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Abstract

A multi-particle model is proposed for a coarse-grained scalar dissipation
rate, where a coarse-grained quantity is defined with an ensemble average
of spatially-distributed fluid particles within a finite volume. The model
computes the coarse-grained scalar dissipation rate from coarse-grained scalar
gradient with a subgrid scale model of a scalar dissipation rate, which requires
length-scale estimation for particle distribution. A volumetric tensor that
characterizes the particle distribution is used in the model for computing the
length scale and coarse-grained scalar and velocity gradients from particles.
The model is examined in a priori and posteriori tests. A priori test with
direct numerical simulation database of turbulent planar jets shows that
the present model works well for a wide range of length scale of particle
distribution when the number of particles N,; is about 10-16. The model
with Ny, < 10 overestimates the coarse-grained scalar dissipation rate, while
Nyr 2 16 causes stronger dependence of the model on the length scale of
particle distribution. The proposed model is tested in hybrid large-eddy-

simulation/Lagrangian-particle-simulation (LES/LPS) of planar jets, where

*Corresponding author (+81-052-789-3279)
Email address: watanabe.tomoaki@c.nagoya-u.jp (Tomoaki Watanabe)

Preprint submitted to Journal of Computational Physics August 9, 2022



the coarse-grained scalar dissipation rate appears as an unknown variable
in a mixing volume model that computes a molecular diffusion term based
on a multi-particle interaction. LES/LPS and DNS yield a similar profile of
root-mean-squared scalar fluctuation, which strongly depends on the scalar
dissipation rate. Comparison of the mean scalar dissipation rate between the
model and the DNS shows that the present model applied to the LES/LPS
well predicts the coarse-grained scalar dissipation rate at various jet Reynolds

number.

Keywords: Lagrangian simulation, scalar dissipation rate, turbulent

mixing, Large eddy simulation

1. Introduction

Turbulent mixing plays an important role in chemical processes, where
turbulence promotes mixing and transport of chemical substances, energy,
and momentum. Design of chemical reactors is strongly influenced by na-
ture of turbulent mixing.'? Numerical simulations are widely used to study
turbulent mixing of chemically reacting flows. Large eddy simulation (LES),
which resolves a large-scale field, is attractive for simulating reacting flows at
a moderate computational cost. LES relies on models for unresolved small
scales, which are called a subgrid scale (SGS) model. Turbulence has strong
influences on chemical reaction rate even for a simple reaction.?*>%7 Model
parameters in SGS models for chemical reaction rates can depend on prob-
lems.® Therefore, development of SGS models for turbulent reacting flows®®

is quite difficult, and such models are often practically restricted to specific

chemical reactions and flow conditions.



LES is often combined with different methods that simulate reactive
scalars to avoid modeling of SGS effects on chemical source terms. Such
examples are conditional moment closure!® and filtered density function
method. 2 A Lagrangian approach, where reactive scalars are simulated
with a large number of notional fluid particles, is particularly useful since
chemical source terms appear in a closed form.!3!41516 A gimilar hybrid
Eulerian/Lagrangian approach is also used in simulations of turbulent dis-
persed flows.!"1¥19 The Lagrangian simulation of reacting flows requires a
model for molecular diffusion. This model is often called a mixing model.
A large number of the mixing models have been developed in previous stud-
ies.20:21,22.23,24.25 \ost mixing models include a model parameter called a
mixing timescale 7,; that controls dissipation rate of scalar fluctuations. It
should be noted that the mixing model developed in the context of numer-
ical simulations with Reynolds-Averaged-Navier—Stokes (RANS) equations
should not be used for LES in the same form. Even if the scheme of the
mixing model is similar between LES and RANS, there is difference in the
definition of 73;. One of the most common mixing models in RANS-type
simulations is the interaction exchange with mean (IEM) model, which ap-
proximates the molecular diffusion term with a relaxation process of scalar to
a Reynolds-averaged value. 7, in the IEM model is obtained from the gov-
erning equation for scalar variance, where 7, is also defined with Reynolds-
averaged quantities.?®> An extension of the classical IEM model to LES was
given for both compressible and incompressible flows in our previous papers

25,26,27

as a mixing volume model (MVM), which uses a relaxation process

to a low-pass filtered value computed with a spatial average within a finite



volume. Instead of scalar variance, the transport equation for SGS scalar
variance yields an expression of 7); in the MVM, which includes a coarse-
grained scalar dissipation rate as an unknown variable. A similar extension of
the classical Curl’s model?® based to LES was also given as the two-particle
interaction scheme of the MVM.? It was also shown that the multi-particle
interaction scheme of the MVM predicts molecular diffusion better than the

26 These studies have shown that accurate

two-particle interaction scheme
estimation of the coarse-grained scalar dissipation rate is crucial in hybrid
LES/Lagrangian-simulation with a mixing model.

Models for the coarse-grained scalar dissipation rate (or a SGS scalar dis-
sipation rate) have been developed for grid-based simulations.?2%3% These
models cannot directly be applied to estimate the coarse-grained scalar dis-
sipation rate from particles. The model can compute the coarse-grained
scalar dissipation rate on computational grids, and it might be interpolated
onto the particle position.?® However, this approach cannot take into account
length-scale dependence of the coarse-grained scalar dissipation rate, since
the length scales that characterize particle distribution and computational
grids are generally different. In this sense, the coarse-grained scalar dissi-
pation rate estimated on computational grids of LES is not adequate for
Lagrangian simulations.

A more desirable method is modeling the coarse-grained scalar dissipa-
tion rate directly from particles. However, this has hardly been discussed in
existing literatures of mixing models. In the present study, a multi-particle
model is presented for the coarse-grained scalar dissipation rate. This model

is developed based on a coarse-grained gradient estimation method from ran-



domly distributed points3! and a SGS model for the scalar dissipation rate.?’
Here, a coarse-grained scalar gradient is estimated from 4 particles or more
based on scalar values at the particle positions, where relative positions of
the particles are described by a 3 x 3 matrix called a volumetric tensor. 323334
It has been shown that the volumetric tensor is useful for computing coarse-
grained scalar and velocity gradients from randomly distributed points in
turbulence.?' The volumetric tensor plays an important role in the present
model since it also quantifies the length scale of particle distribution. In
this study, a priori test is performed for the proposed multi-particle model
of the coarse-grained scalar dissipation rate with direct numerical simulation
(DNS) database of turbulent planar jets.?® The model is easily combined with
the multi-particle MVM?® in the Lagrangian simulations. A posteriori test
is also performed by implementing the model in LES/Lagrangian-particle-
simulation (LES/LPS) with the mixing volume model. The results of the
LES/LPS of the turbulent planar jets are compared with the DNS database.

The paper is organized as follows. Section 2 describes the methodology of
LES/LPS of passive scalar mixing with the MVM, where the coarse-grained
scalar dissipation rate appears as an unknown variable. The main contribu-
tion of this paper is in Sec. 3, which presents the model of the coarse-grained
scalar dissipation rate for Lagrangian computational particles. A priori and
posteriori tests are reported in Secs. 4 and 5, respectively. Finally, the con-

clusion is given in Sec. 6.



2. Large eddy simulation combined with Lagrangian particle sim-

ulation of passive scalar mixing

2.1. Governing equations

The present study considers passive scalar mixing in an incompressible
Newtonian fluid, where passive scalar does not affect the flow field (such as
concentration of dissolved substance in dilute solution). The problem can be
described by the Navier—Stokes equations and the scalar transport equation

that describe the evolution of instantaneous velocity and passive scalar fields:
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where 4, 7 = 1,2, and 3 denote indices that represent the directions x, y, and
z, respectively, t is time, u; is velocity in the ¢ direction, p is pressure divided
by constant fluid density, ¢ is passive scalar, v is kinematic viscosity, and
D is diffusivity coefficient for ¢. The summation is taken for the repeated
subscript index. This rule is also applied throughout the paper.

We consider the hybrid Eulerian/Lagrangian simulation, where Egs. (1)
and (2) are solved with LES in a Eulerian setting while Eq. (3) is solved in
a Lagrangian setting. A resolved (grid-scale) component of f in the LES is
denoted by f. The governing equations for the LES are the filtered Navier-
Stokes equations:

Ou;
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where R; is the term related to unresolved scales. The Lagrangian simulation
considers the scalar field represented by a large number of notional particles
to which passive scalar values are assigned.'® This approach is particularly
useful when the scalars are mass fractions of chemicals since the chemical
reaction term appears in a closed form unlike the LES of reactive scalar
transport equations in the Eulerian setting. The computational particles
considered in this study are fluid particles (i.e. Lagrangian objects), which
can be defined as a point that moves with the local fluid velocity.3?

The equation for ¢ along the particle path is solved in the simulation.
Each particle is characterized by its position x™ in physical space and
scalar value ¢(™ at x(™, where superscript (n) represents nth particle (n =

1,...,N,). The hybrid LES/LPS solves the following modeled equations?®:

dzi"’ — @) = ax™ (1) 4], (6)
o~ vl )

where u is obtained from the LES and the subscript mix denotes a quan-
tity computed by a mixing model. If the passive scalar is a mass fraction
of chemicals, Eq. (7) is solved for mass fraction of each chemical, where a
chemical source term is added in the right-hand side. This term is usually
given as a function of scalar values assigned to the particles.?® In most tur-
bulent flows, the direct influences of the SGS velocity fluctuations on profiles
of mean scalar and scalar variance appear as their turbulent transports and

the production of scalar variance. However, these terms are dominated by



large scales, which are well resolved by the filtered velocity field.?¢ There-
fore, at least, until the second-order statistics, the approximation with u in
Eq. (6) is expected to be valid in turbulent flows. Another influence of the
SGS velocity fluctuations appears in particle positions in the SGS. The rel-
ative position of particles is important in the model for molecular diffusion
discussed below. In most applications of the LES/LPS, the characteristic dis-
tance among particles is greater than the grid size of the LES. In this case,
the relative position of particles is dominated by the grid-scale velocity, and
small changes in the particle positions in the SGS hardly affect the relative

position of particles.

2.2. Mixing volume model

The mixing volume model (MVM)?2¢ is developed for Eq. (7) based on the
interaction among spatially-distributed Lagrangian particles. The MVM is
an extension of the classical IEM model. Each particle has a scalar value ¢
(n=1,..., Np) in the LPS. In the MVM, the effect of molecular diffusion for
one particle is modeled by the interaction among N,; > 2 mixing particles,
by which ¢™ of the mixing particles is changed. In this paper, the particles
used for this interaction are called mixing particles, while a virtual volume
that contains Nj; mixing particles is called a mixing volume. The shape and
size of the mixing volume is arbitrary although which particles the volume
contains is important in the model. In practice, for particle n, Ny; — 1 mixing
particles are selected in the descending order according to the distance from
particle n. This method for selecting particles ensures that the mixing is
localized in physical space. The MVM is based on a relaxation process to

average within a mixing volume. Hereafter, V}; denotes the mixing volume

9



set up for particle n. The average within the mixing volume V7}} is expressed
by an ensemble average of the mixing particles in V}}:

Ny

1
(fIVip) = me(a), (8)
a=1

where a = 1, ..., Nj is used as an integer that represents Ny, mixing particles
in V2. A fluctuation from (f|V3) is denoted by f7* = f® — (f|V). The
MVM for the mixing volume of particle n changes the scalar values of the
mixing particles by the following equation
DV = — (6Vi) = o) fra=1lo.Nu ()
with the mixing timescale 7;;, which controls the scalar dissipation rate. The
model, Eq. (9), changes the scalar value of the mixing particles, where the
same value of (¢|V}}) evaluated before the interaction is used for all mixing
particles in V.
The average within the mixing volume V}; can be expressed with the

kernel function G,, by

ny Lo Gal(x™) O
(Vi) = e (10)
2 me1 Gn(xt™)
G (x™) = 1 If x' is in mixing volume V% . (11)

0 otherwise

The volume average with the kernel function G,, yields the low-pass filtered
value with a box filter whose cutoff length is related to the size of the mixing
volume. A variance in the mixing volume, (f"?|Vih) = (f2|Vir) — (f|Vi)?,
is related to the fluctuation in small scales. The MVM, Eq. (9), results in

decay of the scalar variance in the mixing volume. Therefore, the expression

10



of 1) is derived from the transport equation for the scalar variance within
the mixing volume, (¢"*|V2),? where 7y is given by

v, 12

(eoVii)
Here, e = DV¢ - V¢ is the scalar dissipation rate. The mixing timescale

Ty is a key quantity in the model since it controls the decay rate of scalar
variance. Most previous studies have modeled the mixing timescale with a
flow timescale 7 and a model parameter C' as 1)y = C't. The problem of the
assumption 7, = C'7 is in the method for choosing C', which can be different
depending on flow types. C'is usually treated as a constant even though it
can depend on position and time.?"'® Therefore, usage of the constant C' is
likely to result in inaccurate estimation of the local mixing timescale even
though one can adjust C' so that the averaged mixing timescale is optimized
for each problem.

Although (¢”?|Vi%) in Eq. (12) can be computed from ¢ defined at the
particle positions, the coarse-grained (or low-pass filtered) scalar dissipation
rate (g4|V};) needs to be modeled to close the equations that describe the
particle evolution since the particle field, in most cases, does not have a high

resolution enough to compute a fully-resolved scalar gradient V.

3. Multi-particle model for coarse-grained scalar dissipation rate

This section presents the multi-particle model for coarse-grained scalar
dissipation rate defined as (g,|V}}). The model is developed based on the
coarse-grained gradient estimation method with the volumetric tensor?! and
the SGS model for scalar dissipation rate, which was originally proposed for

Eulerian simulations.??
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3.1. Volumetric tensor and coarse-grained gradient

We assume that Nj,; > 4 mixing particles participate the mixing event
with particle n. Since the MVM is described with the ensemble average
of the mixing particles, the shape and size of V|, have no direct influences
on the model while how to select the mixing particles is important. Once
the mixing particles are selected, V}; can be considered as the volume that
contains particle n and N); — 1 mixing particles. The average within the
mixing volume is computed simply as an ensemble average of N,; particles
by Eq. (8). Then, the center position of the particles within V} is given by
(xIVip)-

The position of particle a in relation to the center is
rl® = x(@) — (x|, (13)

We introduce the volumetric tensor3? that characterizes the distribution of

the particles within V};. The volumetric tensor is a 3 x 3 matrix defined as
Ry = (rir;[Vin), (14)

which has three real eigenvalues R?, R?, and R?* (R? > R? > R?), where the
corresponding eigenvectors are a, b, and c¢. The spatial distribution of the
particles can be approximated by an ellipsoid shape whose major, middle,
and minor semi axes are, respectively, given by R,, R, and R. with their
directions of a, b, and c. The ellipsoid shape can be evaluated by parameters
called elongation £ = 1 — R,/R, and planarity P =1 — R./R;,.3> E and P
have a value between 0 and 1 depending on the shape of the ellipsoid. When

the ellipsoid is elongated in one direction, F is close to 1. On the other hand,
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the ellipsoid with a flat shape has P ~ 1. Both F and P have small values
for a quasi-spherical shape.

The mean separation distance between the particle and the center (x|V}})
is given by \/m . Therefore, the characteristic length scale of the

mixing volume can be estimated as

Lyr =2/ R2 + R} + B2 = 2,/u(Ry). (15)

Ly also characterizes the cutoff length scale of the low-pass filter defined
as an ensemble average of particles since this average is given by the volume
average within V}. Equation (15) gives a single length scale for the volume.
If the volume is anisotropic (£ > 0 and P > 0), the characteristic length
scale of the mixing volume also depends on directions. As shown in the next
section, the distribution of randomly distributed particles has small £ and
P when the number of particles is large.

It was shown that the volumetric tensor can be used for computing a
coarse-grained gradient of flow variables given at randomly distributed com-
putational points in turbulent flows.3! This gradient estimation method is
used with the particles within the mixing volume. A coarse-grained gradient

of f, (0f /0z;|V{:), can be estimated based on a linear approximation as®!

8f Ny Ny
(G|vir) = g oo = 6 =R (10

a=1 =1
where Ri_j1 is the inverse of the volumetric tensor R;;, the summation is taken

for the repeated index k, and the integers a and [ denote Ny, particles within
Vii. Although Eq. (16) can be used for Ny > 4 particles, (0f/0z;|Vyy) is
poorly estimated by Eq. (16) in the case of Ny, < 6, for which the spatial

distribution of randomly distributed particles tends to be anisotropic.3!
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3.2. Coarse-grained scalar dissipation rate

The present multi-particle model computes the coarse-grained scalar dis-
sipation rate (g,|V}}) with the coarse-grained gradient (0¢/0z;|V}}) and the
quantities assigned to particles (x™, @™ and ¢(). A SGS model for the
filtered scalar dissipation rate proposed by Cook and Bushe?® is applied to

the particles within V}}, where (g4|V}}) is expressed by

0o |, 0¢
VM> <a—xj

es|Vip) = CepD { —
(ColVii) = CuoD { 2
where C,, is a model parameter. Equation (17) is computed for Lagrangian

Vi), (17

particles while the original model by Cook and Bushe? was developed for
estimating the filtered scalar dissipation rate on a computational grid of LES.

In the case that the particle distribution is too sparse to resolve scalar
gradient, C.4 has a value much greater than 1. This situation is usually
encountered in the simulation of turbulent flows at high Reynolds number
because the length scale related to the scalar gradient becomes smaller with
the Reynolds number. If the scalar gradient is fully resolved by the particles,
Cey is close to 1 because of (0¢/0x;|Vy;) ~ 0¢/0x; and (e4|Vi}) =~ €4.

The estimation of C.4 based on an energy spectrum for scalar fluctuation
FEy is also proposed in a Eulerian setting by Cook and Bushe,?” and it is
extended for the particles within the mixing volume in this study. Here, E,
is used to estimate the scalar dissipation rate caused by all length scales or
resolved scales by particles. The scalar dissipation rate is mostly contributed
by small scales in turbulent flows. Ej4 in small scales is less sensitive to flows
than in large scales. Therefore, a model of Fy studied in canonical isotropic

turbulence is useful in estimation of the fraction of the scalar dissipation rate
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caused by the resolved scales. Although E, is not the same as the spectrum

of ¢ simulated by particles, the model of E; is expected to give a good

approximation of the spectral shape in small scales. Hereafter, F, given by a

model spectrum in isotropic turbulence is considered. For the coarse-grained

field in the mixing volume Vy;, C.4 is estimated by
fooo k*Ey(k)dk

[ k2G2(k, Lyr) Ey(k)dk

OE¢ - 9 (18)

where the numerator and denominator are, respectively, related to the scalar
dissipation rate from all length scales, (g4|V}}), and from scales larger than
Ly, D(0¢/0x;|Vy;) (0¢/0x;|Vy}), where Ly is defined with the volumetric
tensor as the characteristic length of the particle distribution in Eq. (15). The
low-pass filter G(k’, Ly7) in wavenumber space corresponds to the volume
average (f|V}y) with the cutoff length Lyr. The volume average with G,
defined by Eq. (11) works as a box filter in physical space. Therefore, the
multi-particle model uses the spectral transfer function for the box filter3?
as G (k, Lyr):

. sin(kLyr/2)

Glk, Lyr) = = 10 (19)

Even though the box filter causes oscillations in the wavenumber space, this
filter is used here because it is equivalent to ensemble average of particles used
for computing the volumetric tensor. Cook and Bushe?® used the following

model spectrum in Eq. (18) for Sc ~ 1:
Ey(k) = Ak~ exp [—1.73(kLy)~/* — 2.25(kny) "] , (20)

with the integral length scale Ly and the smallest scale 7,4 in the scalar field.

The constant A, which appears both in the numerator and denominator in

15



Eq. (18), does not affect C.4. The length scales are estimated from the

particles within the mixing volume by:

| k
Ly = — 21

ne = ScV?ny, (22)

nv = 1.5Re "Ly, (23)

Re;, = M’ (24)
1%

(25)

VM> + <8xj VM>)(26)

ke = (gt Vig) — (3 |Vip) (a5 Vi)
Similar estimations of the length scales were used on a computational grid by

23

o (0] O8]\ (2

Cook and Bushe,?” where important difference in above equations from Cook
and Bushe,?” is that the length scales are estimated from the particles within
the mixing volume. Here, the coarse-grained velocity gradient (0u;/0x;|V}})
in Eq. (26) is also computed from the particles within V}; with Eq. (16). k.
is the kinetic energy in the particle motion in relation to the mean motion
of the particles, while S is the product of the coarse-grained strain-rate
tensor. Here, we assume that the grid size in LES is smaller than the size of
the mixing volume. These parameters in the scalar spectrum are estimated
by the characteristics of turbulence because scalar fluctuations are assumed
to be produced by turbulent velocity fluctuations. It should be noted that
the definition of the kinetic energy in the length scale estimation is different
from Cook and Bushe?”: they have used the kinetic energy of the filtered
velocity, which contains the contribution of the mean flow of resolved scales.
We found that the length scale estimation with k,, Eq. (25), works better in

a laminar region with a mean flow since the kinetic energy in the mean flow
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is not directly related to the length scales of turbulence.

The equations presented above enable us to compute the coarse-grained
scalar dissipation rate from particles within a finite volume without any ar-
bitrary constants. When the model is combined with the MVM, the coarse-
grained scalar dissipation rate is computed for all mixing volumes considered
in the simulation.

Schmidt-number dependence of the coarse-grained scalar dissipation rate
is treated in the model by the scalar spectrum Ey. In the case of Sc > 1,
the scalar spectrum has a viscous-diffusive range with the smallest length
scale defined as the Batchelor scale ng = ngSc™/2. For Sc < 1, the scalar
spectrum has an inertial-diffusive range with the smallest length scale, the

—3/4_ The spectral shapes for the viscous-

Obukhov-Corrsin scale noc = nxSc
diffusive range and the inertial-diffusive range have been studied in previous
studies.?®3 For example, the scalar spectrum at large Schmidt number can
be expressed with the form of E4(k) ~ k~'exp(—2k/kp) for scales smaller
than Kolmogorov scale n, where kg is the wavenumber of the Batchelor scale
ng = Sc™?n. The model spectra with the viscous-diffusive range or the
inertial-diffusive range can be used for incorporating the Schmidt number
dependence in the present model. The parameters in the model, such as

the Batchelor scale and Obukhov-Corrsin scale, can be computed with the

Schmidt number and the Kolmogorov scale computed with Eqgs. (21-26).

17



4. A priori test of volumetric tensor model of scalar dissipation

rate

4.1. DNS database of planar jet with passive scalar transfer

A priori test of the present model is performed with the DNS database of
temporally-evolving planar jets with passive scalar transfer.? Temporally-

evolving shear flows have been widely studied in DNS as a model of their

40,41,42,43 44,4546 47,48

spatially-evolving counterparts (e.g., jets, mixing layers, wakes,

49,50,51,52) " These temporal simulations use periodic bound-

and boundary layers
ary conditions in a streamwise direction. The flow in temporal simulations
develops with time instead of the streamwise direction. The planar jet in
the temporal simulation is statistically one-dimensional and nonstationary,
and it has different forms of averaged Navier-Stokes equations from spatially-
evolving planar jets because the statistics in spatially-evolving planar jets are
dependent on streamwise and cross-streamwise positions but independent of
time. This results in the zero-mean cross-streamwise velocity in the tem-
poral planar jet although the spatial one has mean inward velocity outside
the jet. However, cross-streamwise profiles of root-mean-squared (rms) ve-
locity fluctuations in the temporal planar jet are also consistent with those in
spatially-evolving planar jets.%%*! Analysis of the mean momentum equations
in turbulent boundary layers also showed that the dominant term in the mean
momentum equation is the same for both temporal and spatial simulations in
turbulent boundary layers.?® This is likely to be true in turbulent planar jets
because both temporal and spatial planar jets have similar cross-streamwise

40,41

profiles of mean streamwise velocity and Reynolds stress, which appear

in the dominant terms of the mean momentum equations.
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One of the advantages of temporal simulations is a shorter streamwise
computational domain than in spatial ones. This enables us to increase the
Reynolds number in temporal simulations at a given computational resource.
It is important to investigate the relation between the present model and
length scales of turbulence, some of which are strongly dependent on the
Reynolds number. The temporal planar jet is chosen as a test problem since
a higher Reynolds number can be achieved than in the spatial jet. In contrast,
one of the disadvantages is lack of convergence of statistics obtained in the
temporal simulations. % This is because statistics are computed with a spatial
average on homogeneous planes.

40,4143 1505 a computational

The DNS of temporally-evolving planar jets
domain with periodic boundary conditions in the streamwise (z) and span-
wise (z) directions, while the jet spreads with time in y direction. The lateral
position of y = 0 is on the jet centerline. The components of velocity vector
in z, y, and z directions are denoted by u, v, and w, respectively. At a given
time step, the statistics are computed as a function of y by taking average
in the x and z directions, where the average of a variable f is denoted by an
overbar f and a fluctuation from the average is denoted by f’ = f — f. The
flow is initialized with the mean velocity profile given by

_ 1 1 H-2yl\ _ _
i LA =W = 27
u = —-U; + =Ujtanh ( ) ,o=w =0, (27)

where H is the initial jet width, 6; = 0.015H, and Uj is the jet velocity.
The initial velocity profile is obtained by superimposing velocity fluctuations

on the mean velocity, where the velocity fluctuations are generated with a
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Figure 1: Lateral profiles of (a) mean streamwise velocity @ and (b) rms streamwise velocity
fluctuation uyms at t = 8(H/Uy), 12(H/Uy), and 16(H/Uy). @ and ums are divided by
the mean streamwise velocity on the centerline %o while y is also divided by the jet half
width b,. The present DNS results are compared with experiments®* 75556 and DNS®7

of spatially-evolving planar jets.

diffusion process.?® The initial scalar profile is given by

6= 365+ yostanh <H;Tf|y|) , (28)
where ¢ is the initial scalar value in the jet.

The governing equations, Egs. (1), (2), and (3), are integrated with the
finite difference code?®*® based on the fractional step method, which uses

a third-order Runge-Kutta method for temporal advancement and fully-

conservative finite difference schemes® for spatial discretization. The grid
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Figure 2: Color contour plots of passive scalar on a z-y plane at t = 16(H/Uy) for (a)

Re = 10000, (b) Re = 35000, and (c) Re = 70000.
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Table 1: Statistical properties of planar jets at ¢t = 16(H/Uy). b, and by are jet half
width based on mean profiles of streamwise velocity and passive scalar. n¢ is Kolmogorov
length scale, A¢ is Taylor microscale, and Re)¢ is turbulent Reynolds number on the jet

centerline.

Re b by ne Ac Rexc
10000 0.88H 1.21H 42x103H 93x1072H 125
35000 0.87H 1.19H 16x103H 4.7x1072H 205
70000 0.81H 1.20H 09x10*H 3.4x1072H 306

spacing is uniform in the homogeneous (x and z) directions while the grid is
stretched in the lateral (y) direction near the boundaries. The fourth-order
and second-order finite difference schemes are used in the x and z direc-
tions and y direction, respectively. The planar jet is simulated for three jet
Reynolds numbers Re = U;H /v = 10000, 35000, and 70000. The Schmidt
number S¢ = v/D = 1 in all simulations. The DNS is performed with
the computational domain (L, L,,L,) = (6H,10H,4H), which is repre-
sented by (N, x N, x N,) grid points, where (N, N,, N,) = (1200, 1600, 800),
(2400, 3500, 1600), and (4200, 5600, 2800) for Re = 10000, 35000, and 70000,
respectively. Previous experiment and DNS of turbulent planar jets have
shown that the auto-correlation function of streamwise velocity with stream-
wise separation distance reaches 0 around the distance of 2.5b, (b,: jet half
width based on mean streamwise velocity).%%5" The jet half width increases
with time, and therefore L, /b, decreases as the jet grows. At the end of the
present DNS (t = 16H/Uj), b, has increased up to L, =~ 7b,, which is large

enough for the temporal DNS to recover the theoretical scaling b2 ~ t as
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shown in previous study.*!

Figure 1 shows the mean streamwise velocity u and rms velocity fluctu-
ation s = (w2)/? divided by the centerline value of % denoted by T¢ in
comparison with experiments and DNS of spatially-evolving turbulent planar
jets, where y is also divided by the jet half width b,. The mean streamwise
velocity has a typical profile in the self-similar region observed in previous
experiments at t = 8(H/Uy), and hardly changes with time. In contrast,
Urms /Te for y/by| < 1increases from ¢ = 8(H/Uy) to 12(H/Uy), but tms/uc
has a similar profile for ¢ = 12(H/U;) and 16(H/U;). Thus, the temporally-
evolving turbulent planar jets have fully developed at ¢t = 12(H/U;).

Figure 2 visualizes the passive scalar on a x-y plane at ¢t = 16(H/U;)
for all Reynolds numbers. Smaller-scale structures appear as Re increases.
Because of the initial condition of the scalar field, ¢ is equal to 0 in the
non-turbulent region, where the scalar dissipation rate is also close to 0.
Therefore, in the present study, the volumetric tensor model is tested for
0 <y < 2H, where both turbulent and non-turbulent fluids are found.

Table 1 summarizes the turbulence characteristics at ¢ = 16(H/U). Here,
by is the jet half width based on the mean scalar ¢, n = (13/2)Y/4 is the
Kolmogorov length scale, A = (u2/(0u//dx)2)'/? is the Taylor microscale,
and Rey = \/ﬁ)\ /v is the turbulent Reynolds number, where the subscript
C refers a value on the jet centerline. The jet half width hardly depends
on the Reynolds number while the Kolmogorov length scale decreases as Re
increases. In all DNS, the grid spacing is smaller than 1.57¢ in the turbulent

region.

23



4.2. Procedure for a priori test

The multi-particle model for the coarse-grained scalar dissipation rate is
tested with the DNS database of the planar jet at ¢t = 16(H/U;), at which

the jet is fully developed. The following procedure is used in a priori test:

1. The number of particles N, is determined.

2. Ny, particles are randomly placed within a spherical volume with radius
Rs whose center is located at (s, ys, 2s)-

3. The variables computed on the grid in the DNS are interpolated onto
Ny particles with a tri-linear interpolation.

4. The volumetric tensor is computed based on the particle positions.

5. The coarse-grained scalar dissipation rate is computed with the multi-
particle model Eq. (17) and with the ensemble average of scalar dissi-

pation rate interpolated from the DNS grid.

The same procedure is repeated by changing (s, ys, 25), Ny, and Rg. The
coarse-grained scalar dissipation rate estimated from Eq. (17) with the volu-
metric tensor is denoted by (g4|Vy})y While the one computed based on the
DNS value of €4 is denoted by (e4|V3};) pyg- The relation between (4|Vi) (1
and (e4|V47) pug 1S investigated with the statistics computed with the ensem-

ble average of the spheres whose center is located at the same ;.

4.8. Results and discussion

Figure 3 shows probability density functions (PDF's) of elongation E and
planarity P for Nj; randomly distributed particles. As N,; decreases from

Ny = 10 to 4, the probability for large ' and P increases. In this case,

24



1 1

08 08
06 06
S o
0.4 0.4
02 02
0% 10 15 20 2 05 10 15 20 2
@ (b)

NM NM

Figure 3: Probability density functions (PDF) of (a) elongation E and (b) planarity P

computed as a function of the number of particles Ny;.

the particle distribution is flat or elongated in one direction. For larger N,,,
the PDFs are large for 0 < F < 0.3 and 0 < P < 0.3, and the particle
distribution tends to be more isotropic.

Figures 4(a-c) show contour plots of averaged values of C., given by
Eq. (18), C’_gd,, computed for 6 < Ny, < 24 and 1 < Rg/ne < 250. C’_gd,
increases with Rg. but weakly depends on N,,. This is because Rg is related
to the cutoff length of the low-pass filter defined as the volume average, and
the contribution from unresolved small scales to (g4|V}}) becomes greater as
Rgs becomes large. Magnitude of C’_5¢ reaches O(10?) when Rg exceeds 1007c.
Figures 4(d-f) show color contour plots of C_, for small Rg. When Rg ~ 7¢,
the gradient estimation with the volumetric tensor yields a fully-resolved
scalar gradient,! and D(9¢/0x;|Vi;) (D¢ /0x;|Vi:) is close to e, = DV ¢- V.
Therefore, C.4 approaches 1 as Rg/n¢ decreases to 1 as seen in Figs. 4(d-f).

Figure 5 compares averages of coarse-grained scalar dissipation rate, (€4|V3}) pyg

and (g4|Vi}) o, by plotting Ry = (4|Vih) pys/(€6lVii) v as a function of
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Figure 4: Averaged values of C.,, (C.4) plotted against (Nas, Rs/nc) at t = 16(H/Uy) on
the centerline: (a) Re = 10000; (b) Re = 35000; (c) Re = 70000. C., for 1 < Rg/nc <5
is shown in (d-f): (d) Re = 10000; (e) Re = 35000; (f) Re = 70000.
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(Num, Rs/nc), where Ry, = 0.5 and 2.0 are shown with broken lines. For most
values of (Ny, Rg), Ry has a value between 0.5 and 2.0. Thus, (e4[V{i),
is of the same order of magnitude as the DNS value despite the strong de-
pendence of C.4 on Rg in Fig. 4. However, the volumetric tensor model
overestimates (g,|V}}) for small Ny, as attested by R, < 1 for Ny, < 8.
This is explained by an inaccurate estimation of the coarse-grained gradient
(0f J0x;|V) by the volumetric tensor for small Ny,.3! It is also found that
R, has only a weak dependence on Rg for Ny, < 16. Figure 6 shows R,
against (Nys, Rs/by). R, has a very similar profile for all Reynolds numbers
when it is plotted with Rg/b,. Dependence on Re in Fig. 6 is clearly seen
for small Rg/b, (Rg/b, < 0.1). For small Rg, R, for three Reynolds num-
bers is similar to each other when Rg is normalized by n¢ in Fig. 5. The
coarse-grained scalar dissipation rate (g,4|V};) with small Rg is close to the
dissipation rate 4 in the fully resolved field, where the strongly-dissipative
region has a sheetlike structure whose thickness is characterized by the Kol-

¢ = 1.5562 Therefore, the performance of the

mogorov scale in the case of S
multi-particle model with small Rg depends on the Kolmogorov scale. On
the other hand, the coarse-grained scalar gradient (0¢/dz;|V};) for large Rg
is related to the mean scalar gradient, which is characterized by the jet half
width b,. Therefore, R4 with large Rg has a similar profile for all Reynolds
number when Rg is normalized by b,.

For large Ny, Ry with large Rg/b, exceeds 2, and the model underes-
timates the coarse-grained scalar dissipation rate. As Nj; becomes large,

the ensemble average of particles (f|V}}) approaches to the volume aver-

age because of the large number of samples in the volume V). Therefore,
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(0¢/0x;|Vy;) with large Rg and Ny is very close to 0 on the centerline be-
cause of the symmetric mean scalar profile in the planar jet. Nevertheless,
(e4|Vip) does not approach 0 even if Rg increases. Because of this difference
between (0¢/0x;|Vi;) and (e4|V}}), the volumetric tensor model tends to un-
derestimate (g,|V};) when Rg/b, and Ny, are large. However, if V), is small,
(0¢/0x;|Vy;) has a non-zero value because of the small number of samples
in computing the ensemble average of particles. Therefore, the model does
not work well with large Ny, when Rg is as large as b,,.

Figure 7 shows lateral profiles of averaged coarse-grained scalar dissi-

pation rate (€4|Vy;) pyg and (€4|Vi;), o computed for Ny = 12 or 16 and
Rg = 40nc or 80nc. The averaged coarse-grained scalar dissipation rate
becomes small with y for y/H > 1, consistent with the DNS, since the
scalar dissipation rate is very small in the non-turbulent region.®3%* For all
Reynolds numbers, the volumetric tensor model yields m similar to
m. The profile of m obtained with Nj; = 16 is similar for
both Rs = 40n¢ and 80nc while dependence on Rg is more significant for
Ny = 12 than Ny = 16. Nevertheless, the volumetric tensor model well
estimates the order of magnitude of (g,[V;}) for different sets of Ny, and Rg.
Even though the coefficient C.4 varies in the range of O(10°)-O(10%) depend-
ing on Ny and Rg, magnitude of (g,]V}}) is not sensitive to Ny, and Ry,
and the estimation of the coarse-grained scalar dissipation rate only weakly

depends on these parameters.
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5. LES-Lagrangian particle simulations of passive scalar mixing in

planar jets

5.1. Implementation of the coarse-grained scalar dissipation model

The multi-particle model of coarse-grained scalar dissipation based on
the volumetric tensor is applied to the LES/LPS, where the passive scalar is
treated with Lagrangian notional particles. The LES solves Egs. (4) and (5),
where the velocity 1 is interpolated onto particle positions providing a™ ()
for solving Eq. (6) for Np particles. The MVM is applied for Eq. (7) with V}}
that contains Nj,; mixing particles, where N, is treated as a computational
parameter in the simulation. For particle n, Nj; — 1 mixing particles are
selected at every computational time step in the descending order according
to the distance from particle n. With integer o = 1, ..., Nj; that represents
the particles within V}}, the MVM for particle n is applied in the form of

de 1
dt n NMTM

(<¢‘V]\Z> - (b(a)) for a = 17 seey NM? (29>

with 75, computed by Eq. (12) with the multi-particle model for (g,|V}}).
The MVM applied for particle n affects Ny, particles within Vi, by Eq. (29).
For every computational time step, the mixing volume is set up for all of Np
particles, and Eq. (29) is computed for all mixing volumes. The MVM is se-
quentially applied from n = 1 to Np. Because the initial position of particles
is randomly chosen, there is no specific order in computation of the MVM.
The present method allows one particle to participate more than one mixing
event, where ¢(™ can be modified more than once in one computational time
step. T is defined so that one event decays the scalar variance within the

mixing volume at the coarse-grained scalar dissipation rate. One mixing par-
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ticle participates N); mixing events on average per one computational time
step. Therefore, 7 in Eq. (9) is replaced by Ny 7y, in Eq. (29) so that the
MVM computed for all particles provides a correct decay rate of the scalar

variance.

5.2. Numerical methods

The LES/LPS is used for simulating the temporally-evolving planar jet
with passive scalar transfer considered in the DNS. The LES is performed
with the same finite difference code as in the DNS used for a priori test. The
difference in the LES code from the DNS is in the influences of unresolved
scales, which appear as R; in the governing equations described by Egs. (4)
and (5). We use an implicit LES (ILES) that relies on a numerical low-
pass filter which mimics kinetic energy dissipation in unresolved scales. In

the present study, an explicit tenth-order low-pass filter%

is applied to all
components of the velocity vector at the end of every computational time
step. Therefore, R; in Eq. (5) is implicitly treated in the simulations. Our
previous study has confirmed that the velocity statistics in the ILES of planar
jets agree with the DNS,36:26

The detail of the LPS is documented below. Initially, Np particles are
randomly placed in the computational domain. The initial scalar value ¢ is
given by substituting y = y™ to Eq. (28). The resolved velocity 1 in the LES
is interpolated onto the particle positions with the tri-linear interpolation.
Equation (6) is integrated with the first-order Euler scheme, which is also
used for Eq. (7) unless the time increment At is larger than Ny;7y,. When

At > Ny, the scalar values of the particles within the mixing volume

are replaced by the mean value within the mixing volume (¢|V}}) instead of
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Table 2: Computational parameters in the LES/LPS. ¢ is taken at ¢ = 16(H/Uy).
Re Np Ny Ryv/ne pp
Case 1 10000 30000 12 68 125H 3
Case 2 10000 60000 12 54 250H 3
Case 3 35000 10000 8 217 41.7H3
Case 4 35000 10000 12 249 41.7H3
Case 5 35000 30000 12 172 125H 3
Case 6 35000 30000 24 217 125H3
Case 7 35000 60000 12 137 250H 3
Case 8 35000 60000 24 172 250H 3
Case 9 70000 30000 12 289 125H 3
Case 10 70000 60000 12 230 250H 3

using Eq. (7).

The MVM needs to calculate the distance among particles for selecting
the mixing particles. Calculation of the distance for all possible particle
pairs takes long computation time. In the present simulation, the candidate
of mixing particles is chosen by dividing the computational domain into small
subdomains each of which contains approximately 10N, particles. The dis-
tance between two particles is computed for particle pairs located in the same
subdomain. The mixing particles close to particle n are selected from the

subdomain with the bubble sort algorithm.
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5.8. Computational parameters

The LES/LPS uses the computational domain of (L,, L,, L,) = (6H,10H,4H),
which is the same as the DNS. The number of grid points in the LES is
(N, Ny, N,) = (120, 180, 80) for all Reynolds numbers: Re = 10000, 35000,
and 70000. The non-uniform grid is used only in the lateral (y) direction.
The LES/LPS is performed with 10 sets of the parameters (Re, Np, Nys) as
summarized in Tab. 2. pp = Np/L,L,L, is the number density of particles,
and Ryry = (3Ny/4mpp)t/? gives the estimate of the order of the typical
mixing volume size. Here, R,y is divided by 7o taken from the DNS at
t = 16(H/U;). Note that the size of each mixing volume is given from the
volumetric tensor. The value of Np is selected based on Ry to investigate
the influence of the mixing volume size.

In the next subsection, cases 3-8 with Re = 35000 are used for investi-
gating the influences of the parameters in the MVM: the influences of Ny,
are discussed by comparing cases 3 and 5 with 6 and 8, respectively, for the
same values of Ry ; the dependence on R);y at the same N, is discussed
from cases 4, 5, and 7 for Ny, = 12 and cases 6 and 8 for Ny; = 24. The
Reynolds number dependence is also studied from cases 1, 2, 5, 7, 9, and 10,
for which (Np, Njr) = (30000, 12) or (60000, 12).

The statistics in the LPS are computed by ensemble averages of parti-

cles 23,26

as illustrated in Fig. 8. In the temporally-developing planar jets, the
statistics are represented as a function of y and time ¢. For computing the
statistics in the LPS, the y coordinate is divided into 180 regions, each of
which has the length of A, = L, /180. jth region (j = 1,...,180) is located

for (j — 1)A, <y < jA,. The particle in (j — 1)A, < y™ () < jA, is used
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Figure 8: Computation of statistics from particles.

as a sample for ensemble averages in the jth region. The statistics in the jth
region are presented against the center location (25 —1)A, /2. The degree of
statistical convergence depends on the number of particles. The LES/LPS
with each set of parameters is repeated 180 times with different initial po-
sitions of particles. 180 times of the simulations are used for computing
statistics in order to reduce statistical uncertainty.

For case 1, the computation time of the LES/LPS is about 1/1000 times
of that of the DNS, where the computation time was measured with the
high-performance computing system, CX100, in Nagoya University. The
computation time of the LES/LPS is significantly affected by the number of
grid points in the LES and the number of particles in the LPS. The number
of grid points in the LES is determined based on large scales of turbulent
flows, and hardly increases with the jet Reynolds number. On the other
hand, more grid points are required in the DNS at higher Reynolds number.
Therefore, the difference in the computation time between the LES/LPS and

the DNS increases with the Reynolds number.
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tuation at ¢ = 16(H/U,): (a) Re = 10000; (b) Re = 35000; (c) Re = 70000.
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Figure 10: Rms values of ¢’, ¢ms, at t = 16(H/U) for Re = 35000 in the LES/LPS and
DNS: (a) cases 3, 5, 6, and 8; (b) cases 4, 5, and 7.
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Figure 11: Mean values of ¢ at t = 16(H/U;) in the LES/LPS and DNS: (a) Re = 10000;
(b) Re = 35000; (c) Re = 70000.
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Figure 12: Re-dependence of rms values of ¢', ¢yms, at ¢ = 16(H/U;) in the LES/LPS
and DNS: (a) Re = 10000; (b) Re = 70000.
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Figure 13: Probability density function of ¢ at t = 16(H/U;) in the LES/LPS and DNS:
(a) Re = 10000,y/H = 0; (b) Re = 10000,y/H = 0.8; (c) Re = 35000,y/H = 0; (d)
Re = 35000,y/H = 0.8; (e) Re = 70000,y/H = 0; (f) Re = 70000,y/H = 0.8.
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5.4. Results and Discussion

The resolved velocity in the ILES is interpolated on the particle position.
This particle velocity is important for accurate prediction of turbulent diffu-
sion. Since the LES/LPS is evaluated by comparison with the DNS results,
the velocity field in the ILES should be consistent with the reference DNS
database. Figure 9 compares lateral profiles of mean streamwise velocity u
and rms streamwise velocity fluctuation, wu,,s, between the ILES and the
DNS. Here, the statistics of the resolved velocity « in the ILES are presented
(ie. @ and Upys = a2 — 52). Both @ and s in the ILES agree well with
the DNS for all Reynolds numbers since u and u,,s are governed by large
scales in the jet and the contribution from the unresolved scale is small.

Figure 10 compares rms values of ¢, ¢yms = 1/ @2, between the LES /LPS
and the DNS for Re = 35000 at t = 16(H/U,). Figure 10(a) includes cases
3, 5, 6, and 8, where the characteristic radius of mixing volume is R,y =
21Tne in cases 3 and 6 and Ry;y = 172n¢ in cases 5 and 8. Comparing
these cases with the same Rj indicates that ¢, in the LES/LPS becomes
larger as the number of mixing particles Nj; increases. This tendency is
clearer for |y/H| < 1.5, where the scalar dissipation rate is higher than
the outer region (Jy/H| > 1.5). For |y/H| < 1.5, ¢ums in the LES/LPS
with Ny, = 24 is larger than the DNS values. ¢, is closely related to the
modeled scalar dissipation rate, and smaller (larger) ¢, is caused by larger
(smaller) dissipation rate. The observed dependence on Nj; agrees with a
priori test in Figs. 5 and 6, which also show that the model with Ny; = 8 and
24 overestimates and underestimates the scalar dissipation rate, respectively.

Figure 10(b) compares ¢,,s among the LES/LPS with Ny, = 12 (cases 4, 5,
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and 7) and the DNS. These LES/LPS in Fig. 10(b) have the same Ny, but
different values of Np, which results in a different size of the mixing volume
(Rarv) as summarized in Tab. 2. At Ny, = 12, the number of the particles
Np does not affect ¢y, implying the present mixing model works well for
Njy; = 12 independently from the size of the mixing volume. Therefore, ¢
shows a good agreement between the DNS and the LES/LPS. This is also
expected from a priori test in Fig. 5, where the dependence of the present
model on R,y is weak around N,y ~ 12.

Figure 11 shows the mean profile of ¢, ¢, in the LES/LPS at Ny, = 12
and the DNS. The DNS results of ¢ hardly depend on the Reynolds number.
This is expected from the mean scalar transport equation, obtained by taking
an average of Eq. (3), where the turbulent transport term is more important
than the molecular diffusion term, which is modeled by the MVM, except
for very low Reynolds and Schmidt numbers. The Reynolds number in the
present DNS is high enough for ¢ to be almost independent of the Reynolds
number. The LES/LPS with different Ry predicts well ¢ at all Reynolds
numbers even though the MVM is applied with a large mixing volume in
relation to the Kolmogorov scale.

Figures 12(a) and (b) show ¢ys for Re = 10000 and 70000, respectively,
comparing the results from the LES/LPS at N, = 12 and the DNS (cases 1
and 2 for Re = 10000; cases 9 and 10 for Re = 70000). The LES/LPS with
Ny = 12 predicts ¢, well even at these Reynolds numbers.

Figure 13 shows probability density function (PDF) of ¢ on the jet cen-
terline (a,c,e) and at y/H = 0.8 (b,d,f) obtained from the LES/LPS and the
DNS. Overall profiles of the PDF are well predicted by the LES/LPS on the
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jet centerline. However, the LES/LPS fails to predict the shape of the PDF
at y/H = 0.8, where a large peak of the PDF at ¢ = 0 in the DNS results
cannot be seen in the LES/LPS results. This is because the MVM with a
large mixing volume cannot accurately express the molecular diffusion in the
intermittent region, where both turbulent and non-turbulent fluids coexist.
The computational grid size in the DNS is small enough to accurately capture
the intermittent distribution of turbulent (¢ > 0) and non-turbulent fluids
(¢ = 0), and thus, a large peak of the PDF at ¢ = 0 is obtained because
the non-turbulent fluid with ¢ = 0 exists at y/H = 0.8. In the intermit-
tent region, there exists a thin interfacial layer that separates the turbulent
from non-turbulent fluids, across which ¢ rapidly changes from ¢ = 0 to
¢ > 0 (also see the scalar field in Fig. 2).% This interfacial layer is called the
turbulent and non-turbulent interfacial (TNTI) layer, where the molecular
diffusion causes the scalar transfer between the turbulent and non-turbulent
fluids.57% It has been shown that the thickness of the TNTI layer is about
10 times of the Kolmogorov length scale.®”% The MVM with R > n can-
not accurately express the molecular diffusion across the TNTI layer: such
mixing with large Ry changes the scalar value in the non-turbulent fluid
far away from the turbulent region rather than in the proximity of the TNTI
layer. This results in reduction of probability that the fluid with ¢ = 0 is
found in the intermittent region in the LES/LPS in Figs. 13(b,d,f). The vol-
umetric tensor model uses the spectrum E, of turbulent flows even though
the intermittent region is partially laminar. Despite these difficulties in the
intermittent region, the LES/LPS can predicts the overall shape of the PDF
of ¢ except the peak at ¢ = 0 in Figs. 13(b,d.f).
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Figure 14: Lateral profiles of Kolmogorov scale predicted by Eq. (23) in the LES/LPS
(7)) in comparison with the DNS results n = (v°/2)'/* at t = 16(H/U}).
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Figure 15: Lateral profiles of Kolmogorov scale predicted by Eq. (23) in the LES/LPS
(Mv) at t = 16(H/Uy) for Re = 35000. The results are compared with 7 in the DNS.
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Figure 16: Comparison of mean scalar dissipation rate between the DNS (g5) and

LES/LPS ((e4|Vy})) at t = 16(H/Uy): (a) Re = 10000; (b) Re = 35000; (c) Re = 70000.

The scalar dissipation rate is normalized by e, = ¢2U,;/H.

A mixing volume is assigned to each particle in one computational time
step, where the multi-particle model estimates the coarse-grained scalar dis-
sipation rate (e4|V}};) for all mixing volumes. In this computation, the Kol-
mogorov length scale is also computed for each mixing volume as 7y in
Eq. (23). (g4|V}}) and ny computed for V are treated as the values assigned
to particle n, and the averaged values m and 7y are computed with
ensemble average of particles. Figure 14 compares the Kolmogorov scales 7y
in the LES/LPS and 1 = (v/2)"/* in the DNS in the region of 0 < y/H < 2
at t = 16(H/Uy). Both 7y and n hardly depend on y for 0 < y/H < 1, while
they increase in the y direction for 1 < y/H because the non-turbulent fluid
with small kinetic energy dissipation rate exists in this region.? It is well

known as one of the characteristics of turbulence that the Kolmogorov scale
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becomes smaller as Reynolds number becomes large. 7y in the LES/LPS
also shows this tendency, and the Re dependence of the Kolmogorov scale is
well captured by the LES/LPS. Although 7y in the LES/LPS is larger than
n in the DNS, this difference is not large: 7y//n at y = 0 is 1.34,1.30, and
1.31 for Re = 10000, 35000, and 70000, respectively. Figure 15 compares
the Kolmogorov scales in the LES/LPS and the DNS for Re = 35000. The
Kolmogorov scale estimated in the LES/LPS, 7y, hardly depends on the pa-
rameters (Np, Nys). Ty is estimated based on the Re dependence of length
scales by Eq. (23), which includes a coefficient of the order of 1. In Figs. 14
and 15, 7y in the LES/LPS is slightly larger than 7 in the DNS because of
the present choice of the coefficient. Because the model spectrum computed
with 7y is integrated in wavenumber space, the small difference between 7y
and 7 is not important, and the LES/LPS well predicts the statistics of the
planar jet as found in Figs. 10-13.

Figure 16 shows lateral profiles of m in the LES/LPS and &5 in the
DNS. Although the Kolmogorov scale estimated in the LES/LPS is slightly
larger than the DNS value as shown in Fig. 14, mean values of the modeled
coarse-grained scalar dissipation rate agree well with €, in the DNS. Thus, an
exact value of the Kolmogorov scale does not have a significant influence on
the coarse-grained scalar dissipation rate as long as the order of the scale is
well estimated by Eq. (23). This is because the dissipation spectrum k*Ey (k)
used in Eq. (18) peaks at k& smaller than the wavenumber corresponding to

the Kolmogorov scale.
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6. Conclusion

The multi-particle model for coarse-grained scalar dissipation rate, de-
fined as the local volume average of scalar dissipation rate, is developed
based on the volumetric tensor estimation of coarse-grained gradient3! and
the SGS model of scalar dissipation rate.?? Here, the volumetric tensor is
used for computing the coarse-grained gradient of scalar and velocity from
the particle field and for estimating the length scale of the particle distribu-
tion, while the SGS model is required to estimate the coarse-grained scalar
dissipation rate from the coarse-grained scalar gradient, which does not con-
tain the contribution from scales smaller than the length scale of the particle
distribution. The present model enables us to directly compute the coarse-
grained scalar dissipation rate from spatially-distributed notional particles,
which are often used in Lagrangian particle simulations (LPS) of turbulent
reacting flows. The proposed model is examined with both a priori and
posteriori tests.

A priori test is performed with the DNS database of turbulent planar
jets. It is found that the multi-particle model overestimates the coarse-
grained scalar dissipation rate when less than 8 particles are used in the
model. The model performance is examined for a wide range of the length
scale that characterizes the particle distribution. It is shown that the model
prediction depends on the particle-distribution length scale normalized by
the Kolmogorov scale  when magnitudes of these scales are comparable to
each other. In contrast, length scales of large scales in a flow, such as jet
half width, become important in the model performance when the particle-

distribution length scale is much larger than 7. Note that these are obtained
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for Sc¢ = 1, and 7 in the above discussion needs to be replaced by another
length scale that characterizes the smallest scale of scalar fluctuation. When
the number of the particles used in the model is between 10 and 16, the
multi-particle model well predicts the coarse-grained scalar dissipation rate
in the turbulent jet for a wide range of the particle-distribution length scale.

The multi-particle model with the volumetric tensor is implemented in
the LES/LPS with the mixing volume model (MVM) for molecular diffusion,
where the coarse-grained scalar dissipation rate (g,|V}}), defined as the vol-
ume average of €4 within the mixing volume Vj}, appears as an unknown
variable. Here, N}, particles within the mixing volume are used for estimat-
ing (¢4|V};) with the multi-particle model. The LES/LPS is used to simulate
the turbulent planar jet, where the results are compared with the DNS. The
computation time of the LES/LPS is less than 1/1000 times of that of the
DNS, where the difference in the computation time between the LES/LPS
and the DNS increases with the jet Reynolds number. The LES/LPS with
the MVM and the multi-particle model of (g,|V}}) well predicts rms values
of scalar fluctuations, indicating that the coarse-grained scalar dissipation
rate is well estimated by the present model. As also expected from a pri-
ori test, a better agreement between the LES/LPS and the DNS is found
for Npy = 12 than for Ny; = 8 and 24. The LES/LPS also predicts well
the PDF of passive scalar on the jet centerline, while the shape of the PDF
in the intermittent region of turbulent jet is slightly different between the
LES/LPS and the DNS. The MVM with large mixing volume changes the
scalar value in the non-turbulent region although this does not occur in the

DNS, where the PDF in the intermittent region has a large peak for the
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scalar value in the non-turbulent region. The Kolmogorov scale and aver-
aged coarse-grained scalar dissipation rate estimated by the present model
are consistent with the DNS results. Thus, it is confirmed that the multi-
particle model well estimates the coarse-grained scalar dissipation rate in the
context of the LES/LPS with the MVM. The present multi-particle model
is useful in application of LES to turbulent reacting flows because the LPS
combined with the LES does not require SGS models for chemical reaction

rates unlike in a simple LES computing both velocity and reactive scalars.
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