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Abstract. Spatially developing planar jets with passive scalar transports are

simulated for various Reynolds (Re = 2, 200, 7, 000, and 22, 000) and Schmidt numbers

(Sc = 1, 4, 16, 64, and 128) by the implicit large eddy simulation (ILES) using low-pass

filtering as an implicit subgrid-scale model. The budgets of resolved turbulent kinetic

energy k and scalar variance ⟨ϕ′2⟩ are explicitly evaluated from the ILES data except for

the dissipation terms, which are obtained from the balance in the transport equations.

The budgets of k and ⟨ϕ′2⟩ in the ILES agree well with the DNS and experiments

for both high and low Re cases. The streamwise decay of the mean turbulent kinetic

energy dissipation rate obeys the power low obtained by the scaling argument. The

mechanical-to-scalar timescale ratio Cϕ is evaluated in the self-similar region. For

the high Re case, Cϕ is close to the isotropic value (Cϕ = 2) near the jet centerline.

However, when Re is not large, Cϕ is smaller than 2 and depends on the Schmidt

number. The T/NT interface is also investigated by using the scalar isosurface. The

velocity and scalar fields near the interface depend on the interface orientation for

all Re. The velocity toward the interface is observed near the interface facing in the

streamwise, cross-streamwise, and spanwise directions in the planar jet in the resolved

velocity field.
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1. Introduction

Turbulent planar jets have been investigated over the year because they are simple

examples of free shear flows, which can be seen in both engineering and environment.

The fundamental characteristics of planar jets, such as self-similar profiles of statistics

and flow structures, were revealed in many experiments by measuring velocity (e.g.,

Gutmark & Wygnanski 1976, Suresh et al. 2008, Deo et al. 2008). Passive scalar

mixing in turbulent flows is also important in application, and in turbulent planar

jets, it is often investigated by measuring concentration of dye or temperature (Su &

Clemens 1999, Watanabe et al. 2012). Recently, miniaturized probes for velocity and

pressure measurements have been developed and used in planar jets for investigating one

point statistics of pressure (Terashima et al. 2012, 2014). Direct numerical simulation

(DNS) is useful because three-dimensional data on all variables are available. Therefore,

DNS is often applied to turbulent flows at moderate Reynolds numbers in a simple flow

geometry. Spatially and temporally developing planar jets were investigated by using

DNS in previous studies (e.g., Stanley et al. 2002, da Silva & Pereira 2008). However,

because of the limitation of computational costs, the DNS of planar jets is limited to

low Reynolds number cases.

Large eddy simulation (LES) is a useful tool for investigating turbulent flows with

scalar transports at high Reynolds and Schmidt numbers, and it is expected to be

applicable to engineering and environmental flows. LES can provide data on turbulent

flows at high Reynolds and Schmidt numbers and flows in a complex geometry, which

is difficult to obtain in experiments or DNS. LES resolves large-scale features in flows,

whereas the effects of unresolved small-scale [subgrid scale (SGS)] fields have to be

modeled. Various models have been proposed for modeling the SGS effects. Some of

the SGS models are based on the eddy viscosity model (Smagorinsky 1963, Germano

et al. 1991). When the eddy viscosity model is used for flow fields, the gradient

diffusion model is often used for scalar fields with a dynamic procedure to determine

the SGS turbulent Schmidt (Prandtl) number (Moin et al. 1991). One of the important

characteristics in the SGS is energy or scalar dissipation, which has to be taken into

account by SGS models. The eddy viscosity model and gradient diffusion model dissipate

energy of velocity and scalar fluctuations by explicitly calculating the SGS terms in

filtered governing equations (e.g., SGS Reynolds stress and SGS scalar flux). Recently,

another approach for modeling the SGS effects is developed based on an artificial

dissipation. In this approach, the dissipative feature in the SGS is emulated by a

numerical dissipation without explicitly calculating the SGS terms. The LES using a

numerical dissipation as an implicit SGS model is referred to as implicit LES (ILES)

(Bogey & Bailly 2009). In the ILES, the dissipation in the SGS is often modeled by

an explicit low-pass filter (Bogey & Bailly 2004). Mathew et al. (2003) developed the

ILES based on a low-pass filter from the LES using the approximate deconvolution

model (Stolz & Adams 1999). The ILES has been applied to various flows (Mathew

et al. 2003, Bogey & Bailly 2006).
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Free shear flows, such as jets and wakes, consist of turbulent and non-turbulent

regions. These two regions are separated by an interfacial layer, which is called

a turbulent/non-turbulent (T/NT) interface (da Silva et al. 2014). Recent studies

show that the small-scale process near the interface plays an important role in the

entrainment process (Westerweel et al. 2005). The eddy viscosity changes between

turbulent and non-turbulent regions (da Silva 2009). Therefore, the SGS models based

on the eddy viscosity are required to deal with the difference in the model parameter

between the turbulent and non-turbulent regions. In the dynamic Smagorinsky model,

the procedure to determine the model parameter often includes spatially averaging to

prevent numerical instability (Le Ribault et al. 1999). Because of the difference in the

model parameter between the turbulent and non-turbulent regions, this spatial average

is not adequate for intermittent flows. Bogey & Bailly (2005) compared the LES results

of sub-sonic round jets between the dynamic Smagorinsky model and the implicit model

using numerical filtering, and showed that the eddy viscosity model reduces the effective

Reynolds number and this reduction is not observed in the ILES. These studies on the

LES indicate that the ILES is more useful for free shear flows than the classical LES

based on the eddy viscosity.

In this study, planar jets with passive scalar transports are simulated for various

Reynolds and Schmidt numbers by using the ILES. The ILES results are used for

investigating the budget of turbulent kinetic energy and scalar variance in a self-

similar region and large-scale characteristics of velocity and scalar fields near the

T/NT interface. They were investigated in the DNS only for low Reynolds and

Schmidt numbers. Although the turbulent kinetic energy budget was experimentally

investigated in planar jets at a higher Reynolds number (Terashima et al. 2012, 2014),

these experiments used some assumptions in evaluating the budget, such as local

isotropy. In this study, we will provide detail data on turbulent kinetic energy and scalar

variance budget for various Reynolds and Schmidt numbers. The Reynolds number and

Schmidt number effects obtained in the LES are partial because of indirect effects on

the resolved quantities through the SGS stress and scalar flux. We also investigate the

characteristics of mean dissipation rates of turbulent kinetic energy and scalar variance

in planar jets, and evaluate a mechanical-to-scalar timescale ratio, which is an important

parameter in modeling turbulent reactive flows (Fox 2003). The T/NT interface was also

investigated by the experiments by using particle image velocimetry and planar laser-

induced fluorescence (Westerweel et al. 2009). However, it is worthwhile to compare the

flow and scalar fields near the T/NT interface among different Reynolds numbers using

LES. Previous studies using DNS showed that the interface characteristics are strongly

affected by the interface orientations in planar jets (Watanabe et al. 2014a, 2014b).

We also use the ILES results for investigating the effects of the interface orientation

on the large-scale velocity and scalar fields near the interface. Section 2 describes the

ILES of planar jets. In Sec. 3, we compare the self-similar characteristics among the

ILES, DNS, and experiments for validating the ILES data, and then present the results

relating to the budget of turbulent kinetic energy and scalar variance and the T/NT
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Figure 1. Turbulent planar jet with passive scalar transport.

interface. Finally, the conclusion is summarized in Sec. 4.

2. Implicit LES (ILES) of turbulent planar jet

2.1. Turbulent planar jets with passive scalar transport

The ILES is used for simulating spatially developing planar jets with a passive scalar

ϕ (figure 1). The origin of the coordinate system is located at the center of the jet

inlet. The streamwise, lateral, and spanwise directions are represented by x, y, and z,

respectively. The ILES is performed for three Reynolds numbers Re = UJd/ν = 2, 200,

7,000, and 22,000, where d is the width of the jet inlet, UJ is the mean bulk velocity at

the jet inlet, and ν is the kinematic viscosity. The ILES for these Re is performed for

passive scalars with five Schmidt numbers: Sc = ν/D = 1, 4, 16, 64, and 128, where D

is the molecular diffusivity for ϕ. At x = 0 in the ambient flow, the lateral and spanwise

velocities are 0 and the streamwise velocity is UA = 0.056UJ. The flow and scalar fields

are periodic in the spanwise (z) direction. At x = 0 and the lateral boundaries, ϕ = 0

and 1 are imposed in the ambient flow and jet inlet, respectively.

2.2. Implicit LES

We consider the continuity equation, Navier–Stokes equations, and transport equation

for a passive scalar ϕ for an incompressible flow. The filtered governing equations used

in the ILES are written as follows:

∂Uj

∂xj

= 0, (1)
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∂Ui

∂t
+

∂Uj Ui

∂xj

= −∂P

∂xi

+ ν
∂2Ui

∂xj∂xj

+Ri, (2)

∂ϕ

∂t
+

∂Uj ϕ

∂xj

= D
∂2ϕ

∂xj∂xj

+Rϕ, (3)

where Ui is the instantaneous velocity and P is the instantaneous pressure divided by

the density. The overbar denotes the low-pass filtered quantity. The SGS terms (Ri

and Rϕ) appear in the filtered Navier–Stokes equations and filtered scalar transport

equation, and are often modeled using the eddy viscosity model for Ri and the gradient

diffusion model for Rϕ. In the ILES in this study, a low-pass filter, which damps small-

scale energy without affecting large-scales, is used for emulating the dissipation in the

SGS instead of the explicit computation of Ri and Rϕ. For this purpose, we use the

composite filter (QN ∗G), where G is the explicit low-pass filter with a five-point stencil

proposed by Stolz et al. (2001a) and QN ≈ G−1 is the approximate deconvolution filter

of G computed by the van Cittert deconvolution method (Stolz & Adams 1999):

QN =
N∑

n=0

(I −G)n. (4)

Here, I is the identity operator. The approximate deconvolution filter QN can be

obtained by truncating the expanded series at N in equation. (4). We set N = 5

as in the LES using the approximate deconvolution model (Stolz et al. 2001b). For the

low-pass filter G, the composite filter (QN ∗G) becomes the low-pass filter whose cut-off

lengthscale is slightly smaller than that of G (Mathew et al. 2003). Thus, (QN ∗G) has

smaller effects on large-scales than the original filter G, but can damp the small-scale

fluctuations. The low-pass filter (QN ∗ G) is applied to the velocity and scalar every

three computational time steps.

The ILES code is developed from the DNS code based on a finite difference method

used in previous studies (Watanabe et al. 2014c, 2014d). The fully conservative fourth-

order central difference scheme (Morinishi et al. 1998) is used for spatial discretization

in the x and z directions, and the fully conservative second-order central difference

scheme is used in the y direction. Equations (1) and (2) are solved using the fractional

step method. The Poisson equation is solved by the fast Fourier transform (in the

spanwise direction), the cosine transform (in the streamwise direction), and a tridiagonal

matrix algorithm (in the lateral direction). The Crank–Nicolson method is used for the

time integration of the y directional viscous and molecular diffusion terms, whereas the

third-order Runge–Kutta method is used for the other terms (Spalart et al. 1991). The

computational time step is set to dt = 0.032d/UJ.

For confirming the ILES results are independent of the computational grid size, the

ILES is performed for two different sizes of the computational domain with the number

of the computational grid points Nx × Ny × Nz = 512 × 280 × 32. The computational

domain sizes in the two ILES are Lx × Ly × Lz = 14.5πd × 11.0πd × 2.2πd in the

coarse-grid ILES and 11.0πd× 8.0πd× 1.8πd in the fine-grid ILES. The grid size in the

coarse-grid ILES is about 1.3 times larger than that in the fine-grid ILES. The effects of
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the low-pass filter used in the ILES depend on the grid size. In this paper, the fine-grid

ILES is used for investigating the grid-size dependence of the ILES results. The uniform

grid is used in the x and z directions. In the y direction, a fine grid is used near the jet

centerline, and the grid is stretched near the lateral boundaries. The periodic boundary

conditions are applied in the spanwise direction. The slip conditions are applied at

the lateral boundaries. The convective boundary condition with viscous and molecular

diffusion terms (Dai et al. 1994) is used for Ui and ϕ at the outlet plane. The velocity

at the jet inlet (x = 0) is generated by superimposing velocity fluctuations on the mean

velocity. The fluctuating components of the inflow velocity are generated by a diffusion

process that converts the random noise into the fluctuations which possess the required

length scales (Kempf et al. 2005). The characteristics length scales of the velocity

fluctuations are set to 0.29d at the jet inlet. The profiles of mean and rms velocities

at the jet inlet are the same as in previous DNS (Watanabe et al. 2014c, 2014d), and

are similar to the inflow velocity measured in the experimental apparatus (Watanabe et

al. 2012, 2014e). At the center of the jet inlet, the rms streamwise velocity fluctuation is

2.3×10−3UJ. The turbulent Reynolds numbers based on the Taylor microscale calculated

from the streamwise velocity are 1.1, 3.6, and 11.2 for Re = 2, 200, 7, 000, and 22, 000,

respectively.

At (x, y) = (40d, 0) in the coarse-grid ILES, the integral lengthscale LU is 2.4d

for the case Re = 22, 000, where LU is calculated from the auto-correlation function

of the streamwise velocity according to Deo et al. (2013). This integral lengthscale at

x = 40d is close to the value obtained by the extrapolation of the experimental data

(Deo et al. 2013). At this streamwise location, the domain size in the z direction, Lz,

is 2.9 times larger than the integral lengthscale. The integral lengthscale increases in

the downstream direction. Most results in this paper are presented for the upstream

region where Lz is larger than 3LU . The spanwise length of the computational domain

in the present ILES is larger than the previous DNS and LES of planar jets (Watanabe

et al. 2014c, da Silva et al. 2015). Even in the simulations with the smaller computational

domain, the development of large-scale characteristics, such as mean velocity and jet

width, are consistent with experimental measurements.

3. Results and Discussion

3.1. Self-similar Characteristics of Turbulent Planar Jet

We examine the self-similar characteristics of the planar jet. The DNS was conducted

by authors for the planar jet at Re = 2, 200 and Sc = 1 and 4 in a small computational

domain (Watanabe et al. 2014c, 2014d). The numerical methods and inflow boundary

conditions used in the DNS are similar to the present ILES. The planar jet at Re = 2, 200

investigated in the ILES is also similar to the experiments of a planar liquid jet, in

which streamwise and lateral velocities and concentration of dye (Sc ≈ 600) have been

measured (Watanabe et al. 2014e). Therefore, the statistics are compared among the
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Figure 2. Characteristics of mean streamwise velocity and mean scalar profiles.

Streamwise evolutions of (a) mean streamwise velocity ⟨U⟩C and (b) mean scalar ⟨ϕ⟩C
on the jet centerline. The ILES results are compared with the experiment (Watanabe

et al. 2014e) (Re = 2, 200, Sc ≈ 600). (c) The dependence of ⟨U⟩C and ⟨ϕ⟩C on the

spatial resolution of the ILES. (d) Streamwise evolutions of jet half-width based on

mean streamwise velocity and mean scalar. The ILES results are compared with the

experiment (Watanabe et al. 2014e) (Re = 2, 200, Sc ≈ 600).

ILES, DNS, and experiments.

Figures 2(a) and (b) show the mean streamwise velocity ⟨U⟩C and mean scalar ⟨ϕ⟩C
for Sc = 1 on the jet centerline (y = 0), respectively. Here, ⟨ ⟩ denotes a mean value,

and the subscript C refers to the value on the jet centerline. In the ILES, the statistics

are calculated from resolved fields, such as Ui and ϕ. For example, ⟨f⟩ is estimated

by taking time-average of f . Because we confirmed that the Schmidt number hardly

affects the mean scalar field, ⟨ϕ⟩C is shown for Sc = 1. The streamwise evolutions agree

well with the experimental results, and ⟨U⟩C − UA and ⟨ϕ⟩C decrease with proportion

to (x/d)−0.5. In the ILES of the jets at three Re, the potential-core length, which

is the streamwise length of constant ⟨U⟩C and ⟨ϕ⟩C, decreases with increasing Re, in

agreement with previous DNS (Wu et al. 2014) and experiments (Suresh et al. 2008, Deo

et al. 2008). Figure 2(c) compares ⟨U⟩C and ⟨ϕ⟩C between the fine-grid and coarse-grid

ILES. In both simulations, we can find that the potential-core length is shorter for higher

Re.

Figure 2(d) shows the jet half-width (bU and bϕ) based on ⟨U⟩ − UA and ⟨ϕ⟩ for

Sc = 1. The jet half-width increases with proportion to x/d, and the ILES results are
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Figure 3. Lateral profiles of rms velocity normalized by (⟨U⟩C −UA): (a) streamwise

rms velocity; (b) lateral rms velocity; (c) spanwise rms velocity. The ILES results

at x/d = 25 are shown. The results are compared with the DNS by Stanley et al.

(2002) (Re = 3, 000), Klein et al. (2003) (Re = 4, 000), and Watanabe et al. (2014d)

(Re = 2, 200) and the experiments by Gutmark & Wygnanski (1976) (Re = 30, 000)

and Watanabe et al. (2014e) (Re = 2, 200).
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Figure 4. Lateral profiles of rms scalar ϕrms normalized by ⟨ϕ⟩C at x/d = 25: (a)

Re = 2, 200; (b) Re = 7, 000 and 22, 000. In (a), the ILES results are compared with

the DNS by Watanabe et al. (2014d) (Re = 2, 200, Sc = 1 and 4).

very similar to the experiments (Watanabe et al. 2014e). It is found that the spreading

rate of mean velocity is almost independent of Re, and by applying the least-squared

method to bU for x/d > 20, we can obtain dbU/dx = 0.078 for all Re. The spreading

rate of ⟨ϕ⟩ slightly increases with increasing Re, and the least-squared method yields

dbϕ/dx = 0.11, 0.12, and 0.13 for x/d > 20 in the planar jets at Re = 2, 200, 7, 000, and

22, 000, respectively.

Figure 3 compares the self-similar profiles of rms velocity among the ILES, DNS,
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Figure 5. Budget of turbulent kinetic energy normalized by (⟨U⟩C − UA)
3/bU at

x/d = 30: (a) Re = 2, 200; (b) Re = 22, 000. The ILES results (lines) in (a) and (b) are

compared with the DNS by Stanley et al. (2002) (Re = 3, 000) and the experiment by

Terashima et al. (2014) (Re = 22, 000), respectively. The profiles obtained by Stanley

et al. (2002) and Terashima et al. (2014) are shown by symbols. The dissipation term in

the planar jet at x/d = 30 obtained by the DNS (Watanabe et al. 2014a) (Re = 2, 200)

is also shown.

and experiments. The rms velocity profiles are slightly different among previous

experiments and DNS, which might be caused by differences in the inflow velocity at

the jet inlet. However, a similar trend is found in all experiments and DNS. It is found

that the self-similar profiles in the ILES are also similar to the DNS and experimental

results. The self-similar profiles of the rms velocity are almost independent of Re in

the present ILES, where the planar jets at different Reynolds numbers are computed

for the same inflow condition. Figure 4 shows the rms scalar (ϕrms) normalized by ⟨ϕ⟩C.
The DNS results for Re = 2, 200 and Sc = 1 and 4 are also shown in figure 4(a). In

both ILES and DNS, ϕrms increases with increasing Sc at Re = 2, 200 although the Sc

dependence is small for Sc > 16. However, for the high Re cases shown in figure 4(b),

ϕrms hardly changes with Sc. These results presented above show that the planar jets

computed by the ILES have self-similar characteristics similar to the previous DNS and

experimental results.

3.2. Budget of turbulent kinetic energy and scalar variance

We investigate the budget of the resolved turbulent kinetic energy k ≡ (⟨u2⟩ +

⟨v2⟩ + ⟨w2⟩)/2 and the resolved scalar variance ⟨ϕ′2⟩ in the self-similar region, where

ui ≡ Ui − ⟨Ui⟩ and ϕ′ ≡ ϕ − ⟨ϕ⟩ are the resolved velocity and scalar fluctuations,

respectively. The transport equation of k is given by

∂k

∂t
= −⟨Uj⟩

∂k

∂xj︸ ︷︷ ︸
I

−1

2

∂⟨ujujui⟩
∂xi︸ ︷︷ ︸
II

−∂⟨ujp⟩
∂xj︸ ︷︷ ︸
III

+ν
∂2k

∂xj∂xj︸ ︷︷ ︸
IV

−⟨uiuj⟩
∂⟨Ui⟩
∂xj︸ ︷︷ ︸

V

−ϵ︸︷︷︸
VI

. (5)
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where I is the advection term by a mean flow, II the turbulent diffusion term, III the

pressure diffusion term, IV the viscous diffusion term, V the production term, and VI the

dissipation term (p = P −⟨P ⟩: resolved fluctuating pressure). Although the dissipation

in equation (5) is contributed by the resolved fields and the numerical scheme, such as

a low-pass filter (Bogey & Bailly 2009), we use only the total dissipation, which is the

sum of the dissipations in the resolved scales and by the low-pass filter. We simply refer

the sum of terms II, III, and IV as the diffusion terms. In the planar jet, ∂k/∂t = 0.

Therefore, as in Bogey & Bailly (2006), the right-hand side except for ϵ is explicitly

evaluated from the resolved field of the ILES, and then ϵ is calculated from the balance.

Figure 5 shows the lateral profiles of equation (5) normalized by (⟨U⟩C −UA)
3/bU . The

turbulent kinetic energy equation obtained by the DNS (Stanley et al. 2002, Watanabe

et al. 2014a) and experiment (Terashima et al. 2014) are also shown for comparison.

The budget of k estimated by the ILES qualitatively agrees well with the DNS and

experiment for both Re. The Re dependence of the budget of k is small. The turbulent

kinetic energy generated by the production term around y/bU = 1 is transferred toward

the jet centerline and the outer region by the diffusion terms. Figures 6(a) and (b)

show the turbulent diffusion and pressure diffusion terms (II and III), respectively.

In the planar jet investigated in this study, the viscous diffusion term is small and

negligible. The ILES results are similar to the experiments by Terashima et al. (2014)

although positive and negative peaks in the turbulent diffusion term appear at different

locations. It is found that the pressure diffusion term is relatively small compared with

the turbulent diffusion term, but is not negligible in the planar jet. The difference in

figure 6(a) between the experiment and the ILES might be explained by the different

inflow conditions. In the experiment by Terashima et al. (2014), the mean velocity at

the jet inlet is expected to exhibit a tophat profile because the nozzle attachment which

takes out the boundary layers inside the jet nozzle is installed. The mean inflow velocity

in the ILES is determined according to the experiments (Watanabe et al. 2012), in which

no nozzle attachments are used and the boundary layers are developed near the wall

inside the nozzle as confirmed in the mean velocity at the jet inlet shown by Watanabe

et al. (2014d). The difference in the mean velocity profile at the jet inlet greatly affects

the jet development (Wu et al. 2013).

The transport equation of resolved scalar variance ⟨ϕ′2⟩ is written as follows:

∂⟨ϕ′2⟩
∂t

= −⟨Uj⟩
∂⟨ϕ′2⟩
∂xj︸ ︷︷ ︸

I

−∂⟨ujϕ
′2⟩

∂xj︸ ︷︷ ︸
II

+D
∂2⟨ϕ′2⟩
∂xj∂xj︸ ︷︷ ︸
III

−2⟨ujϕ
′⟩∂⟨ϕ⟩
∂xj︸ ︷︷ ︸

IV

−ϵϕ︸︷︷︸
V

, (6)

where I is the advection term by a mean flow, II the turbulent diffusion term, III

the molecular diffusion term, IV the production term, and V the dissipation term,

which includes the contributions by the resolved field and low-pass filtering. Similar to

equation (5), the mean scalar dissipation rate of resolved scalar variance, ϵϕ, is obtained

from the balance in equation (6), and the other terms are explicitly evaluated from the

ILES data. Figure 7 shows the lateral profiles of each term in equation (6) normalized

by (⟨U⟩C − UA)⟨ϕ⟩2C/bϕ for Sc = 1 at Re = 2, 200 and 22, 000. Because we confirmed



Large eddy simulation study of planar jets 11

0 1 2 3
-0.01

0

0.01

y/bU

L
os

s 
   

   
   

 G
ai

n

0 1 2 3

-0.01

0

0.01

y/bU

L
os

s 
   

   
   

 G
ai

n
(a) (b)

 Re = 2,200
 Re = 7,000
 Re = 22,000
 Experiment

 Re = 2,200
 Re = 7,000
 Re = 22,000
 Experiment

Figure 6. Lateral profiles of diffusion terms normalized by (⟨U⟩C − UA)
3/bU at

x/d = 30: (a) turbulent diffusion term (II); (b) pressure diffusion term (III) in

equation (5). The ILES results (lines) at x/d = 30 are compared with the experiment

by Terashima et al. (2014) (Re = 22, 000)
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Figure 7. Budget for scalar variance for Sc = 1 normalized by (⟨U⟩C − UA)⟨ϕ⟩2C/bU
at x/d = 30 for Re = 2, 200 (lines) and 22, 000 (symbols). The dissipation term in the

planar jet at x/d = 30 obtained by the DNS (Watanabe et al. 2014a) (Re = 2, 200 and

Sc = 1) is also shown.

that the budget of ⟨ϕ′2⟩ is almost independent of Sc, we only show the results for Sc = 1.

For comparison, the dissipation rate of scalar variance explicitly calculated in the DNS

(Watanabe et al. 2014a) is also shown in this figure. The profiles hardly change with

Re, and only the molecular diffusion term is negligible. Although the dissipation term

obtained by the ILES has a negative peak at |y/bϕ| ≈ 0.8, this peak does not appear

in the DNS result. However, the difference in ϵϕ is not large between the ILES and the

DNS.

Figure 8(a) shows the streamwise decay of ϵ on the jet centerline. At high Re, ϵ is

expected to be equal to the supply rate of k from the large-scale fields (Deo et al. 2008).

Then, ϵ is of the order of (⟨U⟩C − UA)
3/bU . Because (⟨U⟩C − UA) ∼ (x/d)−0.5 and

bU ∼ (x/d) as in figures 2(a) and (d), ϵd/(UJ − UA)
3 = Kϵ(x/d)

−2.5 in the self-similar

region on the jet centerline (Deo et al. 2008), where Kϵ is influenced by nozzle conditions
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Figure 8. Streamwise evolutions of (a) mean turbulent kinetic energy dissipation rate

ϵ and (b) mean scalar dissipation rate N for Sc = 1 in the ILES and DNS (Watanabe

et al. 2014a) (Re = 2, 200 and Sc = 1).

(Deo et al. 2013). In figure 8(a), we can find that ϵ decays with proportion to (x/d)−2.5

in the downstream region. In the ILES results, the region in which ϵ ∼ (x/d)−2.5 holds

is extended to the upstream region for the high Re cases. Although ϵ strongly depends

on Re in the upstream region, this Re dependence becomes small in the self-similar

region. The least-square method for ϵ in the region of x/d > 20 yields Kϵ = 3.4 for

Re = 22, 000, which is larger than Kϵ = 0.9 ∼ 2.2 in the experiments of planar jets (Deo

et al. 2008).

For the mean scalar dissipation rate N ≡ ϵϕ/2, Bilger (2004) obtained N ∼
(x/d)−2.5 on the center of the planar jet from the transport equation for ϕ2 under

the assumption of the self-similarity. Figure 8(b) shows the streamwise decay of N for

Sc = 1 on the jet centerline. In the downstream region, the decay rate of N obtained

by the ILES and DNS is smaller than −2.5. Su & Clemens (1999) measured the scalar

dissipation rate in a planar jet, and their measurement also shows N ∼ (x/d)−1.4, for

which the decay rate is smaller than −2.5. In the present ILES data, N ∼ (x/d)−1.6

and ∼ (x/d)−1.5 are obtained in the region of x/d > 25 for Re = 2, 200 and 22, 000,

respectively, and are close to the experimental results (Su & Clemens 1999) rather than

the theoretical prediction.

In some of numerical methods for turbulent reactive flows, such as probability

density function (PDF) methods (Pope 1985), the mean scalar dissipation rate has to

be modeled. The most widely used model is the equilibrium model (Fox 2003):

ϵϕ = Cϕ
ϵ

k
⟨ϕ′2⟩, (7)

where Cϕ = 2τ/τϕ is the mechanical-to-scalar timescale ratio, which is the ratio of

the turbulence timescale τ ≡ k/ϵ to the scalar mixing timescale τϕ ≡ 2⟨ϕ′2⟩/ϵϕ
(Corrsin 1951). Cϕ is treated as a model parameter. In isotropic turbulence at high Re

and Sc, Cϕ = 2 (Schwertfirm & Manhart 2007). However, various values of Cϕ have

been used in numerical simulations (Lindstedt et al. 2000, Xu & Pope 2000, Mitarai
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Figure 9. Lateral profiles of mechanical-to-scalar timescale ratio Cϕ = 2τ/τϕ at

x/d = 30: (a) Re = 2, 200; (b) Re = 7, 000; (c) Re = 22, 000. The lateral solid line

shows Cϕ = 2, which is the value in isotropic turbulence at high Reynolds number. Cϕ

for Sc = 1 and 128 obtained by the fine-grid ILES is also shown for comparison.

et al. 2005). We evaluate Cϕ in the planar jets by using ϵ and ϵϕ obtained from

equations (5) and (6) in the ILES, and the results are shown in figure 9 for the various

Re and Sc. For comparison, the fine-grid ILES results for Sc = 1 and 128 are also

shown in the figures. For all cases, Cϕ decreases in the y direction from y = 0, and then

rapidly increases from |y/bϕ| ≈ 1.5. Note that both turbulent and non-turbulent fluids

intermittently appear in the region of |y/bϕ| > 1 (Watanabe et al. 2014b). Therefore,

the flow is far from isotropy in this region. The isotropic value Cϕ = 2 is observed only

near the jet centerline for Re = 22, 000. Except for the outer region (|y/bϕ| > 1.5), Cϕ

for Sc = 1 ranges from 1.0 to 1.8 for Re = 2, 200 and from 1.2 to 2.0 for Re = 22, 000.

For Re = 2, 200 and 7, 000, Cϕ is slightly smaller than 2 even near the jet centerline.

Near the jet centerline, Cϕ for the small Re cases decreases as Sc increases. A similar Sc

dependence of Cϕ was found in a turbulent channel flow (Schwertfirm & Manhart 2007).

However, Cϕ does not depend on Sc except for the outer region when Re is large as

in figure 9(c). These Re and Sc dependence of Cϕ can be seen in both fine-grid and

coarse-grid ILES.

3.3. Large-scale characteristics of velocity and scalar fields near the T/NT interface

Here, we investigate the velocity and scalar fields near the T/NT interface. Because

the small-scale fields are not resolved in the ILES, we focus only on the large-scale

characteristics. In previous DNS studies (Bisset et al. 2002, da Silva & Pereira 2008),

the T/NT interface is detected with the isosurface of vorticity magnitude. In the present

ILES, the T/NT interface is detected with the isosurface of ϕ for Sc = 1 because the

scalar interface detected as the scalar isosurface is quite similar to the isosurface of

vorticity magnitude for Sc = 1 (Gampert et al. 2014a). Gampert et al. (2014b) also



Large eddy simulation study of planar jets 14

10-2 10-1 100 1010

0.2

0.4

0.6

0.8

1

Cth

V
ol

T
Fine grid

 Re =2,200
 Re =7,000
 Re =22,000

Coarse grid
 Re =2,200
 Re =7,000
 Re =22,000Cth = 0.1

Turbulent fluid

Non-turbulent fluid

T/NT Interface
(Isosurface of )

yI

Interface normal direction

(a) (b)

Jet centerline

YI

Figure 10. Detection of T/NT interface by thresholding passive scalar. (a) Volume

fraction of turbulent region in the region of 11.4 ≤ x/d ≤ 34.1 (8.8 ≤ x/d ≤ 25.9)

as a function of the threshold Cth calculated in the coarse-grid (fine-grid) ILES. (b)
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figure.
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Figure 11. Visualization of T/NT interface (scalar isosurface) in planar jet at

Re = 7, 000. The color of the interface shows the interface height YI from the jet

centerline.

used the scalar isosurface for investigating the T/NT interface in the LES. The turbulent

region is defined as the region of ϕ/⟨ϕ⟩C ≥ Cth for Sc = 1, and the interface is detected

with the isosurface of ϕ/⟨ϕ⟩C = Cth, where Cth is the interface detection threshold. As in

Taveira et al. (2013), the threshold is determined from the dependence of the turbulent

volume on Cth. Figure 10(a) shows the volume fraction of the turbulent region, VolT, as

a function of Cth. Although VolT increases as Cth decreases, VolT slowly changes with

the threshold for Cth < 0.2. The relationship between VolT and Cth is almost the same

for both fine-grid and coarse-grid ILES. In this study, we use Cth = 0.1.

Conditional statistics are calculated conditioned on the distance from the interface

(Bisset et al. 2002). The distance from the interface, yI, is defined as in figure 10(b).

In this figure, the interface height YI is also defined. The normal direction of the
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Figure 12. Conditional mean scalar near cross-streamwise, leading, trailing, and

spanwise edges at x/d = 23 obtained by the coarse-grid ILES: (a) Re = 2, 200; (b)

Re = 7, 000; (c) Re = 22, 000. For the cross-streamwise edge, the conditional profiles

obtained by the fine-grid ILES are also shown for comparison.

scalar isosurface is given by the unit normal vector n = (nx, ny, nz) = −∇ϕ/|∇ϕ|.
The conditional statistics are calculated by using the same procedure as in previous

studies (Watanabe et al. 2014c, 2014d). The conditional mean value is denoted by ⟨ ⟩I.
The conditional statistics are calculated separately for four interface orientations, which

are called the cross-streamwise edge, leading edge, trailing edge, and spanwise edge

(Watanabe et al. 2014a). The interface orientation is distinguished by using n. Because

n is the unit vector, it is represented by (nx, ny, nz) = (cosθx, cosθy, cosθz), where θx,

θy, and θz are the angles between n and the x, y, and z directions, respectively. The

cross-streamwise (spanwise) edge is the interface which faces in the ±y (±z) direction,

and the leading (trailing) edge is the interface which faces in the x (−x) direction.

Therefore, the interfaces at which |ny| > cos 25◦, nx > cos 25◦, nx < −cos 25◦, and

|nz| > cos 25◦ are used as the cross-streamwise edge, the leading edge, the trailing

edge, and the spanwise edge, respectively. The conditional statistics are calculated by

using the interface detected in the region of 22 ≤ x/d ≤ 24. Further detail on the

calculation of the conditional statistics can be found in previous papers (Watanabe

et al. 2014c, 2014d).

Figure 11 visualizes the T/NT interface (isosurface of ϕ/⟨ϕ⟩C = 0.1). The interface

appears for a wide range of the interface height YI. The interface shows the convoluted

structures, and is similar to the interface observed in the DNS of spatially developing

planar jets (Watanabe et al. 2014a, 2014d, Wu et al. 2014).

Figure 12 shows the conditional mean scalar ⟨ϕ⟩I for Sc = 1. In the DNS of

planar jets (Watanabe et al. 2014b), it was found that ⟨ϕ⟩I is small near the trailing

edge compared with those near other two interfaces. This tendency can be observed

in the ILES results. Similar to the conditional mean scalar profiles obtained by the
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by the coarse-grid ILES. The distance from the T/NT interface is normalized by (a)

width of the jet inlet d, (b) Taylor microscale λ = (10νk/ϵ)1/2, and (c) Kolmogorov

lengthscale η = (ν3/ϵ)1/4. The Taylor microscale and Kolmogorov lengthscale are

calculated on the jet centerline from ϵ in figure 8. The DNS result (Watanabe

et al. 2014d) is shown in figure (a) for comparison.
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Figure 14. Conditional mean velocity normal to the interface at x/d = 23 obtained by

the coarse-grid ILES: (a) cross-streamwise edge (lateral velocity V ); (b) leading edge

(streamwise velocity U); (c) trailing edge (U); (d) spanwise edge (spanwise velocity

W ). The results in the fine-grid ILES are also shown in figure(a).
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DNS (Watanabe et al. 2014a, 2014b, Gampert et al. 2014a), ⟨ϕ⟩I in the ILES also

shows a jump near the interface. The slope of the jump is slightly steeper for the

fine-grid ILES especially for the high Re cases. Figure 13 shows ⟨ϕ⟩I against the

distance from the T/NT interface normalized by the width of the jet inlet d, Taylor

microscale λ = (10νk/ϵ)1/2, and Kolmogorov lengthscale η = (ν3/ϵ)1/4. The DNS result

for Re = 2, 200 (Watanabe et al. 2014d) is shown in figure (a) for comparison. The slope

of the scalar jump across the T/NT interface is steeper in the DNS than in the ILES.

Although the width of the jump is expected to scale with λ or η (da Silva et al. 2014),

it scales with d in the ILES rather than λ or η. In the present simulations, the spatial

resolutions relative to λ and η become worse as Re increases. Because the flow fields at

small scales are not resolved in the LES, the interface thickness in the ILES is greatly

affected by the computational grid sizes. The T/NT interface thickness in ⟨ϕ⟩I in the

ILES is larger for the spanwise edge. In the coarse-grid ILES, the grid size in the z

direction is 2.4 times larger than in the x direction. This larger grid in the z direction

is related to the larger T/NT interface thickness for the spanwise edge in the ILES.

Figure 14 shows the conditional mean velocity in the interface normal direction.

The interface normal components near the cross-streamwise edge and the leading and

trailing edges are the lateral velocity V and streamwise velocity U , respectively. Here,

negative V denotes the velocity toward the jet centerline. For the spanwise edge, the

spanwise velocity W is the interface normal component, where positive W denotes

the spanwise velocity toward the non-turbulent regions (positive yI direction). Near

the cross-streamwise edge, the movements of turbulent and non-turbulent fluids are

opposite to each other in a mean sense because of outward spreading of turbulent fluids

and inward motions in non-turbulent regions. Thus, the mean velocity near the cross-

streamwise edge is toward the interface. The lateral velocity V at the cross-streamwise

edge is related to the entrainment velocity, EB, by EB = −2⟨V ⟩I (Westerweel et al. 2009).

From the conditional mean lateral velocity ⟨V ⟩I at the cross-streamwise edge, we can

obtain EB/UJ = 0.036, 0.032, and 0.023 for Re = 2, 200, 7, 000, and 22, 000, respectively.

When the Kolmogorov velocity vη = (ϵν)1/4 is used to normalize the entrainment

velocity, EB/vη = 1.3, 1.5, and 1.5, respectively, where vη is calculated on the jet

centerline from ϵ in figure 8. This Reynolds number dependence of EB is found in the

ILES results for both fine and coarse grids. Thus, as in the direct measurement of the

entrainment velocity in previous experiments (Holzner & Lüthi 2011), the entrainment

velocity estimated in the ILES also scales with the Kolmogorov velocity.

We can find the outward motion of the turbulent fluids near the spanwise edge

as confirmed by positive ⟨W ⟩I in the turbulent regions. Near the leading and trailing

edges, the turbulent fluid has a larger streamwise velocity than the non-turbulent one,

and the difference in ⟨U⟩I between the turbulent and non-turbulent regions is slightly

small near the trailing edge. The turbulent fluids are located upstream and downstream

of the leading and trailing edges, respectively. Therefore, ⟨U⟩I shows that the velocity

in the turbulent region is toward the interface near the leading edge, and the turbulent

fluid approaches the leading edge. These conditional profiles of the velocity in the
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Figure 15. (a) Conditional velocity variance near cross-streamwise edge at x/d = 30.

(b) Logarithmic plot of (a) in non-turbulent region.

interface normal direction agree with the DNS of a planar jet at Re = 2, 200 (Watanabe

et al. 2014d). It was found that the strain-field near the interface is strongly affected

by the velocity relative to the interface movement in the interface normal direction

(Watanabe et al. 2014c). Therefore, the relative velocity, which is greatly different

near the trailing edge from the other interfaces, can cause the interface orientation

dependence of the interface characteristics. Figure 14 shows that the large-scale velocity

field near the interface is qualitatively independent of Re, indicating that the interface

orientation dependence caused by the velocity field (Watanabe et al. 2014c) is similar

between the low and high Re cases.

The conditional velocity variance ⟨u′′2
i ⟩I is calculated from the velocity fluctuation

from the conditional mean velocity u′′
i ≡ Ui − ⟨Ui⟩I. Figure 15(a) shows ⟨u′′2

i ⟩I near

the cross-streamwise edge. The profiles are almost independent of Re. The spanwise

component ⟨w′′2⟩I is the smallest, in agreement with a temporally developing jet (Taveira

& da Silva 2013). Even in the non-turbulent region, ⟨u′′2
i ⟩I has a non-zero value, and

decays in the yI direction. Figure 15(b) shows a decay of ⟨u′′2
i ⟩I in the yI direction in

the non-turbulent region. Phillips (1955) showed that in the non-turbulent region far

away from the T/NT interface, ⟨u′′2
i ⟩I decays as ⟨u′′2

i ⟩I ∼ y−4
I . In figure 15(b), the decay

of ⟨w′′2⟩I obeys this power low far away from the interface. However, the decay rate

of ⟨u′′2⟩I and ⟨v′′2⟩I is smaller than the theoretical value. The profiles of ⟨u′′2
i ⟩I suggest

that a larger distance from the T/NT interface might be required for ⟨u′′2⟩I and ⟨v′′2⟩I
to exhibit ⟨u′′2

i ⟩I ∼ y−4
I .
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4. Conclusion

Turbulent planar jets with passive scalar transports were simulated for various Reynolds

and Schmidt numbers by the ILES using low-pass filtering as an implicit SGS model.

We confirmed that the self-similar profiles of statistics obtained by the ILES are quite

similar to the DNS and experimental results. The ILES data were used for investigating

the budget of resolved turbulent kinetic energy k and scalar variance ⟨ϕ′2⟩ and the

large-scale characteristics of velocity and scalar fields near the T/NT interface.

The transport equations of k and ⟨ϕ′2⟩ were explicitly evaluated from the ILES

data except for the dissipation terms, which were obtained from the budget of k and

⟨ϕ′2⟩. The budget of k obtained by the ILES qualitatively agrees with the results of the

DNS and experiments for both high and low Reynolds number cases. The mean scalar

dissipation rate in the self-similar region is similar between the ILES and the DNS. These

results showed that the ILES is a useful tool for investigating the transport mechanism

of k and ⟨ϕ′2⟩, which are often important in modeling of turbulent flows. As predicted

from the scaling argument, the ILES result shows that the mean dissipation rates of k

decays according to (x/d)−2.5 in the downstream region. However, for the decay of the

mean scalar dissipation rate, the decay rate evaluated by the ILES is smaller than that

theoretically predicted, but is close to the experimental results by Su & Clemens (1999).

By using the mean dissipation rate of k and ⟨ϕ′2⟩, the mechanical-to-scalar timescale

ratio Cϕ was evaluated in the self-similar region of planar jets. For the high Re case,

Cϕ is close to the isotropic value (Cϕ = 2) near the jet centerline. However, when Re is

not large, Cϕ is smaller than 2 even near the jet centerline. The Sc dependence of Cϕ

was clearly observed only for the low Re case. Except for the outer edge of the jet, Cϕ

ranges from 1.0 to 2.0 depending on the lateral location and the Reynolds and Schmidt

numbers. It should be noted the Reynolds number and Schmidt number effects obtained

in the LES are partial because of indirect effects on the resolved quantities through the

SGS stress and scalar flux.

The T/NT interface was investigated by using the scalar isosurface for Sc = 1. The

conditional statistics were calculated conditioned on the distance from the interface for

four interface orientations. The velocity and scalar fields near the interface depends on

the interface orientation for all Re computed in the present ILES. Similar to the low

Reynolds number case investigated by previous DNS (Watanabe et al. 2014b, 2014c),

the velocity toward the interface is observed in the turbulent region except in the vicinity

of the trailing edge in the planar jet at higher Reynolds numbers. The spanwise velocity

fluctuations decays with y−4
I (yI: distance from the interface) in the non-turbulent region

far away from the interface.
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