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Lagrangian statistics obtained from direct numerical simulations of turbulent planar
jets and mixing layers are reported for the separation distance between the tracer
particles at the outer edge of the turbulent/non-turbulent interface layer, and the
entrained fluid particles. In the viscous superlayer (VSL) the mean square par-
ticle distance exhibits a ballistic evolution, while the Richardson-like scaling for
relative dispersion prevails inside the turbulent sublayer (TSL). The results further
support the existence of two different regimes within the interface layer, where
small-scale outward enstrophy diffusion governs the entrained particles in the VSL,
while inviscid small-scale motions govern the TSL. C 2016 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4942959]

The evolution of turbulent flows surrounded by laminar flow regions is an ubiquitous phenom-
enon of fundamental importance for various flows found in engineering and the environment, such
as in chemical reactors,1 and turbulent patches in the ocean and atmosphere.2 It is also found in
canonical flows, such as jets, mixing layers, and boundary layers, where turbulence development
occurs together with the entrainment of irrotational fluid, which is deeply linked to the transport and
mixing within the fluid, in an interplay with important consequences for the turbulence dynamics.3

Turbulent entrainment has been recently studied in relation to the interfacial layer which sepa-
rates turbulent from irrotational (non-turbulent) flow: the so-called turbulent/non-turbulent interface
(TNTI).4,5 The long-standing question of turbulent entrainment has been the understanding of what
are the physical mechanisms causing it. Turbulent motions with wide range of scales have been
observed near TNTIs, from small-scale eddies, which are statistically universal, to large-scale
structures, which are flow dependent, while both small and large-scale motions are expected to
contribute to the turbulent entrainment by nibbling and engulfment, respectively.6 As the turbulent
entrainment takes place, irrotational fluid crosses the TNTI due to some mechanism. The TNTI
is often detected using a constant vorticity magnitude isosurface,6 and for this reason turbulent
entrainment has been investigated by analyzing this isosurface propagation, whose velocity is of the
order of the Kolmogorov velocity vη ≡ (νε)1/4, reflecting the importance of small-scale features,5

where ε is the dissipation rate of turbulent kinetic energy and ν is the kinematic viscosity. However,
recent studies on the structure of TNTI showed that it displays a finite thickness,7 consisting of two
layers: the viscous superlayer (VSL) and the turbulent sublayer (TSL).6 Thus, entrainment can be
more precisely described as the irrotational fluid movements across this layer rather than the fluid
moving through an infinitely thin surface.

The Lagrangian approach to turbulent flows is particularly useful for this purpose and it has
been used for investigating the turbulent characteristics before and after fluid particles (tracers)
cross the surface representing the outer edge of the TNTI.8–10 Because the TNTI location fluctuates,
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the Lagrangian tracking of fluid particles within the TNTI layer is crucial to better understand
turbulent entrainment since the vorticity dynamics is quite different within the VSL and TSL.7

In this letter, we report the entrainment characteristics across the entire TNTI layer obtained
using a Lagrangian approach, where the location of the entrained fluid particles within the TNTI
layer is examined by tracking the outer edge of the TNTI, which is defined as an infinitely thin
surface referred to as the irrotational boundary hereafter. With this definition, the VSL is located
just inside the irrotational boundary, while the TSL appears between the VSL and the turbulent core
region.6 The results show that the statistical properties of the entrained particle movements can be
explained solely by small-scale turbulence features.

Direct numerical simulations (DNSs) are performed for temporally developing mixing layers11

and planar jets,7 which are periodic in the streamwise (x) and spanwise (z) directions and spread
in the cross-streamwise (y) direction, where the slip boundary conditions are applied at the lateral
boundaries. The same boundary conditions were used in the recent DNS of temporally evolving
free shear flows.12 In this study, new simulations are performed for investigating the Lagrangian
properties of turbulent entrainment. The origin of the coordinate system is located at the center of
the computational domain, which has a size of Lx × Ly × Lz and is represented by Nx × Ny × Nz

grid points. The DNS code is an incompressible Navier–Stokes solver based on the fractional
step method, finite differences for spatial discretization, and the 3rd-order Runge–Kutta method
for temporal advancement and was used in previous studies.11 The 4th-order and 2nd-order fully
conservative central difference schemes are used in the periodic and cross-streamwise directions,
respectively. The initial velocity fields consist of statistically homogeneous and isotropic velocity
fluctuations generated by a diffusion process as in our previous paper11 and the mean streamwise
velocity is given by 0.5UM tanh(2y/θM) in the mixing layers and 0.5UJ + 0.5UJ tanh[(H − 2|y |)/4θJ]
in the planar jets. Here, UM is the velocity difference in the mixing layers, UJ the jet velocity, H the
width of the jet inlet, and θM (θJ) the initial shear layer thickness in the mixing layers (planar jets).
We set θJ = 0.015H , and the other parameters are determined via the Reynolds numbers Re defined
by UMθM/ν and UJH/ν. The grid is equidistant in the x and z directions while a fine grid is used near
y = 0 in the y direction. The physical and computational parameters are listed in Table I.

Lagrangian statistics of the fluid particles during the turbulent entrainment process are obtained
using a similar method as described in a previous study.9 Once the DNS of mixing layers and
planar jets have reached a self-similar state, 140 000 fluid particles are randomly seeded in the
non-turbulent region close to the irrotational boundary detected as an isosurface of small vorticity
magnitude |ω | = ωth, whose value is determined by using the dependence of the turbulent volume
on ωth.9 This isosurface corresponds to the enstrophy isosurface ω2/2 = ω2

th/2. Here, the region of
|ω | larger (smaller) than ωth is referred to as a turbulent (non-turbulent) region. The fluid parti-
cles are introduced at time t0 = 130θM/UM and 32H/UJ in the DNS of mixing layers and planar

TABLE I. Physical and computational parameters of the DNS. The displayed turbulence characteristics are from the turbulent
core regions.

Run ML04 ML08 PJ50 PJ90

Flow type Mixing layer Mixing layer Planar jet Planar jet
Re 400 800 5000 9000
Lx 16πθM 16πθM 2.4πH 2.6πH
L y 16πθM 16πθM 4.8πH 3.8πH
Lz 8πθM 8πθM 2.4πH 1.3πH
Nx,Ny,Nz 512, 500, 256 1024, 700, 512 512, 850, 512 1024, 1150, 512
Time step dt 0.08θM/UM 0.04θM/UM 0.012H/UJ 0.006H/UJ

∆x =∆z, ∆y at y = 0 1.5η, 1.0η 1.2η, 1.1η 1.5η, 1.2η 1.4η, 1.2η
Reλ 105 151 94 158
η 0.064θM 0.041θM 0.0096H 0.0059H
λ 20.8η 23.3η 14.8η 20.3η
⟨vE⟩ 0.47vη 0.39vη 0.43vη 0.41vη
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FIG. 1. (a) The fluid particle movement is analyzed in relation to the irrotational boundary, which is tracked by using a
marker introduced on the boundary where the fluid particle crosses it. The irrotational boundary is indicated in the figure by
a thick white line. The color contours show enstrophy levels in log10(ω2/2) for simulation ML08. (b) Pdfs of the irrotational
boundary height (YI) from y = 0 in mixing layers obtained from isosurface of vorticity magnitude (lines with open symbols)
and markers of irrotational boundary (lines with closed symbols).

jets, respectively, and the turbulence characteristics in the turbulent core region, such as the Kol-
mogorov lengthscale η ≡ (ν3/ε)1/4, Taylor microscale λ calculated from the streamwise velocity,
and turbulent Reynolds number Reλ = urmsλ/ν, at t = t0 are summarized in Table I, where urms is the
rms streamwise velocity fluctuation.

The fluid particles are tracked using a 3rd-order Runge–Kutta scheme for temporal advance-
ment and a tri-linear interpolation scheme as in Yang et al.13 In addition to the fluid particles, the
irrotational boundary defined by a constant enstrophy isosurface is also tracked by the following
method. When a fluid particle in the non-turbulent region crosses the irrotational boundary, a marker
is introduced at this point (Fig. 1(a)). Subsequently, the marker is also tracked using the velocity of
the irrotational boundary uI = u0 + uP, which is the sum of the fluid velocity u0 and the propagation
velocity of the irrotational boundary uP = vEn,5 where n = −∇ω2/|∇ω2| is the unit normal vector of
the irrotational boundary, and vE = (2ωiSi jω j + 2νωi∇2ωi)/|∇ω2| (ωi is the vorticity and Si j is the
rate-of-strain tensor).5 The mean propagation velocity ⟨vE⟩ at t = t0 is shown in Table I. This marker
represents the location of the isosurface of |ω | = ωth (ω2/2 = ω2

th/2). Previous studies have shown
that only a negligible fraction of particles ends up trapped inside a non-turbulent region completely
surrounded by turbulent fluids (irrotational 3D bubbles).9 The irrotational boundary of this region
disappears after it becomes turbulent. Therefore, the markers of these irrotational boundaries are
no longer located on isosurfaces of |ω | = ωth. For precluding these events, |ω | on the markers is
monitored at every time step, while markers with |ω | > 2ωth are not used in the subsequent analysis.
Note that this work focuses on the entrained fluid particle movements across the TNTI layer, rather
than on the movement of non-turbulent fluid packets. Figure 1(b) shows the probability density
function (pdf) of the irrotational boundary height in the mixing layers, where the pdfs are calcu-
lated from isosurfaces of constant |ω | = ωth and the locations of the markers, both yielding similar
results, which validates the boundary tracking algorithm.

Lagrangian conditional statistics were calculated for the fluid particles, conditioned on the time
τ elapsed after a fluid particle has crossed the irrotational boundary. We also use Eulerian statis-
tics conditioned on the distance yI from the irrotational boundary as in previous studies.11 The yI
direction is given by n, and the turbulent region is represented by yI < 0. Hereafter, the Lagrangian
and Eulerian conditional averages are denoted by ⟨∗⟩τ and ⟨∗⟩yI, respectively, while the fluid particle
location relative to the irrotational boundary is represented by a separation vector δx(τ) in Fig. 1(a).
The irrotational boundary movement cannot be neglected because of the convection. δx is intro-
duced for examining the particle location within the TNTI layer. As we discuss below, δx aligns
with the normal of the irrotational boundary, n, for small τ, enabling us to relate the particle location
to the VSL and TSL.

Figure 2(a) shows the Lagrangian conditional average of δx ≡ |δx|, where δx and τ are normal-
ized by the Kolmogorov lengthscale η and time scale τη ≡ (ν/ε)1/2 at t = t0. The mean thickness
of the VSL, δν, is estimated from the Eulerian conditional enstrophy budget within the TNTI, as
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FIG. 2. (a) Lagrangian conditional average of the distance between fluid particles position and the irrotational boundary
marker. The VSL and TSL estimated from their mean thicknesses in simulation ML08 are highlighted. (b) Lagrangian
conditional root-mean-squared distance divided by the root-mean-squared propagation velocity. (c) Lagrangian conditional
root-mean-squared distance between the fluid particles position and the irrotational boundary marker, normalized by ε at
y = 0. The thin solid and dashed lines indicate the power laws ⟨δx2/ε⟩1/2

τ ∝τ3/2 and ∝τ, respectively. The constant C
defined in Eq. (5) and shown in the figure has been estimated using the least-squares method.

the length of the region where the enstrophy production ⟨ωiSi jω j⟩yI is smaller than the viscous
diffusion ⟨ν∇2(ω2/2)⟩yI as in Ref. 7. Then, the mean thickness of the TSL, δω, is estimated as the
distance between the VSL and the location at which ⟨ω2/2⟩yI reaches the same value inside the
turbulent core region. We obtained δν ≈ 4η, and δω = 9η ∼ 11η. The present values of δν and δω
agree with Refs. 7 and 12. Figure 2(a) shows that it takes about 7τη for the fluid particles to move
across the VSL and to reach the TSL for all simulations. However, the different configurations and
Reynolds number naturally affect the time needed for the particles to move across the TSL. Note
that the boundary between the TSL and the turbulent core region is not clear in Fig. 2(a) because
deep inside the TSL the entrained particles are not anymore in the boundary normal direction (see
Fig. 3(a)).

A fluid particle location relative to a marker of the irrotational boundary, δx(τ), changes as

dδx(τ)
dτ

= δu(τ) ≡ u(τ) − uI(τ), (1)

where δu is the velocity of the fluid particle relative to the velocity of the marker of the irrotational
boundary, and is simply referred to as the relative velocity. Taking the dot-product of Eq. (1) with δx
we obtain the following equation:14

dδx2

dτ
= 2

 τ

0
δu(τ) · δu(τ′)dτ′. (2)

The relative velocity is represented by δu(τ) = (u(τ) − u0(τ)) − uP(τ), where (u(τ) − u0(τ)) is the
fluid velocity difference between the fluid particle and the location of the marker of the irrotational

FIG. 3. (a) Conditional pdf of the cosine of the angle between the separation vector δx and the irrotational boundary normal
n in the simulation ML08. (b) Eulerian and (c) Lagrangian conditional averages of enstrophy (ω2/2) and enstrophy budget
in simulation ML08 (production: Pω =ωiSi jω j, viscous diffusion: Dω =ν∇2(ω2/2), and dissipation: εω =−ν∇ωi ·∇ωi).
The results are normalized by UM and θM. The Lagrangian statistics are plotted against ⟨δx⟩τ/η for τ ≥ 0.
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boundary. For small τ, fluid particles are located very close to the irrotational boundary, and the
relative velocity can be approximated by δu(τ) ≈ −uP(0).15 Thus, Eq. (2) is simply,

dδx2

dτ
= 2

 τ

0
(uP(0) · uP(0))dt ′ = 2v2

Eτ. (3)

Integrating Eq. (3) yields δx2 = v2
Eτ

2, where vE is taken at τ = 0. Thus, the Lagrangian conditional
root-mean-squared distance changes according to

⟨δx2⟩1/2
τ = ⟨v2

E⟩1/2
τ=0τ (for small τ). (4)

Figure 2(b) gives ⟨δx2⟩1/2
τ showing that the DNS results follow Eq. (4) for τ/τη . 10. Thus, within

the VSL, δx is determined by the irrotational boundary propagation velocity, whose direction is
given by the boundary normal. Therefore, the fluid particles reach the TSL because of the outward
enstrophy diffusion, which results in the propagation of the irrotational boundary, and the particles
inside the VSL stay in the direction normal to the irrotational boundary.

When a fluid particle is located far away from the irrotational boundary, the fluid velocity
difference is expected to be large compared with the propagation velocity (δu ≈ u − u0).15 There-
fore, the problem is similar to two-particles dispersion.16 Similarly to Richardson’s law for the
relative diffusion, under the assumption that only eddies of size δx(τ) contribute to the change in
δx,17 we can obtain the following relationship for the self-similar regions:18



δx2/ε

�1/2
τ
= Cτ3/2 (for large τ), (5)

where C is a constant and ε is obtained in the turbulent core region.
Figure 2(c) shows ⟨δx2/ε⟩1/2

τ against τ. For τ ≈ 0, Eq. (4) suggests ⟨δx2/ε⟩1/2
τ ∝ τ. It is found

that ⟨δx2/ε⟩1/2
τ is qualitatively independent of flow configurations and of the Reynolds number,

and the scaling laws of Eqs. (4) and (5) are recovered in all simulations. Interestingly, ⟨δx2/ε⟩1/2
τ

begins to obey Eq. (5) from τ/τη ≈ 9 slightly after the particles move into the TSL (Fig. 2(a)), and
it holds even for larger τ/τη. The values of the constant C in Eq. (5) displayed in Fig. 2(c) have
been obtained in the present DNSs with the least-squares methods and oscillate between 0.25 and
0.30. Here, we recall again that the relationship ⟨δx2/ε⟩1/2

τ ∼ τ3/2 is obtained under the assumption
that the fluid particle movement within the TNTI layer is caused solely by eddies of size δx,
independently of viscous effects, and of much larger or much smaller eddy sizes and is valid for the
entrained particles within the TSL, δν . δx . δν + δω. This indicates that the entrainment across
the TSL is caused by the small-scale eddies with these eddy sizes, rather than by viscous effects and
larger-scale structures, which can cause fluid engulfment within the TNTI.19 Indeed, eddies with
core radius of about 5η (≈δν) were observed within the TSL.20

Figure 3(a) shows the pdf of the cosine of the angle between δx and n, which has a large peak
associated with a parallel alignment of these vectors. Thus, for small τ the particles are located in
the irrotational boundary normal direction as expected from Eq. (4). Figures 3(a) and 3(b) compare
the Eulerian and Lagrangian conditional statistics of the enstrophy and enstrophy budget in simula-
tion ML08 (the Lagrangian statistics are plotted against ⟨δx⟩τ). Qualitative differences arise in the
Eulerian and Lagrangian conditional means of Dω. The Eulerian ⟨Dω⟩yI displays both positive and
negative values, indicating a mean enstrophy transport from the turbulent region into the irrotational
region, while ⟨Dω⟩τ is always positive even for large ⟨δx⟩τ. Thus, even after the entrained fluid
has acquired an important level of enstrophy, Dω has no mean contribution to the enstrophy trans-
port towards the non-turbulent region, associated with the outward propagation of the irrotational
boundary. Wolf et al. showed that the Lagrangian conditional mean enstrophy is smaller than the
Eulerian counterpart for τ/τη ≤ 8. The same tendency can be observed here (e.g., Fig. 3) even for
much larger τ/τη. The Lagrangian enstrophy production and dissipation terms observed here are
also smaller than their corresponding Eulerian counterparts, owing to a smaller enstrophy level in
the Lagrangian statistics.

Figure 4(a) shows the Eulerian and Lagrangian conditional averages of the second invariant
of velocity gradient tensor Q = (ωiωi − 2Si jSi j)/4, where the trajectories of the entrained fluid
particles are related to the small-scale turbulence structures since its large positive value implies the
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FIG. 4. (a) Eulerian and Lagrangian conditional averages of Q, where again the Lagrangian statistics are plotted against
⟨δx⟩τ. Eulerian (b) and Lagrangian (c) conditional joint pdfs of Q and R in ML08. The joint pdfs are calculated at yI/η =−9
in (b) and τ/τη = 16 in (c), at which ⟨δx⟩τ/η = 9. In all figures, the invariants and pdfs are normalized by the mean strain
product in the turbulent core region.

predominance of vorticity over the strain, as in the vortex core region of an eddy,17 while Q < 0
tends to appear outside the vortex core region, where dissipation is dominant. ⟨Q⟩yI has a negative
peak near the irrotational boundary and a large positive peak inside the turbulent region while ⟨Q⟩τ
is negative and tends to ⟨Q⟩τ = 0 in the turbulent core region. Figures 4(b) and 4(c) compare the
conditional joint pdf of Q and R = −(Si jSjkSki/3 − ωiSi jω j/4) (the third invariant of the velocity
gradient tensor) in the TSL obtained as the Eulerian and Lagrangian statistics. Both pdfs show a
“teardrop” shape similar to various turbulent flows, but a difference is found for large positive Q.
Specifically the probability of finding intense values of Q ≫ 0 is much smaller in the Lagrangian
than in the Eulerian pdfs. Thus, although within the TNTI layer there is a region where Q ≫ 0, as
the fluid particles are entrained they tend to circumvent these regions moving across regions with
relatively small Q. This may be explained by a circular motion induced by the intense eddies exist-
ing within the TNTI layer, which makes the fluid particles move around the eddies where stronger
values of Q are to be found. Within the VSL the Eulerian and Lagrangian conditional averages are
similar, and the contribution from turbulent fluid packets in the turbulent core region is expected to
be small for the Eulerian statistics. This agrees with recent results from high-Schmidt number scalar
statistics showing that the VSL mostly consists of entrained fluid from the non-turbulent region.11

In summary, Lagrangian statistics taken during the entrainment of fluid particles across the
TNTI layer confirm that the entrainment is caused by the two distinct physical processes depending
on the location within the TNTI layer, i.e., viscous effects within the VSL and inertial effects linked
to the small-scale eddies within the TSL. The entrained fluid particles penetrate into the TSL by
the propagation of the outer edge of the TNTI, which takes place owing to the outward viscous
diffusion of enstrophy. Moreover, the invariants of the velocity gradient tensor show the connection
between the entrainment process and the small-scale eddy structures, suggesting that the entraining
fluid particles move around the vortex cores of the small-scale eddies near the TNTI layer. Finally,
it is shown that the Lagrangian statistics are governed solely by small-scale turbulence character-
istics and that large-scale effects, resulting from different flow configurations, cannot be observed,
which opens the possibility for a unified entrainment model solely based on the small-scale eddy
characteristics.
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