent vorticity

FIG. 12. Comparison of streamwise (x), cross-streamwise (y), and spanwise (z) components of the vorticity vector between
the total and coherent vorticities near the cross-streamwise edge. (a) Total vorticity. (b) Coherent vorticity.
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FIG. 13. Conditional average of the streamwise velocity and the coherent and incoherent contributions to the streamwise
velocity near the T/NT interface. (a) Cross-streamwise edge. (b) Leading edge. (c) Trailing edge.

The incoherent contribution to the mean cross-streamwise velocity is also very small. Near the
cross-streamwise and leading edges, the conditional average of V is positive in the turbulent region
away from the interface. This positive V in the turbulent region is expected to be caused by the jet
expansion to the cross-streamwise direction. However, the cross-streamwise velocity near the trailing
edge is negative even in the turbulent region. In the non-turbulent region near these interfaces, the
conditional average of the cross-streamwise velocity is negative. This negative V in the non-turbulent
region is caused by induced flows and large-scale engulfing motions.'?

At x = 0, the streamwise velocity in the ambient flow is Uy = 0.056U;j. Figure 13(a) shows
that the mean streamwise velocity in the non-turbulent region near the cross-streamwise edge is
close to U,. In contrast, the mean streamwise velocity in the non-turbulent region near the leading
and trailing edges is larger than Ua. Figures 14(a)-14(c) show that the cross-streamwise velocity
in the non-turbulent region near the leading and trailing edges is large in magnitude compared with
that near the cross-streamwise edge. These conditional profiles of U and V in the non-turbulent
region near the leading and trailing edges are related to the engulfing motion in the ambient flow.
The non-turbulent fluid engulfed by the large-scale motion appears near the leading and trailing
edges. The fluid in the non-turbulent region is drawn toward the turbulent core region by the large-
scale motion. This large-scale engulfing motion is considered to cause large positive U and large
negative V near the leading and trailing edges. Although the engulfing motion is not significant in

—o— Total: ¥ —-— Coherent: ¥ ----TIncoherent: V"
0.2 - - - - 0.2 - - - - 0.2

VA A VA
(a) Cross-streamwise edge (b) Leading edge (c) Trailing edge

FIG. 14. Conditional average of the cross-streamwise velocity and coherent and incoherent contributions to the cross-
streamwise velocity near the T/NT interface. (a) Cross-streamwise edge. (b) Leading edge. (c) Trailing edge.
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the local entrainment process at the interface,!! it characterizes the flow field in the non-turbulent
region, and contributes to the total entrainment process.'? The small incoherent-contribution to the
mean velocity indicates that the large-scale motion in the non-turbulent region is well represented
by the coherent field, although the intense vorticity does not exist in this region as shown in
Fig. 4(b). These results show that the large-scale motions in the non-turbulent region are not removed
by extracting the coherent part of the flow field. An imprint of the large-scale motions appears in
the mean velocity profile. If the mean flow does not exist as in shear-free turbulence,* there is no
difference between the leading and trailing edges. Thus, the dependence of the flow field near the
interface on the interface orientation is related to the large-scale motions or the mean flow field. This
implies that the interface orientation effect can depend on the mean flow profile and the large-scale
motions, which change depending on flow configurations.'?

D. Enstrophy transport near the T/NT interface

We investigate the enstrophy transport by the coherent vorticity by analyzing the enstrophy
transport equation, which is given by
dw? /2
ot
Here, S;j = (U;/dx; + 0U;/0x;)/2 is the component of the rate of strain tensor. The first term on the
right-hand side of Eq. (12) is the production term, the second term is the viscous diffusion term, and
the third term is the viscous dissipation term.
The CVE decomposes the vorticity and velocity fields into the coherent and incoherent parts as

shown in Egs. (9) and (10), and we can extract the coherent contribution to the enstrophy transport.
The enstrophy production term P, = w;w;S;; is decomposed into three terms

+ U V(0?/2) = 0;w;Si; + vVi(@?/2) — vV, - Va. (12)

P,= PS¢+ P!+ PC1 (13)

Pf = w; wCSS, (14)
I _ 1

P, = wa)JSU, (15)

P! = of a)JSS + w; a)CSC + w; a)]SS—i—a) a)CSI + w; a)JS,’] + o; a)CSl (16)

Here, the rate of strain tensor is decomposed into S;; = SC + SLI], and SS = QUF /dx;
+ E)ch/ax,-)/Z and SZ]. = (8Ui /ox; + 8Uj /0x;)/2 are the coherent and incoherent components
of the rate of strain tensor, respectively. P and P! are the enstrophy production by the coherent
and incoherent vorticities, respectively. P! consists of both coherent and incoherent components,
and can be considered as the interaction between coherent and incoherent vorticities. The enstrophy

diffusion term D,, = vV?(w?/2) is decomposed into the coherent and incoherent contributions

D, = DS + D], (17)

DS = v (f of /2), (18)

D! = v (! ! /2). (19)
Thus, the diffusion term is simply represented by the coherent and incoherent contributions. The
enstrophy dissipation term €, = —vVw; - Vw; is decomposed into three terms

€o = €S +el 487, (20)

€ = vVt - Vof, 21)
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FIG. 15. Conditional average of the enstrophy production, diffusion, and dissipation terms in the total field near the cross-
streamwise edge.

el = —vVe! - Vo, (22)

ESI = —ZUVa)iI . Va)ic, 23)

€S and €/ are the viscous dissipation caused by the coherent and incoherent vorticities, respectively.
The interaction between the coherent and incoherent vorticities (eS7) also contributes to the enstrophy
dissipation. These decompositions of the production, diffusion, and dissipation terms are used for
investigating the coherent and incoherent contributions to the enstrophy transport near the T/NT
interface.

Figure 15 shows the conditional average of the enstrophy production (P,), diffusion (D,),
and dissipation (€,,) in the total field near the cross-streamwise edge. In the deep inside of the
turbulent region (y/A < —1), the production almost balances the dissipation on average. This was
also observed in a temporally developing jet.!! The conditional average of the dissipation becomes
small in magnitude from the deep inside of the turbulent region toward the T/NT interface. On the
other hand, the conditional average of the production term has a peak value slightly inside the T/NT
interface (yi/A & —0.6). Thus, in this region, the enstrophy production exceeds the dissipation on
average. The conditional average of the diffusion term has both positive and negative values near the
T/NT interface, and the enstrophy in the turbulent region is transferred toward the T/NT interface.
It should be noted that the enstrophy growth near the T/NT interface is caused by the viscous
diffusion term. Therefore, the enstrophy diffusion by the viscous effect triggers the transition of the
non-turbulent fluid to the turbulent one near the interface, resulting in the spread of turbulent regions.

Figure 16 shows the conditional average of the decomposed production, diffusion, and dissi-
pation terms near the cross-streamwise edge. Figure 16(a) shows the enstrophy production by the
total, coherent, and incoherent vorticities and the interaction between the coherent and incoherent
vorticities. The production by the coherent vorticity PS is largest among PS, P!, and PS!, and
the enstrophy production is mainly caused by the coherent vorticity. The enstrophy production by
the incoherent vorticity P! is very small, and can be neglected. The conditional average of P57 is
positive and has small non-zero values in the turbulent region. Therefore, the incoherent vorticity
does not produce the enstrophy by itself, but can produce the enstrophy through its interaction with
the coherent vorticity. The coherent vorticity accounts for (P(f 1/ (Pw)1 = 90% and 85% of the total
enstrophy production at yi/A = —3.0 (turbulent region away from the interface) and —0.3 (turbulent
region near the interface), respectively. Figure 16(b) shows the viscous diffusion by the coherent
(Dg) and incoherent (D) vorticities. The conditional average of D! is small, and can be neglected
even near the T/NT interface. In contrast, the conditional profile of DS is similar to the profile of
the total diffusion term D,,. Therefore, the enstrophy diffusion is caused by the coherent vorticity.
For the dissipation (Fig. 16(c)), the coherent vorticity has the largest contribution. However, the
conditional averages of €/ and €S’ also have small non-zero values. The values of (€$)1/(€,)1 are
83% and 81% at yi/A = —3.0 and —0.3, respectively. Thus, the enstrophy dissipation is caused by
both coherent and incoherent vorticities, although the contributions of the incoherent vorticity and
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FIG. 16. Conditional average of the enstrophy (a) production, (b) diffusion, and (c) dissipation terms near the cross-
streamwise edge. These terms are compared among the contributions of the coherent vorticity, the incoherent vorticity, and
the interaction of the coherent and incoherent vorticities.

the interaction between the coherent and incoherent vorticities are small compared with that by the
coherent vorticity.

The conditional profiles of the enstrophy transport equation decomposed by the CVE show that
the coherent vorticity has large contributions to the enstrophy budget near the T/NT interface. The
incoherent vorticity cannot be neglected in the enstrophy dissipation, and the interaction between the
coherent and incoherent vorticities contributes both enstrophy production and dissipation. However,
the enstrophy production and dissipation associated with the incoherent vorticity are small compared
with the coherent contribution. The enstrophy diffusion near the T/NT interface is also caused by
the coherent vorticity. The enstrophy growth in the non-turbulent region near the T/NT interface
arises from the viscous diffusion, and causes the entrainment of non-turbulent fluids. The region
near the interface where the viscous diffusion dominates the enstrophy growth can be related to the
viscous superlayer, whose length scale is characterized by the Kolmogorov lengthscale.? The results
show that the coherent vorticity well captures the small scale features near the T/NT interface, and is
responsible to the local entrainment process, which is caused by the viscous effect near the interface.
Thus, most of the enstrophy transport mechanism near the T/NT interface is well captured by the
coherent vorticity extracted by the CVE method.

VI. CONCLUDING REMARKS

DNS of a planar jet was performed to investigate the vorticity field near the T/NT interface. The
CVE method based on the orthogonal wavelet decomposition of vorticity was applied to the planar
jet for extracting the coherent vorticity.

The coherent vorticity was reconstructed from small number of wavelet coefficients. Never-
theless, the coherent vorticity contains most of the enstrophy in the planar jet. Visualization of the
total and coherent vorticities also shows that the vorticity field is well represented by the coherent
vorticity. The large-scale convolutions of the interface can be seen in the visualization of the T/NT
interface detected by the coherent vorticity.

The coherent vorticity near the T/NT interface is investigated by taking the conditional average
conditioned on the distance from the interface. The coherent vorticity contains most of the enstrophy
even near the T/NT interface, and the characteristics of the vorticity field near the interface are well
captured by the coherent vorticity. The velocity fields corresponding to the coherent and incoherent
vorticities were obtained by the Biot—Savart relation. The incoherent contribution to the mean
velocity is very small near the T/NT interface, and the mean profile of the coherent velocity near
the interface agrees well with the mean velocity profile of the total field. The non-turbulent fluids
near the T/NT interface in a jet are characterized by the large-scale motions, such as induced flows
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and engulfing motions. These large-scale motions in the non-turbulent region are well represented
by the coherent field, and they are not removed by extracting the coherent part of the flow field.

The coherent and incoherent contributions in the enstrophy transport are investigated by ana-
lyzing the enstrophy transport equation which is decomposed by the CVE. Although the incoherent
vorticity and the interaction between the coherent and incoherent vorticities cannot be neglected
in the enstrophy transport, the enstrophy production and dissipation associated with the incoherent
vorticity are small compared with the coherent contribution. The enstrophy diffusion near the T/NT
interface, which causes the local entrainment of non-turbulent fluids, arises from the coherent vor-
ticity, and not by the incoherent vorticity. Thus, most of the enstrophy transport mechanism near the
T/NT interface is well captured by the coherent vorticity extracted by the CVE method. Both large-
scale motions (e.g., engulfment of non-turbulent fluids) and small-scale features (viscous diffusion
of enstrophy) near the T/NT interface are well represented by the coherent vorticity extracted by the
CVE method. These results motivate further development of the coherent vorticity simulation for
free shear flows, which consist of both turbulent and non-turbulent flows.
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