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ABSTRACT

The overpressure fluctuations behind a weak shock wave interacting with turbulence are studied by wind tunnel experiments, where a spher-
ical shock wave propagates in grid turbulence. The experiments are conducted for various values of the shock Mach number Ms, of the shock
wave and turbulent Mach number Mr of the grid turbulence. The experimental results show that the root-mean-squared peak-overpressure
fluctuation divided by the averaged peak-overpressure, oap/{Ap), where the inherent noise caused by the experimental facility is removed,
follows a power law of M7 /(M2 — 1). The probability density functions of the overpressure fluctuations are close to the Gaussian profile for a
wide range of M /(M3,—1). A shock deformation model based on the deformation due to nonuniform fluid velocity is proposed for the inves-
tigation of the influences of turbulence on the shock wave. The deformation changes the cross-sectional area of the ray tube, which is related to
the shock Mach number fluctuation of the area. The model for a weak shock wave yields the relation oa,/(Ap) » (1/7/3)[M7/(M3 - 1)] 12
which agrees well with the experimental results. The model also predicts the Gaussianity of the peak-overpressure fluctuations behind the
shock wave interacting with Gaussian velocity fluctuations. Good agreements between the model and experiments imply that the change in
the shock wave characteristics by the interaction with turbulence is closely related to the shock wave deformation caused by the fluctuating

turbulent velocity field.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5110185

I. INTRODUCTION

Shock waves can be found in a wide range of physics problems,
such as star formation by supernova explosion' and inertial confine-
ment fusion.” They are also important in engineering applications,
where high speed flows in a propulsion system and those around
supersonic aircraft generate shock waves.”* In such problems, the
shock waves propagate in a fluid, whose motion is described by the
Navier-Stokes equations. The fluid motion can easily become tur-
bulent because of the nonlinearity of the governing equations, and
in this case, the shock waves propagate in turbulence, which is char-
acterized by complex fluid motions with a wide range of spatial and
temporal scales.

The shock wave propagation in turbulence causes the
shock/turbulence interaction,” which changes both characteristics
of the shock wave and turbulence. This has often been experimen-
tally and numerically studied in shock/turbulent boundary layer

interaction problems.””'’ The interaction induces the fluctuations of
the shock wave strength, defined in terms of the shock Mach num-
ber or jump in the pressure or density across the shock wave. Since
the shock Mach number is one of the important parameters in the
flow with shock waves, the prediction and modeling of turbulence
effects on the shock wave strength have been considered as impor-
tant subjects in shock wave research. Therefore, the characteristics
of the shock wave propagating in turbulence have been studied in
previous studies.

Numerical simulations have found that the shock wave propa-
gation in turbulence can result in the shock holes, which are locally
broken regions of the shock wave, across which jumps in physical
quantities do not exist.'' "> Numerical studies'' """ and a theoreti-
cal study'” have been attempted to find parameters that character-
ize the influence of turbulence on the shock wave. These previous
studies have considered the shock Mach number Msy = Uso/ao,
turbulent Mach number Mt = /2kr /a0, and turbulent Reynolds
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number Rey = urmsA/v as dominant parameters in the turbulence
effects on the shock wave, where ay is the speed of sound in front
of the shock wave, Uy is the propagation speed of the shock wave,
kr is the turbulent kinetic energy, urms is the root-mean-squared
(rms) velocity fluctuation, A is the Taylor microscale, and v is the
kinematic viscosity. For example, previous numerical studies have
proposed various criteria under which the shock holes appear. It
is suggested that the shock holes appear when M3/(M3, — 1) 2
0.1 in Lee et al,'" M3/(M3, - 1) 2 0.06 in Larsson and Lele,"”
and Mt/(Msy — 1) 2 0.6 in Larsson et al.”® The nondimensional
parameters Mr/(Msy — 1) and M3/(Mg, — 1), considered as the
measure of the relative strength of turbulence to the shock wave,
are often used to understand the interaction between turbulence
and the shock wave.'' "> However, so far, there is no consensus on
nondimensional parameters that characterize the turbulence effects
on the shock wave. Donzis'’ theoretically indicated that the vari-
ance of the fluctuation in the dilatation of the shock wave nor-
malized by the mean dilatation increases with Mrt/(Mso — 1). The
dilatation fluctuation was estimated from the ratio of the velocity
jump across the shock wave and shock thickness fluctuation in the
analysis, where the fluctuations of the velocity jump are ignored.
However, the fluctuations of the pressure jump, which are closely
related to the fluctuations of the velocity jump by the Rankine-
Hugoniot relations, were confirmed in previous studies.' > *'"'*
Both experiments and numerical simulations have shown that the
turbulent velocity fluctuation in the shock normal direction has cor-
relation with the fluctuation of the overpressure behind the shock
wave at a low turbulent Mach number.'*'® It is therefore important
to experimentally and theoretically examine the relation between
these parameters and the jump in physical variables across the shock
wave.

In the present study, experiments are conducted for the inter-
action between a weak spherical shock wave and grid turbulence.
A spherical shock wave is one of the canonical shock waves, and it
has been extensively studied by theories, experiments, and numer-
ical simulations.'” ** A weak shock wave is expected to be suit-
able for the investigation of the parameters Mt/(Msp — 1) and
M2 /(M3 — 1) since the difference between these two parameters
becomes large for such a shock wave with Mgy ~ 1. The interac-
tion between a weak shock wave and turbulence is also important
in various problems. For example, the shock wave in the sonic boom
problem is weak at the ground level, and the measured overpres-
sure is of order of 10'-10* Pa.”” Predictions of the sonic boom
caused by the shock wave during the supersonic flight need mod-
els for the influences of the atmospheric turbulence on the shock
wave.” The purpose of this study is to experimentally and the-
oretically assess the nondimensional parameters that characterize
the effects of turbulent velocity fluctuations on the shock wave
characteristics.

In this paper, we propose a shock deformation model for
the investigation of the turbulence effects on the shock wave. The
shock deformation model was used in our previous studies for
the explanation of the response time of the overpressure modula-
tion of the shock wave by turbulence, which was observed both in
experiments'® and numerical simulations."* The model considers
the shock wave deformation caused by a nonuniform velocity pro-
file. The model is extended to investigate the shock Mach number
fluctuation caused by the deformation: following the approximate
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theory by Whitham,”” in our model, we obtain the local shock Mach
number fluctuation from the change in the ray tube area associated
with the deformation. Our model is compared with the experimen-
tal results of the statistics of the overpressure fluctuation behind the
shock wave.

Il. EXPERIMENTS OF SPHERICAL SHOCK WAVE
PROPAGATING IN GRID TURBULENCE

A. Experimental methods

Experiments are conducted for the interaction between a spher-
ical shock wave and grid turbulence in a wind tunnel for various
values of Mt and Mg so that we can cover a wide range of Mr/(Mso
— 1) and M3 /(Mg, - 1). Here, our experiments are restricted to grid
turbulence at a low turbulent Mach number (incompressible tur-
bulence) to prevent fluctuations of thermodynamic properties from
affecting the shock wave. Because grid turbulence is a good approxi-
mation of homogeneous isotropic turbulence, we can also eliminate
the influence of mean velocity gradients, which exists in the shock
wave propagating in free shear flows.”

Figure 1(a) shows the side view of the experimental setup. The
wind tunnel and the shock generator used in this study are the same
as those in our previous studies.'”'** A square grid with a mesh
size of M (a solidity of 0.36) is installed at the entrance to the test
section. Grid turbulence with the mean streamwise velocity of Uy
develops behind the grid. The properties of the grid turbulence in
the present wind tunnel are reported in Kitamura et al.”’ On the
other hand, the shock wave is produced with the shock genera-
tor based on a quick piston valve, by which the driver gas (air of
900 kPa) is released into the driven gas (air of ambient pressure).
After the shock wave is ejected from the open end of the shock
tube, it spherically spreads and propagates in the grid turbulence. A
pressure transducer (PCB Piezotronics, Inc., 113B27) mounted on
the horizontal plate'® is used for the overpressure measurements.
The rise time of the pressure transducer is less than 1 us. The res-
olution of the pressure measurements by our pressure transducer
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FIG. 1. (a) Experimental setup. Lengths are shown in mm. (b) Example of the time
history of the overpressure for case 1.
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is 0.007 kPa. Pressure transducers with similar performance have
been used for the overpressure measurements in the experiments on
shock/turbulence interactions (e.g. Refs. 17 and 28). Sasoh et al. used
the same experimental facility as ours, and measured the overpres-
sure with the pressure transducer with the same resolution as ours.'”
In their study, the overpressure fluctuations caused by turbulence
were well resolved for the investigations of the turbulence effects on
the histogram of overpressure fluctuations, averaged overpressure,
and rms overpressure fluctuations.”” The pressure signals are sam-
pled at a frequency of 1 MHz with an oscilloscope (YOKOGAWA,
DL850E), where the sampling is started before the shock wave is
ejected.

The experiments are conducted for eight conditions shown in
Table I, which are considered by changing M, Uy, and the stream-
wise location of the pressure measurements, which is shown as
the streamwise distance L from the open-end of the shock tube
to the pressure measurement location. For each case, 400 runs of
the shock wave ejections are conducted to take ensemble average,
which is denoted by (). Figure 1(b) shows an example of the time
history of the overpressure for case 1 with the definition of the peak-
overpressure Ap observed upon the arrival of the shock wave. The
overpressure sharply rises by the arrival of the shock wave and grad-
ually decays with time because of an expansion wave that follows the
shock wave. This waveform is typical for a spherical shock wave and
similar to those obtained in previous studies.'********" The shock
Mach numbers Mgy shown in Table I are estimated from the ensem-
ble averages of Ap, (Ap). Streamwise velocity measurements by hot
wire anemometry (DANTEC DYNAMICS, Streamline) with an I-
type hot wire probe (DANTEC DYNAMICS, 55P11) are conducted
in grid turbulence. Statistics of the streamwise velocity are com-
puted with time average *. Table I summarizes the characteristics
of the grid turbulence at the same streamwise location as the pres-
sure transducer. Figure 2 shows the streamwise velocity variance

Ws = U2 _ T divided by T’ for M = 100 (mm) at Uy = 10 or
20 (m/s) as a function of the streamwise distance from the grid,
x1. (tems/TU)? decays with a power law. Least square method yields
the power laws as (ums/U)* = 0.059(x1 /M — 2.5)™" for Uy = 10
(m/s) and (urms/U)2 = 0.071(x1/M - 2.2)_1'1 for Uy = 20 (m/s),
where virtual origins xo/M are 2.5 and 2.2, respectively. The decay
exponents agree with previous experiments’’ for a similar range of
x1/M. The turbulent Mach number is defined with Mt = /3tirms /a0
in isotropic turbulence. The same definition is also used for the

TABLE I. Experimental conditions. Rey = UyMlv is the grid Reynolds number. trms,
My, and Mgy are values at the pressure measurement location [1945 — L (mm)
behind the grid].

Case 1 2 3 4 5 6 7 8

M (mm) 15 50 100 50 100 100 100 100
Uy (m/s) 10 10 10 10 10 10 20 20
Reyx107* 098 33 65 34 67 6.5 13 13
L (mm) 155 155 155 540 540 1000 1000 1445

Urms (m/s)  0.141 0.316 0.545 0.377 0.636 0.850 1.76 3.20
Mr x 10* 712 159 274 190 32.0 428 88.7 161
Mso 1.021 1.021 1.021 1.004 1.004 1.002 1.002 1.001

scitation.org/journal/phf

102p =
yo | @
> 'y
3 '
~E &
g " U, =10 [m/s] B
A U, =20 [m/s]
3 ) N S |
1073 10 20
(1 —x0)/M

FIG. 2. (Ums/U)? plotted against (x1 — Xo)/M for M = 100 (mm) at Uy = 10 and 20
(m/s).

grid turbulence in this paper because the rms values of streamwise
and transverse velocity fluctuations are close to each other.”’ In the
present experiments, Mt changes depending on M, Uy, and L while
the shock Mach number Mg at the pressure measurement location
depends on L because of the decay of Msy with the propagation of
the spherical shock wave.

B. Averaged peak-overpressure

Figure 3 plots (Ap) against the distance between the open end of
the shock tube and pressure measurement location, R = V/L? + 1552
(mm). According to Landau,'’ (Ap) of a spherical shock wave decays

with R as (Ap) o< 1/(R\/In(R/k1)), where k; is a constant. The
least square method applied to (Ap) in the present study yields

(Ap) = 830/(R\/In(R/179)) (kPa). The changes in (Ap) in cases
with same R are less than 2% despite that they have different turbu-
lence conditions, confirming that the difference in M considered in
our experiments does not have large effects on (Ap).

C. Peak-overpressure fluctuations

Statistical analyses are conducted for the fluctuation of Ap
defined as Ap’ = Ap — (Ap). Figure 4 shows the probability density
functions (pdfs) of Ap’ normalized by Apl = (Ap'?)/2. The Gaus-
sian profile is also shown in Fig. 4, which seems to be in good agree-
ment with the experimental results. To quantitatively evaluate the

10! & A Casel
E o Case?2
= O Case3
i Case 4
= 100 | Case 5
§l~ 2 A Case6
~ o Case7
A  Case 8
1 R N |
10 102 103

R [mm]

FIG. 3. (Ap) of each case plotted against R. The solid line shows (Ap) = 830/
(R/In(R/179)) (kPa).
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FIG. 4. Pdfs of Ap’/Ap'ms of each case. Symbols are common to Fig. 3. Black
solid line shows the Gaussian profile.

Gausianity of the pdfs in Fig. 4, we calculate the skewness and flat-
ness of Ap’. Figure 5 shows the skewness (Ap”)/Apiy, and flatness
(Ap™) ] Apit.s against M7/ (M3, —1). Tt is confirmed that the skewness
and flatness of Ap’ range from 0 to 0.4 and from 2.8 to 3.5, respec-
tively, which are close to the values of the Gaussian profile (0 for
skewness and 3 for flatness). Thus, the pdf of Ap” is close to the Gaus-
sian profile for 0(107°) < M3/(MZ,—1) < O(10™?). Numerical sim-
ulations'' ™" have investigated the density jump Ap across the shock
wave, where a linear relation can be found between Ap' and the den-
sity jump fluctuation Ap” as Ap'/{Ap) = mAp'/{Ap) [Eq. (A5)]. In
numerical simulations by Larsson et al.,"” the pdfs of Ap are slightly
skewed at higher Mt for O(107%) < M%/(Mg,—1) < O(10™"). How-
ever, the skewness of Ap at M2 /(MZ,—1) = 0.018 and 0.11 estimated
from their pdfs of Ap are about 0.44 and 0.65, respectively, which are
also not far from the Gaussian value.

In experiments of shock waves, there exist the peak-
overpressure fluctuations that are inherently caused by an experi-
mental facility. In our study, these can be evaluated by the experi-
ments of the shock wave ejected in the flow without the grid, where
the rms value of Ap’ is denoted by (Apiy, )rms. Following previous
study,'” the peak-overpressure fluctuations caused by turbulence are
evaluated as oap = [Apims — (Apio)ims]' .

Figures 6(a) and 6(b) show oa,/{Ap) plotted against Mt/(Mso
— 1) and M7/(M3, — 1), respectively. The figures include the
results of the previous experiments and numerical simulations

4
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B 2r
p L
s 1 F
r A
%0 el A
7
Il It Il

ol vl PR covvnl 0l
105 10¢ 10° 102 10"
ME/ (M3, — 1)

FIG. 5. Skewness (triangle) and flatness (square) of Ap’ as a function of
M2/(M%, - 1).
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FIG. 6. 0ap/(Ap) plotted against (a) Mr/(Msy — 1) and (b) M2/(MZ1). Sym-
bols are common to Fig. 3. aap/(Ap) obtained by Sasoh et al.'” and Tanaka
et al."* are also plotted in the figures. aapl{Ap) estimated from the results by

Larsson et al.'® are also shown for comparison. The straight line in (b) shows
the power law aa/(Ap) = 0.669[M2/(MZ,~ 1)]>4®® obtained by using the least
squared method for o p/{Ap).

of the interaction between a shock wave and grid turbulence or
homogeneous isotropic turbulence. Here, the experiments of the
interaction between the spherical shock wave and grid turbulence
were conducted by Sasoh et al.'” for Mgy = 1.0009 and low Mr
= 0(107*-107%). Numerical simulations of a planar shock wave
propagating in homogeneous isotropic turbulence by Tanaka et al."*
were conducted for a low turbulent Mach number Mt = O(10™%) and
Mso = 1.1, 1.3, and 1.5. The figures also include oa,/(Ap) obtained
with Eq. (A6) in the numerical simulations of a planar shock wave
at Mo = 1.5 interacting with compressible turbulence at high turbu-
lent Mach numbers (Mt = 0.15 or 0.37) by Larsson et al."” Here, the
rms fluctuation of Ap divided by its mean value (Ap), gap/(Ap), is
estimated from the pdfs of Ap shown in their paper. For fixed Mso
(Mso = 1.0009 in Sasoh ef al." and Mso = 1.002, 1.004, and 1.021 in
the present study), oap/(Ap) tends to increase with Mt. However,
the results with different Mg follow a different line in Fig. 6(a).
On the other hand, aa,/(Ap) plotted against M7/(Mg, — 1) tends
to collapse onto a single line in the logarithmic plot in Fig. 6(b),
where aa,/(Ap) obeys a power law of M1 /(Mg, — 1). The spherical
shock waves used in Fig. 6 have different curvature radii R depending
on the experiments. In the present experiments, R ranges between
219 mm and 1453 mm while R = 215 (mm) is constant in Sasoh
et al.'” Some of the experiments in the present study and in Sasoh
et al. are conducted for similar values of M3/(MZ, — 1) but with
different R. Comparison among these experiments shows that the
relation between a,/(Ap) and M3 /(Mg, — 1) is not affected by R.
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The least square method applied to the data points in Fig. 6(b) yields
oap/{Ap) = 0.669[ M7 /(Mg, — 1)]%** as shown in Fig. 6(b).

I1l. SHOCK DEFORMATION MODEL OF TURBULENCE
EFFECTS ON SHOCK WAVE

A. Shock wave deformation by nonuniform velocity
profile

We study the overpressure fluctuations behind a shock wave
interacting with turbulence with a shock deformation model, which
considers a planar shock wave deformed by a local velocity fluc-
tuation. In this model, we explain the effects of turbulence on a
shock wave as the shock wave deformation due to nonuniformity
of the velocity field. The model assumes that the velocity gradi-
ent in the shock tangential direction plays an important role in the
shock deformation. The importance of the velocity gradient in the
tangential direction was also confirmed in our recent numerical sim-
ulations, where strong correlation between the pressure gradient
across the shock wave and the velocity gradient of turbulence was
reported.1 ! Therefore, the effects of turbulence are studied with the
simplified model with the velocity profile that is nonuniform only
in the shock tangential direction. The model is used to estimate the
overpressure fluctuation level induced by the deformation.

The velocity fluctuation in the model is given by an axisym-
metric velocity profile um(x, r), where x and r are the axial and radial
coordinates. Temporal evolution of velocity fluctuations is not taken
into account because of the small velocity fluctuation trms << Uso
in the present experiments, where the time scale of the turbulence
is much larger than that of the shock wave propagation. A simple
profile of un is considered in the model,

u (0<r<rpand0<x<x)
um(x,r) = { i , (1)
0 otherwise

which has a constant velocity u in the cylindrical region defined
with ry and x;. The model considers influences of turbulence, where
a large part of turbulent kinetic energy is contained in large-scale
turbulent motions. Therefore, the distribution of uy is related to
large-scale motions. Thus, both 7y and x; are comparable with an
integral length scale, where anisotropy of large scales is assumed to

be weak as in the case of grid turbulence.
The model considers the planar shock wave propagating into
the velocity field unm(x, r) in the x direction as illustrated in Fig. 7(a).
The velocity of the shock wave movement is given by the sum of
the shock propagation velocity Usp = apMso and the fluid velocity
on the shock wave. The shock movement velocity is Usy for r >
ro and Uso + u for r < ro. Therefore, once the planar shock wave
begins to propagate in the region with the velocity fluctuation u,
the velocity of the shock wave movement becomes nonuniform and
the shock wave begins to be deformed. However, since the shock
wave surface needs to be connected at r = ry, the inclination of the
surface occurs from r = ro. Therefore, the shock ray at r = ¢ also
begins to be inclined as shown in Fig. 7(a), where the trajectories of
the shock rays passing through (x, ) = (0, ro) are also shown with
blue lines. The region surrounded by the infinite number of these
shock rays is called a ray tube. The cross-sectional area A of the
ray tube changes from A = 7rg at x = 0 as the shock wave propa-
gates. Once the trajectory of the shock ray (xg, rr) is determined,
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FIG. 7. (a) Shock wave deformation due to a local velocity fluctuation u and (b)
reflected wave propagation on the shock wave surface.

A at given x = xg can be computed as A = 7r3. The change in the
area A results in the change in the shock Mach number Ms of the
area.”” The present model considers the turbulence effects on the
shock Mach number through the change in A due to the velocity
fluctuation up.

In the following discussion, the trajectories of the shock rays are
obtained from the geometry of the shock wave because the shock ray
is locally perpendicular to the shock wave surface. The change in Ms
causes the pressure change behind the shock wave in the region of
r < ro. Then, a spherical reflected wave is formed because of the pres-
sure change as shown in Fig. 7(b). For simplicity, the reflected wave
is assumed to be isentropic, and the propagation of the reflected
wave in the region of r < ry is not discussed below. The intersec-
tion of the nondeformed part of the shock wave and the reflected
wave is shown as point A in Fig. 7(b). The reflected wave propa-
gates with the characteristic velocity represented as the sum of the
fluid velocity and sound speed behind the shock wave.” Figure 7(b)
shows the schematic of the reflected wave propagation on the shock
wave surface, where a, and u; are the sound speed and fluid velocity
behind the shock wave in the laboratory coordinate system, respec-
tively. Here, 4, and a, are assumed to be constant and independent
from the change in Ms because M{ = Ms — Mgy << Msp. The propa-
gation velocity of the reflected wave in the r direction on the shock
wave surface, ua, is obtained from the geometrical relation of as,
Uso, and us,
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up =+/a2 — (Uso — u2)?, (2)

which is also constant. The initial position of point A is (xa, ra)
= (0, ro). Therefore, the trajectory of point A (x4, ra) is given by

xA(t) = Usot, 3)
T’A(l’) = upt + ro. (4)

According to the Rankine-Hugoniot relations,

2a0( 1)
w = Mgy — —— 5
2T IUTYT My (%)

and

V@M -y + D{(y - 1)MZ, +2}
(y + 1)Mso '
In Fig. 7(b), « denotes the angle between the trajectory of point A

and x axis in the laboratory coordinate system. From Egs. (2), (5),
and (6), tan a = ua/Usp is written as a function of M,

. L\/{(y— DM + 2} (M3, - 1)
Mz, y+1 ’ (7)

(6)

az = ao

As the shock wave propagates, point A also propagates in r direction
at speed u4, and the inclined region of the shock wave expands. The
phenomenon of the expansion of the inclined region caused by the
reflected wave was also confirmed by previous experimental study
on shock wave reflections over wedges” and theoretical study on
shock-vortex interactions.”* In the present model, the shock wave
surface in 9 < r < ra is described by the line connecting points
A and B in Fig. 7(a). The trajectory of point B is obtained from
(dxp/dt,drg/dt) = (Uso + aoM§ + u,0), where the change in the
Mach number due to the interaction with the velocity fluctuation is
taken into account as apMs,

xa(t) = (Usp + 1)t +do /OtMg(t*)dt*, ®)

re(t) = ro. 9

Because the shock ray is perpendicular to the line AB, the trajectory
of the shock ray (xgr, 7r) can be determined as

drR XB — XA

tanfgr = — = . 10
Aok dxx  ra-—1B (10)
Substituting Egs. (3), (4), (8), and (9) into Eq. (10) yields
t 1 (% *
t+ Mq(t7)dt
tan Og = W fo s(t7) . (11)
upt

With the trapezoidal rule, the integration in the numerator in

Eq. (11) can simply be estimated as [y M¢(t*)dt* ~ Mgt/2 with the

initial condition M§ = 0 at t = 0,

u+agMg/2
Ua ’

tan Or ~ (12)
For the ray tube whose radius is ro at xg = 0, its radius rr at any
time ¢ can be calculated with Eq. (12). Then, the radius deviation
rﬁ =7rR — 19 iS

scitation.org/journal/phf

% R+ agMg /2
rg:fktaneRdx;;mf“mdx; (13)
0 0 Ua

The deviation of A = 7'[1’}2{ from Ay = m’é, A’ = A — Ay can be
written as

®oy+agMs/2 |,
A'zanorf{mZm’o/Riu aoMs/ dxg, (14)

0 UA

where we consider small deformation A" <« Ay in the model. Equa-
tion (14) gives the fluctuation of the ray tube area as a function of
xr(t), which increases with time as the shock wave propagates. A'lAo
can be written as

A’ B 2mrory wzka u+a0M§/2% -2, (15)
0

Ay nr} Usptana 1o

B. Shock Mach number fluctuation for a weak shock
wave

Hereafter, a weak shock wave is considered in the model as the
present experiments are conducted for weak shock waves. The anal-
ysis for a strong shock wave is presented in Appendix B. The shock
Mach number Ms of the ray tube with the area A is obtained from
the relation”’

A M % *
T = exp(— f g(Mg)dMg ), (16)
0 Mso

where M{ is an integration variable. Here,

Mg 1 2
Ms) = 2 1+— |1
§() Mé—l(w +M§)( Ty

2

17”) (17)
U

and

2 _ (Y*I)Mé‘*z

= ) 18
“ 29MZ -y +1 (18)

where y is the heat capacity ratio. For a weak shock wave (Mso — 1),
Eq. (16) can be simplified " as

=)

Ay \Ms-1)°
For Msy < 1.1, Eq. (19) can calculate the A—Ms relation of Eq. (16)
with accuracy of more than 90%. From Egs. (15) and (19), the follow-
ing relation is obtained for the shock Mach number of the deformed
shock wave:

(19)

which can be rewritten as

M (V2E+1-1)(1 - My) “E

§w ~
V2E+1

where \/2€ + 1 ~ £+ 1 is used because A’ << Ao. Differentiating both

sides of Eq. (21) with respect to xr gives the following differential
equation:

(1-Mso), (21)

dMg 1 - Mso u+aMg/2
)

. 22
Usp tan (22)
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The solution of Eq. (22) is

2 Mgy — 1
M ~ ——”[1 —exp(—soixi)], (23)
ao 2Mgp tana 1o

which yields Mj as a function of xg. Since the model assumes x;/ro
~ 1, Mg = Mg(x;) is written as
Mgy — 1
_se= 2t )] . (24)

2
Mg ~ ——u[l - exp(—
ao 2Mso tan o

For Msy — 1, exp(f Mo -1 ) v 1 - Me-l ang Eq. (24) can be

2Mg tan o 2Mg tan o
simplified as
Mgy -1
My L2072 (25)
ap Mso tan «
According to the Rankine-Hugoniot relations, Ap at xr = x; is
2ypo
Ap= nypl[(Mso+M§,)2— 1], (26)

where po is the mean pressure in front of the shock wave. The
ensemble average of Eq. (26) is

2
(ap) = 22 (M3 + (ME) - 1), 27)
y+1
where Mgy = (Ms). For Mg, < Mso, Eq. (27) gives
2ypo 2
Ap) ~ Mgy —1). 2
(Ap) y+1( 50— 1) (28)

On the other hand, the overpressure fluctuation Ap’ = Ap — (Ap) is

2
Ap' = nypi(ZMsoMgl +M§ - <M§%>) 29

The terms of the second order of Mg, can be ignored in Eq. (29).

Therefore, the following expression can be obtained:

4
Ap' ~

yflpoMsoMéz. (30)

Equations (25), (28), and (30) yield the following relation between
Ap’ and the velocity fluctuation:
Ap’ 2Ms , uja
Ap - 0 MY ~ / 0
(Ap) M3, -1

- > (3 1)
tana

where Mso + 1 ~ 2 for Msy — 1 is used. Here, tana given by

Eq. (7) is simply represented as a function of the initial shock Mach

number Msy.

When the pdf of u follows the Gaussian profile as in many
canonical turbulent flows,” the linear relation between Ap' and u in
Eq. (31) shows that the pdf of Ap’ also follows the Gaussian profile.
This explains the Gaussian pdf of the peak-overpressure fluctuations
observed in Fig. 4 because grid turbulence has Gaussian velocity fluc-
tuations. The standard deviations of both sides of Eq. (31) yield the
relation among the rms peak-overpressure fluctuation, mean peak
overpressure, shock Mach number, and turbulent Mach number,

UAP Ni M% 1/2
ML -1)

(Ap) V3

(32)
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where tana ~ /M2, — 1 is used because the weak shock wave has
Mgy — 1. Hence, 0ap/{Ap) can be represented as a simple function
of M} /(M3 —1). This relation is well supported by the experimental
results of the weak shock waves shown in Fig. 6(b), where the fitting
to the power law oa,/(Ap) = a[ M3/ (M2, — 1)]" yields a = 0.669 and
b = 0.489, both of which agree well with Eq. (32). Thus, the present
model obtains Eq. (32) from the deformation of the shock wave and
the relation between the ray tube area and shock Mach number. Pre-
vious studies'"'” also reported that M%/(Mg, — 1) is an important
parameter in the fluctuations of the shock wave dilatation or bro-
ken shock wave conditions. This parameter was considered as the
ratio of the turbulent pressure fluctuations pouZy, (po is the density
in front of a shock wave) to Ap. The present model also implies that
the shock Mach number fluctuation caused by the shock wave defor-
mation is also important in the broken shock wave and the dilatation
fluctuation.

C. Inclination angle of a shock wave

In classical studies, Ribner constructed a model for the shock
inclination caused by a periodic velocity perturbation.””* In this
section, we compare the shock inclination angle obtained in our
model with that obtained in Ribner’s model. From Egs. (12) and
(25), we have the inclination angle of our model,

tan O 5 1 [ (33)

Mgy — 1 ]
e ~ Mg tan a ’

B 2Mgo tan

On the other hand, Ribner assumed the shock inclination angle to
be a sinusoidal function,”” whose amplitude and wave number were
determined by the sinusoidal velocity perturbation given in front of
the shock wave, relation of the velocity across the shock wave, and
linear perturbation theory. We let Or obtained in his study be Ora.
Ora can be written as Ora = Orao sin ky, where Orao is the amplitude,
k is the wave number, and y is the coordinate in the shock tangential
direction. tan Orao can be written as

2
[1 _ [ Uso—z Uso
tan Orao N 1 H/1 ( a ) Uso—uz

ufag ~ Ms (r+ 1) (g2 - 1)

Uso—u

2M; \/ y+l (34)
= SO 5
(2VM§0 -yt 1)(M§0 -1)

where Usy — u, is the velocity behind the shock wave in the shock
fixed coordinate system, and Brao » tan Orao is used because of Orao
<« 1. In Fig. 8, we compare Eq. (33) with Eq. (34). While both
are decrease functions of Mgy, Eq. (34) is almost twice as large as
Eq. (33) in Mg < 1.5. This is because tan 8 /(u/ao) — 1/y/MZ, - 1
when Mso — 1 while tan 6rao/(u/a0) — 2/\/M3, — 1 when Mso
— 1. It is interesting that in both approaches, the inclination angle
can be proportional to u/ag and 1/\/MZ, -1 for Mg, — 1. With
Eq. (34), however, A’ becomes twice as large as that obtained with
Eq. (14), resulting in twice the value of gap/{Ap) than that obtained
with Eq. (32) because of the linear relation among 6g, A" and Ap’
described by Egs. (15), (21), and (30).
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tan O /(u/ay)

FIG. 8. tan Or/(u/ag) plotted against Msy. Red and black lines are tan 6g/(ulap)
obtained with Eq. (33) and tan Brao/(u/ag) obtained with Eq. (34), respectively.

D. Condition for broken shock wave

The broken region of the shock wave surface is considered in
the shock deformation model for the weak shock wave. The bro-
ken shock wave does not have a distinct jump in physical quantities
at some parts of the shock wave surface, and the overpressure Ap
in the broken region is much smaller than the average value (Ap).
Here, the present paper uses the term “broken region” to represent a
local region without the jump on the shock wave surface while “bro-
ken shock wave” denotes the shock wave where the broken regions
occupy an important fraction of the area on the shock wave surface.
The broken region is detected as Ap < a,8{Ap). &3 is chosen based
on the results of numerical simulations of interactions between a
planar shock wave and turbulence by Larsson et al,"”’ where the
statistics of the density jump, Ap, across the shock wave were stud-
ied in detail. Because of Eq. (A5), Ap < a,8(Ap) is equivalent to Ap
< ap{Ap), where ayp = m(atp — 1) + 1. Their simulations with Mr
=0.37 and Mgy = 1.5, which is considered as the broken shock wave
case, show that the broken region is well detected by a,p between
0.1 and 0.6 (app between 0.017 and 0.56). For a,p = 0.1 and 0.6 (B
= 0.017 and 0.56), the detected broken regions occupy 0.05% and
10% on the shock wave surface, respectively.

A cumulative distribution function of Ap/(Ap), F(a), that rep-
resents a probability of events with Ap/(Ap) < « can be obtained by
integrating the pdf of Ap/{Ap) from 0 to a. Since the broken region is
defined as Ap/{Ap) < app, F(ax = app) yields the fraction of the broken
regions on the shock wave surface. F can be computed from the pdf
of Ap'/{Ap). The pdf of u is assumed to follow the Gaussian profile
as in grid turbulence,

2
PDF(u) = &exp(—%). (35)

In this case, the pdf of Ap'/{Ap) in the shock deformation model
is also expressed by the Gaussian profile because of the linear rela-
tion between u and Ap’ in Eq. (31). The pdf of Ap'/{Ap) is obtained
as a function of M7/(Mg, — 1) because the variance of Ap'/{Ap) is
written as Eq. (32). Therefore, F(«) in the shock deformation model
depends on the parameter M%/(Mg, — 1). The fraction of the bro-
ken regions F(ayp; M7 /(M3 — 1)) is numerically computed for ayp
=0.017 and 0.56 in 107> < M3/(Mg — 1) < 10°. Figure 9 shows
F as a function of M3/(MZ, — 1). When M2/(M3, - 1) is of order
of 107", the fraction of the broken regions for 0.017 < ayp < 0.56

scitation.org/journal/phf
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FIG. 9. Cumulative distribution function F(ag), which represents the probabil-
ity of Ap/(Ap) < apg for apg = 0.017 (red) and 0.56 (blue), plotted against
M2/(M2;~1). Horizontal dashed-dotted line and broken line show F = 0.05 (%)
and 10 (%), respectively.

rapidly increases, and F for app = 0.017 and a,p = 0.56 exceed 0.05%
and 10%, respectively. Therefore, the broken shock wave is expected
to appear for M3/(MZ, — 1) > O(107"). This condition is consis-
tent with the numerical results,'' "> where the broken shock wave
was also found for M1/(Mg, — 1) > O(107"). It is important to
note that these numerical simulations consider compressible turbu-
lence at much higher turbulent Mach number than in the present
experiments. The model does not consider temperature and density
fluctuations, which can exist in front of the shock wave propagating
through compressible turbulence. Therefore, the model might not
be accurate for the shock/turbulence interaction with high turbulent
Mach number.

Compressible turbulence at high turbulent Mach number
causes fluctuations in density and temperature as well as fluid prop-
erties such as a viscosity coefficient, and the influences of com-
pressible turbulence on the shock wave are much more complicated
than those of incompressible turbulence. It should be noted that in
Fig. 6(b), oap/{Ap) at Mt = 0.37 by Larsson et al."’ shows a greater
deviation from the fitting line than at Mt = 0.15, indicating that the
compressibility of turbulence can affect the fluctuations in the den-
sity or pressure jump across a shock wave. Therefore, in the case
with compressible turbulence, the broken shock wave can be caused
even at smaller M3} /(M%, — 1) than in the case with incompressible
turbulence though in both cases, the broken shock criterion can be
M3/ (Mg, - 1) > 0(107").

IV. CONCLUDING REMARKS

We have conducted wind tunnel experiments on a weak spher-
ical shock wave propagating in grid turbulence at a low turbu-
lent Mach number and have investigated the statistics of peak-
overpressure fluctuations for various values of M3/(MZ, — 1).
The rms peak-overpressure fluctuation normalized by the averaged
peak-overpressure, gap/{Ap), is shown to follow a power law of
M2 /(Mg — 1). Fitting of experimental results in present and previ-
ous studies indicates oa,/(Ap) = 0.669[ M7 /(M3 —1)]***. The pdfs
of the peak-overpressure fluctuations are very close to the Gaussian
profile for a wide range of MA/(M3, — 1) from O(107°) to O(1072).

We have proposed the shock deformation model for the influ-
ences of turbulence on the shock wave. The model relates the shock
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Mach number fluctuation induced by turbulence to the shock wave
deformation due to the nonuniform velocity fluctuation, where
the change in the cross-sectional area of the ray tube caused by
the deformation produces the shock Mach number fluctuation.
The model for a weak shock wave yields the relation ga,/{Ap)
~ (1/v/3)[M2/(MZ, - 1)]'/2, which is consistent with the exper-
imental results. The Gaussianity of the peak-overpressure fluctua-
tions is also obtained from the model when the velocity fluctuations
are Gaussian, which is also consistent with the present experiments.
The model also predicts that the broken shock wave appears in the
case of M3 /(Mg — 1) > O(107").
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APPENDIX A: RELATION BETWEEN Ap AND Ap

The sound speed equation behind the shock wave is

2= YUAp) +po). (A1)

(Ap) +po
From the isentropic relation,’
Ap' = a3hp. (A2)

From Egs. (A1) and (A2) and the sound speed equation in front
of the shock wave ag = ypo/po, the relation between Ap’/(Ap) and
Ap'I{Ap) is obtained as follows:

ap"_ ypp yap’

= = —. (A3)
(Ap) (Bp)tpo= T (ap)+po(1- %)
According to the Rankine-Hugoniot relations,
A S —
( p> _ Z(MSO 21) . (A4)
po (y—1)Mg,+2
From Egs. (6), (A3), and (A4), we have
Ap' 2pMiy —y+1 Ap' Ap'
N N b i y: e R (A5)
(Ap) (y+1)Mg, (Ap) (Ap)

where m = (2yMgy —y+1)/{(y +1)M3,}. The standard deviation of
Eq. (A5) yields
OAp Opp
=m—-. (A6)
(Bp)  (Bp)

APPENDIX B: SHOCK MACH NUMBER FLUCTUATION
FOR A STRONG SHOCK WAVE

For a strong shock wave (Msy — o0), Eq. (16) can be simpli-

fied™ as
A (M -
Ag Mg

ARTICLE scitation.org/journal/phf

where n = limp—oo { (M3 — 1)g/Ms} =~ 5.0743. For Msp 2 2.6,
Eq. (B1) assures accuracy of more than 90% for the A — Mjs relation
of Eq. (16). From Egs. (15) and (B1), Mg is written as

;o 1=(E+1)V

2
~N Mgy ~ ——EMs, B2
S Ger ) S0 ”f S0 (B2)

where (2¢ + 1)" ~ 2¢/n + 1 (¢ «< 1) is used for small deformation.
Differentiation of both sides of Eq. (B2) with respect to xg yields

dMg  2Mso u+aoMg/2 1

~ . B3
dxr n  Usptana 1o (B3)
The solution of Eq. (B3) is
2 1
Mém——u[l—exp(— x—R)] (B4)
ag ntana ro

Therefore, Mg, = Mg(x;) is

2 1
Mg ~ ——u[l - exp(— )] = —ci, (B5)
ag ntan o ao

where x;/ro ~ 1 is used and c is defined as ¢ = 2[1 - exp(—mlna)].
From Egs. (28), (30), and (B5), Ap'/{Ap) for Mgy — oo is written as

Ap' 2M,
i%_zisoﬁN_ M) (B6)
<Ap) MSO -1 ag Msg
Since ¢ ~ 0.7658 for Mg — oo, we have
A !/
ALY (B7)
(Ap) Mso

The standard deviations of Eq. (B7) yield the following relation
among aap/(Ap), Mso, and Mr:
% Mr
(Ap)  Mso’

(B8)
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