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Abstract. Direct numerical simulations for compressible temporally evolving

turbulent boundary layers at Mach number of M = 0.8 and 1.6 are preformed

up to the Reynolds number based on the momentum thickness Reθ ≈ 2200

to investigate a passive scalar field near the turbulent/non-turbulent interface

(TNTI) layer that is formed at the edge of the turbulent boundary layers. The

passive scalar is diffused from the wall in the turbulent boundary layers developing

on the moving wall at constant speed. The outer edge of the TNTI layer detected

by an isosurface of vorticity magnitude and passive scalar are compared by

visualization, and it is shown that the passive scalar can be used for detecting the

TNTI layer in compressible boundary layers. Conditional statistics are calculated

as a function of the distance from the outer edge of the TNTI layer. The

mean thicknesses of TNTI layer, viscous superlayer (VSL), and turbulent sublayer

(TSL), is about 15ηI , 4ηI , and 11ηI , respectively (ηI : Kolmogorov length scale

in the turbulent core region near the TNTI layer). The conditional mean profiles

of scalar dissipation rate have a large peak near the boundary between the VSL
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and TSL, where the fluid with a low scalar value locally entrained from non-

turbulent region encounters the turbulent fluid with a higher scalar value. The

scalar dissipation rate near the TNTI depends on the TNTI orientation: it is

larger near the TNTI facing the downstream direction with respective to the

mean flow in the boundary layer (leading edge). This is partially explained by

the dependence of the production rate of passive scalar gradient. The conditional

mean production rate of the scalar dissipation rate near the leading edge is as

large as in the turbulent core region while it is close to the non-turbulent value

when the TNTI faces the upstream region (trailing edge).

PACS numbers: 47.27.tb, 47.51.+a, 47.27.ep

Submitted to: Phys. Scr.

1. Introduction

Compressible turbulent boundary layers (TBLs) often appear in engineering

applications and science. For example, in an aircraft turbine engine, a compressible

TBL developed on each blade affects an overall power produced by the turbine [1]. A

compressible TBL is also significantly related to the weather prediction and substance

diffusion in atmosphere [2], which are all important issues in atmospheric science [3].

High-speed boundary layer also appears in propulsion system, where mixing of fuel

in the boundary layer can affect the combustion [4, 5]. Turbulence developing on a

wall can significantly contribute mixing of scalar, such as mass fraction of chemical

substances. This is because the nature of turbulence that creates a small-scale

fluctuating scalar field, which enhances mixing at molecular level. Modeling of

turbulent mixing is crucial in numerical simulations of reacting flows [6]. One of the

key quantiles in modeling of turbulent reacting flows is scalar dissipation rate, which

strongly depends on the characteristics of turbulence [7]. Many models developed

for simulating turbulent reacting flows contain scalar dissipation rate as an unknown

variable [8, 9, 10, 11, 12].
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Turbulent boundary layers are known as highly intermittent flows, where both

turbulent and non-turbulent (laminar) fluids coexist. The spatial distribution of

turbulent fluids plays an important role in scalar mixing in TBLs. Turbulent and non-

turbulent fluids are separated by a thin layer, which is called turbulent/non-turbulent

interface (TNTI) layer [13, 14]. The TNTI layer is also found in other canonical flows,

e.g., jet, mixing layer, and wake [15, 16, 14]. Recent studies have shown that the TNTI

layer consists of two layers [15]: one is called viscous superlayer (VSL), in which the

viscous term dominates the growth of enstrophy; another one is the buffer layer called

as turbulent sublayer (TSL) between the VSL and turbulent core region. Transport

processes of various quantities, e.g., mass, heat, kinetic energy, and momentum, across

the TNTI layer is important because of very different characteristics between turbulent

and non-turbulent fluids. The TNTI layer is related to the mass entrainment rate in

various turbulent flows [15], and therefore, statistical properties of turbulence near

the TNTI layer are expected to be important for developing models for entrainment

and numerical simulations. However, the TNTI in TBLs has not been well studied

compared to free shear flows, even though some characteristics of the TNTI in TBLs

are found to be similar to other flows.

Passive scalar mixing in a fluid is enhanced by turbulence. This can be seen as

high dissipation rate of the scalar fluctuation. Because the TNTI often appears near

the interface that separates two streams with different chemical substances, the mixing

process near the TNTI is also important in chemically reacting flows [17, 18, 19], where

the chemical reaction rate is strongly affected by turbulence. Therefore, it is important

to investigate the characteristics of passive scalar mixing near the TNTI.

In present study, we perform direct numerical simulations (DNSs) for temporally

evolving compressible turbulent boundary layers at subsonic and supersonic Mach

number with a passive scalar transfer. The statistical properties of passive scalar are

studied in relation to the TNTI, where the TNTI orientation with respective to the

mean flow in the boundary layer is shown to be important in enhancement of mixing

by turbulence near the TNTI. The details of DNS are described in Sec. 2. Sec. 3
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presents fundamental statistics of the TBL as well as statistics related to the TNTI

layer, whose outer edge called irrotational boundary, is detected by an isosurface of

vorticity magnitude. Finally, Sec. 4 summarizes the conclusion.

2. Direct numerical simulation

2.1. Temporally evolving compressible boundary layers

We use the DNS database used in our previous study [20], where DNS was performed

for temporally evolving compressible TBLs. Here, we present the details of the

simulations. Temporally evolving TBLs have been shown to be a good model of

spatially evolving TBLs [21, 22]. For example, a vertical profile of most statistics in

the fully developed region is quite similar between spatial and temporal TBLs [21, 22].

It was also shown that the averaged momentum equation is also dominated by the

same term in both boundary layers, and therefore, the growth of the TBL thickness

defined by the mean streamwise velocity is caused by the same mechanism [22].

The temporally evolving TBL develops with time in the computational domain

that is periodic in the streamwise and spanwise directions. The governing equations

are compressible Navier–Stokes equations and scalar transport equation:

∂ρ

∂t
+

∂ρuj

∂xj
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∂ρuiuj
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∂xi
+

∂τij
∂xj

, (2)

∂ρT
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∂uj
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with the equation of state for the perfect gas P = ρRT . τij is the viscous stress tensor

represented by

τij = µ

(
∂ui

∂xj
+

∂uj

∂xi
− 2

3
δij

∂uk

∂xk

)
. (5)

Here ρ is the density, ui is the velocity, P is the pressure, T is the temperature, k

is the thermal conductivity, Dm is the molecular diffusivity for the passive scalar ϕ,

γ = 1.4 is the ratio of specific heats, and R = 287 [J/(kg · K)] is the gas constant.
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Figure 1. (a) Computational domain. (b) Initial streamwise velocity profile.

We assume that the Prandtl number Pr = µCp/k = 0.71 and the Schmidt number

Sc = µ/ρDm = 1, where µ is the viscosity computed as a function of temperature T

by the Sutherland’s law with µs = 1.742× 10−5 (Pa·s), Ts = 273 (K), and S = 110.4

(K):

µ = µs

(
T

Ts

)3/2
Ts + S

T + S
. (6)

The computational domain is a rectangular box with the size of (Lx × Ly × Lz) as

shown in Fig. 1(a). The bottom of the computational domain is the wall over which

the TBL develops. The origin of the coordinate system is located at the center of

the wall. The streamwise, wall-normal, and spanwise directions are represented by

x, y, and z, respectively. We consider the TBL developing over the wall moving in

the x direction at a constant speed Uw. Hereafter, subscript w represents a quantity

on the wall. The initial velocity field approximates the velocity induced by a trip

wire installed on the wall with a diameter D [23]. The trip wire is often used in

experiments to promote the transition from laminar to turbulent boundary layer [24].

In the temporally evolving boundary layers, average can be calculated on a wall-

parallel plane as a function of y and t. A flow variable f can be expressed by average

f(y, t) and fluctuation f ′(x, y, z, t) as f(x, y, z, t) = f(y, t) + f ′(x, y, z, t). Hereafter,

the subscript 0 refers to values at t = 0. The initial velocity u0(x, y, z) consists of the

mean velocity u0 = (u0(y), 0, 0) and fluctuating components u′
0(x, y, z). u′

0(x, y, z)
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has non zero values for y < D to trigger turbulent transition, and it is generated by

the method based on a diffusion equation [25], by which random noise is converted

into fluctuations with a prescribed length scale. The initial mean streamwise velocity

profile u0(y) is given by a hyperbolic tangent profile [23] so that u0 is equal to the

wall velocity Uw at y = 0 and decreases toward 0 in the wall normal direction:

u0(y) =
Uw

2
+

Uw

2
tanh

[
D

2θsl

(
1− y

D

)]
, (7)

where, θsl = 0.1D is the initial shear layer thickness. The mean velocity profile is

shown in Fig. 1(b). Temperature, pressure, and density are uniform at the initial

state, where T0 = 300 (K), P0 = 101.3 (kPa), and ρ0 = P0/RT0. The initial profile

of ϕ is uniform in the wall parallel direction, and is given by the hyperbolic tangent

profile similar to Eq. (7), where ϕ0 is equal to 1 on the wall (y = 0) and ϕ0 decreases

toward 0 as y increases. The Reynolds number based on the trip wire diameter

D is ReD ≡ ρ0UwD/µ0 = 2000, which is much larger than the critical value for

turbulent transition (ReD = 500) in temporally evolving incompressible TBLs [23].

The Mach number is defined as M = Uw/c0, where c0 is the speed of sound at the

initial state. DNSs are performed for M = 0.8 and 1.6, which are subsonic and

supersonic boundary layers, respectively. The values of Uw and D are determined

from (ReD,M). The DNSs of M = 0.8 and 1.6 consider the flow with Uw = 277.75

(m/s) and D = 1.136× 10−4 (m) and with Uw = 555.50 (m/s) and D = 5.678× 10−5

(m), respectively.

2.2. Numerical methods used in DNS code

The sets of explicit numerical schemes presented in Wang et al [26] are used in present

DNS code. For time integration, the Euler terms are treated with the explicit 5-stage

4th-order Runge-Kutta method [27] and the other terms are treated with the explicit

1st-order Euler scheme. For the spatial discretization, the explicit 8th-order center-

difference scheme is used for the interior nodes, while the nodes near the computational

boundaries are treated with internal-biased lower-order finite difference schemes for

stability unless the periodic boundary conditions are applied. Finally, for removing the
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spurious fluctuations induced by the central difference scheme, a 10th-order explicit

low-pass filter [28] is applied to ρ, ρu, ρv, ρw, and ρT in the whole computational

domain at each time step.

In the DNS of temporally evolving TBLs, the periodic boundary conditions are

applied in the streamwise (x) and spanwise (z) directions. The wall is treated with

the non-slip adiabatic condition, while the non-reflective outflow boundary conditions

of 3D Navier–Stokes characteristics boundary conditions [29] are applied at the top

of the computational domain (y = Ly) with a sponge layer [30] in the region of

Ly − 10D < y < Ly to prevent the spurious wave reflections on the boundary. The

explicit 2nd-order low pass filter [31] is applied in the sponge layers in addition to the

10th-order explicit low-pass filter.

The time step interval is determined by the Courant Friedrichs Lewy (CFL)

condition with the instantaneous velocity and sound speed as below and the CFL

= 0.8 is used in this study.

∆t = CFL×min

{
1

/[√
γRT0(

1

∆x2
+

1

∆y2
+

1

∆z2
) +

u

∆x
+

v

∆y
+

w

∆z

]}
.(8)

These numerical schemes were used in the DNS of subsonic round jet [31], diffusion

jet flame [26], and supersonic planar jets [12, 32], which succeeded in reproducing the

statistics in consistent with experiments.

2.3. Computational parameters in DNS

The governing equations are integrated in time until the Reynolds number based on the

momentum thickness, Reθ = ρ∞Uwθ/µ∞, reaches about 2200, which is high enough to

have the fully-developed TBLs. In the present DNS, the flows turn into fully-developed

turbulent boundary layers at t/(D/Uw) ≈ 230 for M = 0.8 and t/(D/Uw) ≈ 250 for

M = 1.6, in the sense that the friction coefficient plotted against the momentum

thickness Reynolds number begins to follow the friction law for turbulent boundary

layers [20]. The momentum thickness Reynolds number has Reθ ≈ 1200 at these time

instances. Here the subscript ∞ refers to the properties in the freestream and the

momentum thickness is defined as θ =
∫∞
0

(ρu/ρ∞Uw) [1− (u/Uw)] dy.
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The computational domain size (Lx×Ly×Lz) should be large enough to contain

the large-scale flow structures for preventing periodic boundaries from having non-

physical effects on the flow development. Lx, Ly, and Lz in the present DNS are

determined based on the boundary layer thickness δ at Reθ ≈ 2200, where δ is defined

as the vertical location y at which the streamwise mean velocity u reduces to 1% of

the wall velocity Uw [33]. Following to Kozul et al [23], we determine (Lx, Ly, Lz) so

that Lx ≈ 6δ, Lz ≈ 3δ, and Ly ≈ 3δ + 10D (here 10D is the thickness of the sponge

layer).

The Cartesian mesh is used in this study. The grid spacing is uniform in the

x and z directions, while the wall-normal grid spacing obeys a half-tanh mapping,

which gives a finer grid near the wall. For studying the TNTI, the resolution

near the TNTI should be carefully examined, where the DNS must resolve the

smallest scale of turbulence that appears underneath the TNTI, i.e., Kolmogorov scale

η = (ν3/ε)1/4 in the turbulent region [ε = τijSij is the kinetic energy dissipation rate;

Sij = (∂ui/∂xj + ∂uj/∂xi)/2 is the rate of strain tensor; ν = µ/ρ is the kinematic

viscosity]. The number of the grid points (Nx, Ny, Nz) is determined by comparing

the spatial resolution with the viscous length scale δν on the wall and the Kolmogorov

scale ηc at y = 0.5δ, which is in the turbulent core region away from the wall. Here

subscript c denotes a value in the turbulent core region at y = 0.5δ, and the viscous

length scale is defined as δν = νw/uτ with the friction velocity uτ =
√
τw/ρw and

the wall shear stress τw ≡ µw(−du/dy)w. We ensure that the mesh size satisfies

∆x+ < 4.8, ∆y+w < 0.2, and ∆z+ < 4.8. Here, the quantities with superscript + are

normalized by the viscous scale. With these criteria, the grid spacing in the streamwise

direction is smaller than the DNS of wall turbulence in existing literatures [34]. It was

shown that a coarser grid in the streamwise direction, ∆x+ ≈ 8, often used in DNS

of wall turbulence, does not have a resolution enough to resolve the Kolmogorov scale

in the intermittent region, where the TNTI exists [35].

(Lx, Ly, Lz) and (Nx, Ny, Nz) are determined based on the above discussion, and

are summarized in Tab. 1, which also includes Reθ and the friction Reynolds number
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Table 1. Computational parameters and Reynolds numbers obtained in fully
developed turbulent states of boundary layers for which detail analysis is
performed.

M Reθ Reτ Lx/δ, Ly/δ, Lz/δ ∆x+, ∆y+w , ∆z+ Nx, Ny, Nz

0.8 2206 639 6.30, 5.37, 3.15 4.6, 0.188, 4.6 972, 738, 486
1.6 2174 524 7.23, 5.92, 3.62 4.9, 0.180, 4.6 972, 772, 512

���
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Figure 2. Visualization of instantaneous value of passive scalar ϕ on a x − y
plane at z = 0 in temporally evolving compressible boundary layer at M = 0.8
and Reθ = 2152 (Reτ = 622). The wall is moving in the x direction (from left to
right).

Reτ = ρwuτδ/µw at the end of the simulation, at which the TBLs are analyzed in

detail.

3. Results and Discussion

3.1. Comparison with spatially evolving TBLs

The passive scalar ϕ can be considered as a marker of the turbulent region (ϕ > 0) [36],

which allows us to visualize the distribution of turbulent fluids by ϕ as shown in Fig. 2

for M = 0.8. We can see in the intermittent region, where non-turbulent fluids with

ϕ = 0 coexist with the turbulent fluids ϕ > 0 at the same height.

Van Driest transformed [40] mean streamwise velocity uV D and passive scalar

ϕV D are plotted in Fig. 3(a) for comparing the statistics at different Mach numbers.

The definition of Van Driest transformed [40] mean streamwise velocity uV D is given

as:

uV D(y) =

∫ u+

0

√
ρ(y)

ρw
du+, u+(y) = [Uw − u(y)]/uτ . (9)
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Figure 3. Vertical profiles of (a) Van Driest transformed mean streamwise
velocity and passive scalar, (b) rms streamwise velocity and scalar fluctuations.
The DNS (⃝ [37]; ⃝ [38]) and experiment (∆ [39]) of spatially evolving
incompressible turbulent boundary layers are compared with the present DNS.

Similarly, Van Driest transformed [40] mean passive scalar is

ϕV D(y) =

∫ ϕ+

0

√
ρ(y)

ρw
dϕ+, ϕ+(y) = [ϕw − ϕ(y)]/ϕτ , (10)

with ϕτ ≡ Dm(−dϕ/dy)w/uτ . In the viscous sublayer (y+ < 5), the Reynolds shear

stress is negligible compared to the viscous stress and the DNS data agree well with

the green dot line (uV D = y+); in the log-law region, the present DNS results are in

a good agreement with red dash line represented as uV D = (1/k)lny+ + A [33] with

the constants k = 0.41 and A = 5.1. ϕV D is compared with DNS of spatially evolving

incompressible TBL [38]. Similarly, ϕV D follows ϕV D = y+ in the viscous sublayer

(y+ < 5), while the log-law ϕV D = (1/k)lny++A is also valid in the log-law region for

u. These features of the mean scalar profile can be also seen in the DNS of spatially

evolving incompressible TBL.

The second-order statistics are compared with experimental data [39] and other

DNS data [37] of spatially evolving incompressible TBLs in Fig. 3(b). As described

in Morkovin’s hypothesis [41], the compressibility mainly affects the density and

thermodynamic properties across the boundary layer rather than time scale and length

scale of turbulence for moderate Mach number M < 5 [3]. Therefore, compressible

TBLs are often compared with incompressible TBLs at a similar Reθ by transforming



Passive scalar mixing near TNTI in compressible TBLs 11

second-order velocity statistics by [42]:

u∗
i,rms =

√
ũ′′
i u

′′
i

u2
τ

ρ(y)

ρw
; u′′

i = ui − ũi; (11)

y∗ = y/δ∗ν ; δ∗ν(y) = ν(y)/(uτ

√
ρw/ρ(y)), (12)

where f̃ is a density-weighted average (Favre average): f̃ = ρf/ρ. Similar

transformation can be defined for ϕ by replacing ui and uτ by ϕ and ϕτ , respectively.

As shown in Fig. 3 (b), we can find good agreements, for the root-mean-squared (rms)

streamwise velocity fluctuation and scalar fluctuation for a comparable value of Reθ.

Note that the mean velocity, rms velocity fluctuations, and passive scalar fluctuations

in the compressible boundary layers presented above are consistent with those in

incompressible boundary layers only after applying the Van Driest transformation.

Further validation of the present DNS database was presented in our previous

paper [20], where vertical rms velocity fluctuation, Reynolds stress, skin friction

coefficient, and mass entrainment rate per a unit horizontal area were also shown

to be consistent with spatially evolving TBL.

3.2. Detection of Turbulent/non-turbulent interface

As shown in previous studies of the TNTI [43], we use an isosurface of vorticity

magnitude ω = ωth to detect the outer edge of the TNTI layer called the irrotational

boundary. The threshold ωth is determined based on the volume fraction of the

turbulent region normalized by the computational domain size (VT ), in which a fluid

with ω > ωth is referred to as a turbulent fluid while a non-turbulent fluid has ω < ωth.

This approach is proved to be able to detect the outer edge of the TNTI layer in both

incompressible and compressible flows [43, 44]. VT computed as a function of ωth as

shown in Fig. 4, where ω̂th is vorticity magnitude normalized by the mean vorticity

magnitude ωc at y = 0.5δ. In the figure, we can see that the turbulent volume VT

hardly changes with ω̂th in the range of 10−4 < ω̂th < 10−1 for both Mach numbers.

This indicates that the location of the isosurface of vorticity magnitude ω̂th hardly

changes with ω̂th. Therefore, the threshold value should be chosen in this range.
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Figure 4. Normalized volume fractions of turbulent region VT plotted against
threshold ω̂th or ϕ̂th used for detecting turbulent fluids, d̂th is ω̂th or ϕ̂th.

Weak dependence of VT on ω̂th is due to numerical error or pressure wave radiated

toward outside from the TBL, which can also generate weak vorticity in non-turbulent

fluids. The threshold should be determined so that these weak vorticity regions are

not detected as turbulent fluids. Therefore, the threshold should be chosen from

large values in the range 10−4 < ω̂th < 10−1. In this study, the threshold value

ω̂th = 0.04034 is used to detect the irrotational boundary. ω̂th = 0.04034 is shown

with the squares in Fig. 4. We have already confirmed that the small change in ω̂th

from this value hardly affects the location of the isosurface [20].

It has been shown that the passive scalar is also a good marker of turbulent

fluids [36, 35], and isosurface of ϕ with the threshold ϕth determined by the dependence

of VT and ϕth can be also used as the irrotational boundary [36, 35]. VT for turbulent

fluids defined as ϕ > ϕth is plotted against normalized threshold ϕ̂th = ϕth/ϕc in

Fig. 4. Unlike VT computed with vorticity magnitude, VT does not show rapid

increase even for small ϕ̂th. This is because the vorticity is computed with velocity

gradient, which enhances small numerical error in velocity fields. Similar plots of VT

for vorticity magnitude and passive scalar were also obtained in incompressible TBLs

and planar jets [45, 35]. The same value of normalized threshold is used for both

vorticity magnitude and passive scalar. Thus, ϕ̂th = 0.04034 is used in the analysis

presented below. For these thresholds, both vorticity magnitude and passive scalar

criteria result in almost same turbulent volume as shown in Fig. 4.
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Figure 5. Visualization of irrotational boundary forming at the outer edge of the
TNTI layer. Color represents dilatation ∇ · u. d̂th indicates the threshold value
of different detectors. The irrotational boundary detected by vorticity magnitude
is shown in the upside for M = 0.8 (a) and M = 1.6 (b), detected by a passive
scalar is shown in the bottom for M = 0.8 (c) and M = 1.6 (d).

The irrotational boundary detected by vorticity magnitude or passive scalar

is visualized in the top view in Fig. 5. The color shows the dilatation ∇ · u =

−(Dρ/Dt)/ρ, and the positive and negative values indicate fluid expansion and

compression in the regions, respectively. The upper two pictures (Figs. 5 (a) and

(b)) are irrotational boundary detected by vorticity magnitude, and the lower two

(Figs. 5 (c) and (d)) are detected by a passive scalar. We can see that both expansion

and compression regions coexist on the irrotational boundary, where the dilatation

at M = 1.6 is one order of magnitude larger than at M = 0.8. The structures with

various length scales can be found on the irrotational boundary, which implies the

different length scales of turbulent motions underneath the TNTI layer [46, 47]. In

the figures, the irrotational boundary detected by vorticity magnitude and passive

scalar are very similar. This implies that the passive scalar can be used to detect the

irrotational boundary in experiments when vorticity magnitude is difficult to measure.
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Table 2. The mean thicknesses of the TNTI layer, VSL, and TSL normalized by
the Kolmogorov scale near the TNTI layer [20].

M TNTI layer δI δV SL δTSL

0.8 15.4ηI 4.2ηI 11.2ηI
1.6 16.3ηI 4.2ηI 12.1ηI

The statistics are computed as a function of the distance from the irrotational

boundary. We use a local coordinate ζI whose origin ζI = 0 is located on the

irrotational boundary. The direction of ζI is normal to the irrotational boundary,

which can be calculated by the gradient of enstrophy (squared vorticity magnitude)

at the irrotational boundary as n = −∇ω2/|∇ω2|, and positive and negative values of

ζI point in the non-turbulent and turbulent region, respectively. ζI can be defined for

each irrotational boundary point, and the statistics conditioned on values of ζI can

be computed with ensemble average of all irrotational boundary points. Hereafter,

subscript I denotes the conditional statistics, while the conditional average is denoted

as ⟨ ⟩I . Further details of the procedure for computing conditional statistics were

presented in [35].

Since the statistical properties and geometry of the TNTI layer are characterized

by the turbulence underneath the TNTI layer [46], the characteristics of turbulence at

the location of ζI/δ = −0.3, which is under the TNTI, is used as reference quantities

for the TNTI layer. Kolmogorov length scale at this location can be computed as

ηI = ⟨ν⟩3/4I /⟨ε⟩1/4I and the corresponding velocity scale is vηI
= ⟨ν⟩I⟨ε⟩1/4I . We

choose ζI/δ = −0.3 because ηI and vηI
weakly depend on ζI at this location while the

conditional statistics within the the TNTI layer rapidly change with ζI [20].

Before we start to present the statistics for the passive scalar, we briefly describe

the structure of the TNTI layer in the compressible TBLs studied here. This TNTI

layer can be defined as a region where the vorticity magnitude is adjusted between

the turbulent and non-turbulent regions. Furthermore, the TNTI layer can be divided

into the VSL and TSL as shown in previous studies [15], and these inner structures

of the TNTI layer can be distinguished with vorticity dynamics [48, 49]. Based on

the derivative of the conditional mean vorticity magnitude ⟨ω⟩I , −d⟨ω⟩I/dζI , the
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mean thickness of TNTI layer, δI , is quantified based on the location of 15% of the

maximum value of −d⟨ω⟩I/dζI . Then, the mean thicknesses of the VSL and TSL

can be estimated by finding the averaged location of the boundary between the VSL

and the TSL. This boundary is defined as the location of ζI at which the conditional

mean value of the production term in the enstrophy transport equation is equal to

the conditional mean value of the enstrophy diffusion term. We estimate the mean

thickness of VSL, δI , as the distance from the irrotational boundary to the boundary

between the TSL and VSL. Then, the inner region of the TNTI layer is detected as

the TSL. The details of the quantification of the layer thickness are described in our

previous paper [20]. The thicknesses normalized by ηI given in [20] are presented again

in Tab. 2 because they are important for understanding the passive scalar statistics

given below. The TNTI layer, VSL, and TSL have mean thickness of 15-16ηI , 4.2ηI ,

and 11-12ηI , respectively, for both Mach numbers. These values are close to those in

incompressible free shear flows and shear free turbulence [43, 15, 50, 50].

3.3. Passive scalar mixing near turbulent/non-turbulent interface

Although the mean thicknesses of TNTI layer, VSL, and TSL slightly change with

the Mach number, the differences are very small. Hereafter, we assume that the mean

thicknesses of the TNTI layer, VSL, and TSL to be 15ηI , 4ηI , and 11ηI , respectively,

for simplification of the discussions.

The conditional mean profiles of the passive scalar are shown in Fig. 6(a). ⟨ϕ⟩I

is almost zero in non-turbulent region, exhibits a sharp jump within the TNTI layer,

and tends to be constant in the turbulent core region. This profile also confirms

that the passive scalar can be used as a detector function of turbulent fluids. The

conditional average of scalar dissipation rate ⟨εϕ⟩I are shown in Fig. 6(b), where the

scalar dissipation rate εϕ is defined as:

εϕ = 2Dm
∂ϕ

∂xj

∂ϕ

∂xj
. (13)

We can see that there is a peak of scalar dissipation rate near the boundary between

TSL and VSL. As discussed in previous studies [43], the boundary between TSL and
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Figure 6. Conditional average of (a) passive scalar and (b) scalar dissipation
rate.
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Figure 7. Instantaneous profile of scalar dissipation rate (color contour) and
irrotational boundary (white line) on the x−y plane at M = 0.8 and Reθ = 2206.

VSL is where a fluid with low-vorticity (low-scalar) from the non-turbulent region

encounters a fluid with relatively high-vorticity (high-scalar) coming from turbulent

core region. This causes the scalar gradient to be very large here. This can be also

found in the instantaneous profile of scalar dissipation rate on x−y plane for M = 0.8

(Fig. 7). There exist thin layers with high scalar dissipation rate near the irrotational

boundary visualized by white lines, and these thin layers with high scalar dissipation

rate near the TNTI layer are often aligned with the irrotational boundary.

Production terms of scalar gradient GiGi = (∂ϕ/∂xi)
2 and enstrophy can

be written as −GiSijGj and ωiSijωj , respectively. These terms arise from the

coupling between a strain tensor and vorticity or scalar gradient. The production

rates are related to the effective contribution of the strain, and are defined as
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Figure 9. Conditional average of (a) scalar dissipation rate and (b) production
rate of scalar gradient near the leading and trailing edges (LE: leading edge, TE:
trailing edge).

αϕ = −GiSijGj/G
2 and αω = ωiSijωj/ω

2, which are also related to the alignment

between strain eigenvectors and vorticity vector or scalar gradient [51]. Positive αϕ

indicates dominant contribution of the compressive strain acting on the scalar gradient

while positive αω indicates that vortex is stretched by the extensive strain. The

conditional mean profiles of αϕ and αω are shown in Fig. 8. ⟨αϕ⟩I and ⟨αω⟩I are very

similar for M = 0.8 and 1.6, and have positive values in the turbulent region. Thus,

the enstrophy and scalar dissipation rate are produced via coupling between strain and

vorticity vector or scalar gradient. Within the TNTI layer, ⟨αϕ⟩I and ⟨αω⟩I are larger

than their non-turbulent values. ⟨αϕ⟩I and ⟨αω⟩I have a peak near the boundary

between TSL and VSL.
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From Fig. 7, there is a tendency that high scalar dissipation rate near the

irrotational boundary appears more frequently when the irrotational boundary faces

in the streamwise direction (x). The orientation of the irrotational boundary can

be distinguished by the unit normal vector n = (nx, ny, nz) [52]. For investigating

the dependence on the interface orientation, the conditional statistics are computed

separately for the leading edge and trailing edge, where leading edge defined as

nx > 0.5 faces the downstream direction and trailing edge nx < −0.5 faces the

upstream direction. The conditional averages of the scalar dissipation rate εϕ and

the production rate αϕ of G2 for the leading edge and trailing edge are shown in

Fig. 9. The scalar dissipation rate near the leading edge is higher than the one near

the training edge, especially within the TNTI, in consistent with the visualization in

Fig. 7. The production rate ⟨αϕ⟩I is also much higher near the leading edge, and

⟨αϕ⟩I near the training edge is very close to the non-turbulent value within the entire

VLS and some part of TSL. The scalar gradient within the TNTI layer has a tendency

of parallel alignment with the normal direction of the irrotational boundary [36] since

the scalar rapidly changes across the TNTI layer. The orientation of the interface in

relation to the mean flow direction has a strong influence on the strain field near the

TNTI layer [52, 53]. In the TBLs developing over the moving wall, the turbulent fluid

has a larger streamwise velocity u than the non-turbulent fluid. The leading edge is

the TNTI that faces the downstream direction, where the turbulent fluid with larger

streamwise velocity is often located in the upstream side of the leading edge with

smaller streamwise velocity. Then, the turbulent fluid near the leading edge tends to

have ∂u/∂x < 0, which is related to the compressive strain in the streamwise direction.

Because the scalar gradient tends to align with the normal direction of the irrotational

boundary, the compressive strain near the leading edge tends to align with the scalar

gradient, and the scalar gradient is effectively intensified by the compressive strain.

In contrast, a fluid with ∂u/∂x > 0 often appears near the trailing edge because the

turbulent fluid in the downstream side of the trailing edge has a larger streamwise

velocity, and this extensive strain makes the production rate of G2 smaller near the
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Figure 10. Isocontours of local Mach number ML on the x − y plane at z = 0
for free stream Mach number M = 0.8 (a) and M = 1.6 (b).

trailing edge. These dependences of ⟨αϕ⟩I also explain ⟨εϕ⟩I , where the region with a

small production rate ⟨αϕ⟩I has lower ⟨εϕ⟩I . These dependences of ⟨εϕ⟩I and ⟨αϕ⟩I are

similar to the relationship between the enstrophy production and TNTI orientation

reported in the DNS of incompressible planar jets [52].

The passive scalar mixing process near the TNTI layer is shown to be very similar

for M = 0.8 and M = 1.6. The isocontours of local Mach number defined based on the

local velocity and sound speed as ML = |u|/
√
γRT are shown in Fig. 10. We can see

that the local Mach numbers ML are smaller than the Mach number based on the wall

velocity in most regions of the TBL. The local Mach number are much smaller than

1 for M = 0.8 but exceeds 1 in the region very close to the wall for M = 1.6. Such

large values of ML cannot be seen in the intermittent region, where the TNTI appears.

Small ML in the intermittent region also explains weak effects of the compressibility

near the TNTI. It was also shown that the properties of TNTI are hardly affected by

compressibility even at the freestream Mach number of 2.8 [54]. Shocklets are expected

to appear in the intermittent region when the freestream Mach number is much higher
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than our DNS [55]. DNS of supersonic planar jets showed that compressibility affects

the TNTI via the change in density and temperature [32]. These compressibility effects

through the fluid properties also agree with Morkovin’s hypothesis [41].

4. Conclusion

The DNSs of temporally evolving compressible turbulent boundary layers are

performed up to Reθ ≈ 2200 at two Mach numbers, M = 0.8 and 1.6. The DNS

results are used for studying the passive scalar near the TNTI.

The outer edge of TNTI, namely irrotational boundary, is well detected as an

isosurface of vorticity magnitude or passive scalar, both of which are good markers of

turbulent fluids. Isosurface of these quantities for detecting the irrotational boundary

shows an excellent agreement with each other in visualization. The statistics are

computed as a function of the distance from the irrotational boundary defined as an

isosurface of vorticity magnitude, and discussed in relation to the inner structures

of the TNTI layer, where the mean thicknesses of TNTI layer, VSL, and TSL, are

about 15ηI , 4ηI , and 11ηI , respectively, where ηI is the Kolmogorov length scale in

the turbulent core region near the TNTI layer.

Conditional mean passive scalar also exhibits a sharp jump within the TNTI layer,

and the highest conditional mean scalar dissipation rate appears near the boundary

between the VSL and TSL. This indicates that the fluid locally entrained from non-

turbulent region encounters the fluid coming from the turbulent region, where the

difference in the passive scalar between these fluids creates large scalar gradients. It is

also shown that the production rate of scalar gradient and enstrophy within the TNTI

layer is as high as in the turbulent core region, and peaks in conditional averages of

these quantities appear within the TNTI layer. Both visualization and conditional

statistics show the dependence on the TNTI orientation for the scalar dissipation rate

and the production rate of scalar gradient, both of which have a large value near

the leading edge facing the downstream direction than the trailing edge facing the

upstream direction. The production rate of scalar gradient within the TNTI layer
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of the trailing edge is comparable to the non-turbulent value, which causes lower

scalar dissipation rate near the trailing edge. These tendencies are explained from

the difference in streamwise velocity between turbulent and non-turbulent fluids in a

similar way to the TNTI orientation dependence of enstrophy production (rate) given

for incompressible planar jets [52, 53].

The conditional statistics confirmed that the direct influences of compressibility

are small near the TNTI layer, and the profiles of the conditional statistics are

qualitatively similar between incompressible and compressible turbulent boundary

layers. These results indicate that models developed and tested in terms of local

properties of the TNTI in incompressible flows, i.e., an entrainment model [56] and a

mixing model [57], can be also successfully applied in compressible flows.
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