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Characteristics of shearing motions in incompressible isotropic turbulence
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Regions with shearing motions are investigated in isotropic turbulence with the triple
decomposition, by which a velocity gradient tensor is decomposed into three components
representing an irrotational straining motion, a rotating motion, and a shearing motion.
A mean flow around the shearing motions shows that a thin shear layer is sustained by
a biaxial strain, which is consistent with Burgers’ vortex layer. The thickness of each
shear layer is well predicted by Burgers’ vortex layer. A comparison between genuine
turbulence and a random velocity field confirms that the biaxial strain acting on the shear is
a dynamical consequence from the Navier-Stokes equations rather than from a kinematic
relation. The interplay between the shear and biaxial strain causes enstrophy production
and strain self-amplification. For a wide range of Reynolds number, the shear is strong
enough for the instability to cause a roll-up of the shear layer, where the perturbation
grows much faster than large-scale turbulent motions.
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Turbulence is present in the motion of fluids, and governs many mechanisms existing in physics
problems [1]. Small-scale intermittency is one of the most important natures of turbulence [2],
and is associated with statistical and structural properties of turbulence. In a statistical sense,
one can observe the intermittent behavior of turbulence in the scaling exponents for structure
functions or probability density functions of small-scale quantities such as enstrophy [3,4]. On
the other hand, spatiotemporal distributions of these small-scale quantities often display turbulent
structures underlying their intermittent features [2,5]. The importance of structures in turbulence
is extensively discussed in existing literature (e.g., [6]). Although both statistical and structural
approaches are necessary in understanding turbulence, investigating turbulent structures possibly
helps us understand the physics of turbulence associated with the intermittency.

One of the most well-known small-scale turbulent structures is a tubular vortex with intense
vorticity [2]. The vortices somehow resemble Burgers’ vortex tube, which is one of a few
exact, steady solutions of Navier-Stokes equations [7]. They were found in most turbulent flows
[5,8–10], leading to discussion on the dynamical processes responsible for the formation of the
vortex tubes. In this context, a sheetlike structure with moderate vorticity received attention in
previous studies, which suggested that the vortex tubes are generated by a roll-up of the sheets
by the Kelvin-Helmholtz instability [11,12]. A vortex sheet is essentially a layer of intense shear,
which contributes to moderately large vorticity and strain [1]. Therefore, the vortex sheet is called
a shear layer in the present Rapid Communication. Regions with shearing motions are expected to
be important in dynamical aspects of turbulence [6]. Thin shear layers can be related to an active
interscale energy transfer toward scales smaller than the Kolmogorov scale, and these structures can
be potential quasisingularities of Navier-Stokes equations [13]. There is a layer analog of Burgers’
vortex tube, which is called Burgers’ vortex layer [7], whose relation to the shear layers in turbulence
is, however, not clear so far.
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TABLE I. Computational and physical parameters of DNS and random velocity.

Run NS1 NS2 NS3 NS4 NS5 R1

N 256 512 1024 2048 4096 1024
L/L0 5.8 5.3 4.5 4.5 5.0 19.3
�/η 0.83 0.82 0.84 0.82 0.81 1.1
ReL = u′L0/ν 122 361 1092 2709 5800 194
Reλ = u′λ/ν 43 72 128 202 296 60

Studying turbulent structures requires an identification scheme of the structures which provides
their location, spatial extent, and orientation. Unlike the vortex tubes, the identification of the shear
layers is more complicated [14]. Even though shearing motions are possibly important in many
phenomena in turbulence, they have hardly been studied except with visualization of small-scale
layer structures, which might be related to shear layers in turbulence. This is because there have
been no reliable tools to quantify shearing motions in turbulence. A triple decomposition of a
velocity gradient tensor is particularly useful for studying shearing motions because it yields a tensor
representing shear [15,16]. The triple decomposition of the three-dimensional velocity gradient
tensor has become recently available in [17]. In this study, a new method based on the triple
decomposition is proposed for identifying the shear direction in three-dimensional velocity fields,
enabling us to systematically study the flow field associated with shearing motions.

Direct numerical simulations (DNSs) of forced, homogeneous isotropic turbulence are carried
out to study shearing motions (NS1–5 in Table I). The DNS uses a linear forcing [18] for achieving
a statistically stationary state. The DNS code is the same as [19], and solves incompressible
Navier-Stokes equations with the fourth-order central difference scheme and third-order Runge-
Kutta scheme. The DNS is performed with a periodic box with size L3, which is represented by
N3 grid points. The DNS is initialized with artificial velocity fluctuations generated by a diffusion
process [20]. Time is advanced for more than ten times the integral timescale, by which influences
of the initial condition disappear. Statistics are computed with a spatial average in the computational
domain and an ensemble average of different time instances, where the average is denoted by
〈 〉. Table I shows the grid size � = L/N divided by the Kolmogorov scale η = (ν3/ε)1/4 and L
divided by the integral scale L0 = u′3/ε, where ε is the turbulent kinetic energy dissipation rate, ν

is the kinematic viscosity, and u′ is the root-mean-squared (rms) velocity fluctuation. The table also
shows the Reynolds number ReL and the turbulent Reynolds number Reλ defined with the Taylor
microscale λ =

√
15νu′2/ε.

A divergence-free, random velocity field with a prescribed energy spectrum is also analyzed
for understanding the kinematic natures of shearing motions. This velocity field is generated by
applying the inverse Fourier transform to velocity vectors in wave-number space with a random
phase. The random velocity data R1 in Table I is the same as the one used in [21], and further
details of the parameters and spectral shape can be found there.

The shearing motion is studied with the triple decomposition [15], by which ∇u is decomposed
as ∇u = ∇uR + ∇uE + ∇uS , where ∇uR, ∇uE , and ∇uS are associated, respectively, with rotation,
elongation (deformation without shear), and shear. Hereafter, a component of a second-order tensor
is denoted with subscripts, e.g., (∇u)i j = ∂ui/∂x j . The triple decomposition calculates ∇uS as

(∇uS )i j = (∇u)i j − sgn[(∇u)i j] min[|(∇u)i j |, |(∇u) ji|], (1)

for (i, j) = (1, 2) and (1, 3) while other components are zero. ∇uE and ∇uR are symmetric and
antisymmetric parts of (∇u) − (∇uS ), respectively. Equation (1) ensures that ∇uS represents simple
shear although the intensity of extracted shearing motions depends on coordinates where the
decomposition is applied. Therefore, Eq. (1) should be applied in a basic reference frame, which is
chosen from reference frames obtained with three sequential rotational transformations Q(θ1, θ2, θ3)
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FIG. 1. (a) Isosurfaces of ωR = 〈ωR〉 + 4ω′
R (white) and ωS = 〈ωS〉 + 4ω′

S (orange). Color contour of ωS

and isoline of ωR = 〈ωR〉 + 4ω′
R in S1 are also shown here. (b)–(e) Evolution of isosurfaces of ωR = 〈ωR〉 +

4ω′
R (white) and ωS = 〈ωS〉 + 4ω′

S (orange), where time is advanced from (b) to (e) with a time interval of
1.7τη. All results are taken from NS3.

with angles θi. The basic reference frame is defined such that the norm of (∇uS )i j assumes the
maximum value among all reference frames [15]. The decomposition applied in the basic reference
frame can effectively extract the shear contribution to the velocity gradient tensor with Eq. (1).
The basic reference frame is determined with the numerical procedure presented in [17]. Once
the decomposition is applied in the basic reference frame, the decomposed tensors in the original
coordinate are obtained with the inverse of Q.

The shear intensity is represented by ωS = √
(ωS )i(ωS )i, where (ωS )i = εi jk (∇uS ) jk is an

i-directional component of a vorticity vector of the shear tensor (εi jk : Levi-Civita symbol).
Similarly, the intensities of rotation and elongation are given by ωR = √

(ωR)i(ωR)i and sE =√
2(∇uE )i j (∇uE )i j , respectively, with (ωR)i = εi jk (∇uR) jk . Figure 1(a) shows isosurfaces of ωS =

〈ωS〉 + 4ω′
S and ωR = 〈ωR〉 + 4ω′

R ( f ′: a rms fluctuation of f ) in NS3. Shear layers are visualized by
thin sheetlike structures of ωS while vortex tubes are identified for ωR. A vortex tube exists between
two intense shear regions in S1. A two-dimensional profile of ωS and isoline of ωR are also shown
for S1. The visualized flow pattern is similar to a contour plot of vorticity in the Kelvin-Helmholtz
instability [22], indicating that a vortex with large ωR is generated in the shear layer. One of the shear
layers is tracked over 5.1 times the Kolmogorov timescale τη = √

ν/ε in Figs. 1(b)–1(e). The shear
layer evolves with time, and eventually disappears to form a tubular vortex with strong rotation. The
timescale of this vortex formation is of the order of the Kolmogorov timescale. These shear layers
are short-lived, but certainly exist for a finite time period.

No matter how strong shearing motions are in flow structures defined with ωS , we can find local
maxima of ωS in the structures. Therefore, a mean flow field associated with shearing motions is
investigated with averages taken around local maxima of ωS , which can be uniquely identified with
the Hessian matrix ∂2ωS/∂xi∂x j without any thresholds. Each point of the local maxima of ωS is
investigated in relation to the shear direction represented in a local shear coordinate (ζ1, ζ2, ζ3),
whose directions are given by unit vectors n1, n2, and n3, respectively. Here, we assume an
orthogonal, right-hand coordinate system. The Cartesian coordinate used in the DNS is x = (x, y, z),
where ni is expressed as [(ni )x, (ni )y, (ni )z]. The shear coordinate is defined so that the shear is
expressed solely with the derivative of n3-directional velocity with respect to ζ2, where n1 can
be determined as the vorticity direction of the shear tensor, n1 = ωS/|ωS|. The norm of the shear
tensor does not change with the orthogonal coordinate transformation. Therefore, (∇uS )3,2 has the
largest value in the shear coordinate among all possible coordinate systems with n1 = ωS/|ωS|.
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FIG. 2. Color contour of ωS and mean velocity vectors on the two-dimensional shear coordinates: (a)
(ζ2, ζ3) at ζ1 = 0 and (b) (ζ1, ζ2) at ζ3 = 0. Length of the vectors corresponds to the vector magnitude in
each figure. u1, u2, and u3 plotted as functions of (c) ζ2 at (ζ1, ζ3) = (0, 0) and (d) ζ1 at (ζ2, ζ3) = (0, 0). These
results are taken from NS3.

A following procedure is repeated for (n2)x = −1,−0.999,−0.998, . . ., 1 in order to identify the
shear coordinate. The increment 0.001 is small enough because the results of the present analysis
do not change with such a small value. For each value of (n2)x, other components of n2 can be
determined by solving equations n2 · n2 = 1 and n1 · n2 = 0. For some values of (n2)x, the solution
of these equations does not exist, and such values of (n2)x are not used for finding the shear
coordinate. Then, n3 is determined by a vector product of n1 and n2. The shear tensor ∇uS is
evaluated in the new coordinate system defined with (n1, n2, n3) by using the transformation matrix
from the original coordinate x to the new coordinate. The shear coordinate is obtained with (n2)x

that yields the maximum value of (∇uS )3,2 after the coordinate transformation among all (n2)x

examined above.
Once the shear coordinate (ζ1, ζ2, ζ3) is determined at a local maximum point of ωS , flow

variables on (ζ1, ζ2, ζ3) are obtained from the DNS grid by using a third-order Lagrange polynomial
interpolation. The flow around the local maxima of ωS is analyzed with the relative velocity
with respect to the origin of the shear coordinate, whose components in (ζ1, ζ2, ζ3) directions are
represented as (u1, u2, u3). The same procedure is repeated for all points of local maxima of ωS . An
averaged flow field associated with shearing motions is studied with ensemble averages in the shear
coordinate, where the average ∗ is taken as a function of (ζ1, ζ2, ζ3).

Figures 2(a) and 2(b) show a mean flow pattern on the two-dimensional shear coordinate by
visualizing ωS and a mean velocity vector, where the subscript 0 refers to a value at (ζ1, ζ2, ζ3) =
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FIG. 3. (a) Mean velocity around local maxima of ωS in random velocity R1, where u2 and u3 at
(ζ1, ζ3) = (0, 0) are plotted against ζ2 while u1 at (ζ2, ζ3) = (0, 0) is plotted against ζ1. (b) Average of
enstrophy production Pω conditioned on ωS , ωR, or sE in NS3, where an average of f conditioned on A is
denoted by 〈 f |A〉.

(0, 0, 0). The averaged velocity vector exhibits a shear layer pattern, where two parallel flows in
±ζ3 directions form the shear layer centered at (ζ1, ζ2, ζ3) = (0, 0, 0). Figures 2(c) and 2(d) show
the mean velocity components on ζ2 at (ζ1, ζ3) = (0, 0) and on ζ1 at (ζ2, ζ3) = (0, 0), respectively.
u2 and u3 on ζ2 and u1 on ζ1 rapidly change within the shear layer. Once these velocity components
reach their peak near the center of the shear layer, they decrease as being away from the shear
layer because of influences of a flow region that is not related to the shearing motion of interest.
The mean velocity in Fig. 2 approaches 0 slowly with the distance from the shear layer, implying
influences of large-scale motions on the shear layer. It is noteworthy that negative ∂u2/∂ζ2 and
positive ∂u1/∂ζ1 in the shear layer are associated with a fluid deformation without shear, confirming
the existence of a biaxial strain field with compression in the ζ2 direction and stretching in the ζ1

direction as also visualized in Fig. 2(b). This picture of the thin shear layer sustained by compression
of the biaxial strain is consistent with Burgers’ vortex layer [1], whose shear vorticity is expressed
by ωS = ∂u3/∂ζ2 = ω0exp(−ζ 2

2 /δ2) while its velocity field is given by u1 = αζ1, u2 = −αζ2, and
u3 = A erf (ζ2/δ). Here, α is the constant strain rate and δ = √

2ν/α is the thickness of Burgers’
vortex layer. This velocity profile is also qualitatively valid within the shear layer as attested by
large values of ∂u2/∂ζ2 < 0, ∂u3/∂ζ2 > 0, and ∂u1/∂ζ1 > 0. The mean flow pattern of the shear
layer is qualitatively similar for all Reynolds numbers (not shown here). Hereafter, the difference
between positive and negative peaks of u1 on ζ1 in Fig. 2(d) is denoted by �u1, and the distance
between these peaks is by δ1. Similarly, �u2 and �u3 represent, respectively, the difference in the
peaks of u2 and u3 on ζ2 while δ2 and δ3 are the distances between the peaks.

Figure 3(a) shows the mean velocity around the local maxima of ωS in random velocity R1,
where u1(ζ1, 0, 0), u2(0, ζ2, 0), and u3(0, ζ2, 0) are plotted against ζ1 or ζ2. In real turbulent flows
(Fig. 2), these velocity components exhibit large peaks around (ζ1, ζ2, ζ3) = (0, 0, 0). Although the
random velocity has a velocity jump for u3 associated with the shear, the biaxial strain caused by u1

and u2 does not exist as attested by u1 ≈ 0 and u2 ≈ 0. Therefore, the shearing motions arise from
a purely kinematic nature of the velocity field while the biaxial strain acting on the shear is due
to the dynamical property of turbulence, which is the consequence of the Navier-Stokes equations.
The extensive strain ∂u1/∂ζ1 of the biaxial strain results in vortex stretching for vorticity of the
shear, which contributes to enstrophy production Pω = ωiSi jω j (ωi, vorticity vector; Si j , rate-of-
strain tensor). Figure 3(b) shows averages of Pω conditioned on the shear, rotation, and elongation
intensities evaluated as ωS , ωR, and sE , respectively. Here, the conditional average is calculated in
the entire computational domain. The average of Pω has a stronger dependence on ωS than ωR and sE ,
and increases roughly with ω3

S . The mean flow pattern of shearing motions as well as the conditional
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FIG. 4. Averages of decomposed terms of (a) Pω = ωiSi jω j and (b) PS = −Si jS jkSki.

average of Pω indicate that the shearing motions have an important contribution to the enstrophy
production. It is known that the random velocity field has zero mean enstrophy production [23],
which is consistent with the absence of vortex stretching due to the interplay between the biaxial
strain and shearing motions in Fig. 3(a).

Enstrophy production Pω = ωiSi jω j and strain self-amplification PS = −Si jS jkSki have been
extensively studied for understanding the small-scale dynamics of turbulence [24–26]. Their
contribution to the energy cascade process is also investigated in recent studies [27]. These terms can
be expressed by the tensor components obtained by the triple decomposition, where Pω = ωiSi jω j

is written as

Pω = (Pω )SSS + (Pω )SSE + (Pω )RSS + (Pω )RSE + (Pω )RRS + (Pω )RRE , (2)

where

(Pω )SSS = (ωS )i(ωS ) j (SS )i j ; (Pω )SSE = (ωS )i(ωS ) j (∇uE )i j ;

(Pω )RSS = 2(ωR)i(ωS ) j (SS )i j ; (Pω )RSE = 2(ωR)i(ωS ) j (∇uE )i j ;

(Pω )RRS = (ωR)i(ωR) j (SS )i j ; (Pω )RRE = (ωR)i(ωR) j (∇uE )i j .

Here, (SS )i j = [(∇uS )i j + (∇uS ) ji]/2 is a symmetric part of the shear tensor. Similarly, PS =
−Si jS jkSki is decomposed into four terms:

PS = (PS )SSS + (PS )SEE + (PS )SSE + (PS )EEE , (3)

where

(PS )SSS = −(SS )i j (SS ) jk (SS )ki; (PS )SEE = −3(SS )i j (∇uE ) jk (∇uE )ki;

(PS )SSE = −3(SS )i j (SS ) jk (∇uE )ki; (PS )EEE = −(∇uE )i j (∇uE ) jk (∇uE )ki.

Averages of Pω and PS are known to be positive in turbulence [24]. Figure 4 shows the averages
of each term divided by 〈Pω〉 or 〈PS〉 against Reλ. The relative contribution of these terms hardly
depends on the Reynolds number. (Pω )RRE and (PS )EEE do not contain the shear tensor, and their
averages have a small contribution to 〈Pω〉 and 〈PS〉, respectively. The terms arising solely from
the shear tensor, (Pω )SSS and (PS )SSS , are 0, and the shearing motion itself does not cause the
enstrophy production and strain self-amplification without interacting with other motions. On the
other hand, the terms associated with the interaction between shear and elongation, (Pω )SSE and
(PS )SSE , have a major contribution to averages of Pω and PS . For the shear layer pattern in Fig. 2, the
interaction between the shear (∂u3/∂ζ2 > 0) and the compressive component of the biaxial strain
(∂u2/∂ζ2 < 0) results in large positive −(SS )23(SS )32(∇uE )22, which is one of the components of
(PS )SSE . As already discussed above, the mean flow pattern in Fig. 2 causes vortex stretching due to
the interplay between the biaxial strain and shearing motions, which results in large positive (Pω )SSE .
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FIG. 5. Reλ dependence of shear layers in NS1–5. (a) Velocity jumps �u1, �u2, and �u3 normalized by
uη or u′. (b) Length scales δ1, δ2, and δ3, normalized by η or L0. (c) Shear and strain intensities, ωS0 and
sE0, normalized by u′/L0 and shear Reynolds number ReS . Broken lines represent power laws obtained by a
least-square method. (d) PDFs of shear layer thickness δS divided by the Kolmogorov scale η or the Burgers’
vortex layer thickness δBV.

These results indicate the importance of the interaction between shearing motions and elongation
(irrotational straining motion) in the amplification of vorticity and strain fields.

Figures 5(a)–5(c) show the Reynolds number dependence of the shear layer observed in the
mean flow around shearing motions. Figures 5(a) and 5(b) plot �ui and δi against Reλ, where uη =
(νε)1/4 is the Kolmogorov velocity. One can observe power-law behaviors of �ui/u′ ∼ Re−ai

λ and
δi/L0 ∼ Re−bi

λ . A least-square method yields a1 = 0.44, a2 = 0.43, a3 = 0.49, b1 = 1.3, b2 = 1.3,
and b3 = 1.4. Figure 5(c) shows mean intensities of the shear and biaxial strain ωS0 and sE0. As
expected from the power-law behaviors of δi and �ui, ωS0 and sE0 also increase with (u′/L0)Rec

λ,
where the least-square method yields c = 0.97 for both ωS0 and sE0. Kolmogorov scaling of these
quantities requires a = 0.5, b = 1.5, and c = 1 [28], which are close to the exponents in the present
DNS. Figure 5(c) also shows the Reynolds number of the shear layer ReS = �u3δ3/ν, which can be
rewritten as ReS = (�u3/uη )(δ3/η). The averages of NS1–5 yield δ3/η = 10.2 and �u3/uη = 6.2,
and therefore ReS ≈ 63. If the weak Reλ dependence of �u3/uη and δ3/η is taken into account,
the present DNS yields ReS ∼ Re0.06

λ , which hardly changes with Reλ. Extrapolation of the present
results suggests ReS = O(101) for a wide range of Reλ.

A shear layer structure was previously observed in a mean flow pattern taken in the local
coordinate defined by the eigenvectors of the strain rate tensor (strain eigenframe) [29,30]. Unlike
the present study, their average in the strain eigenframe is not conditioned on shearing motions. The
Reynolds number dependence of the mean flow pattern in the strain eigenframe was examined in
[31], where the velocity jump across the shear layer structure was about 5.5uη, which hardly depends
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on the Reynolds number for 30 < Reλ < 1200. This scaling of the velocity jump agrees with the
present result �u3 ≈ 6.2uη, which is obtained by identifying shearing motions from instantaneous
flow fields. The shear layer pattern found in the strain eigenframe indicates that the strain eigenframe
is strongly influenced by the shear orientation because the shear tensor contribution to Si j is larger
than the elongation tensor ∇uE in most parts of turbulent flows [17].

Beronov and Kida [32] presented a linear stability analysis of Burgers’ vortex layer with
perturbations. Their analysis suggests that the shear layer with ReS ≈ 63 detected in this study
is unstable for perturbations in turbulence, and a roll-up of the shear layers can occur to form
vortex tubes. Furthermore, the perturbations in the shear layer can grow with a timescale of
δ3/�u3 = [(δ3/η)/(�u3/uη )]τη ∼ T0Re−1

λ , where T0 = L0/u′ is the large-scale eddy turnover time.
Therefore, the perturbations of the shear layer in turbulence grows with the Kolmogorov timescale
τη, which is much shorter than large-scale turbulent motions. Indeed, Figs. 1(b)–1(e) confirm
that a region with strong shear evolves with time and forms a vortex tube within several times
of τη.

The thickness of each shear layer can be estimated as the halfwidth of ωS , which is obtained
as a distance δS between two points of ωS/ωS0 = 0.5 on the ζ2 axis. Burgers’ vortex layer has a
halfwidth of ωS given by δBV = 1.67

√
2ν/α. Here, α is associated with the elongation ∇uE , and

Burgers’ vortex layer satisfies α = sE/2. For each point with local maxima of ωS , the shear layer
thickness δS and Burgers’ vortex layer thickness δBV = 1.67

√
4ν/sE are obtained with the profile

of ωS on the ζ2 axis and sE at the origin of the shear coordinate. Figure 1(d) shows the probability
density functions (PDFs) of δS/η and δS/δBV. A peak appears for δS/η ≈ 4.5 for all Reλ. The PDF
of δS/δBV has a peak at δS/δBV ≈ 1, indicating that the shear layer thickness is predicted well by
Burgers’ vortex layer. Thus, Burgers’ vortex layer provides a good approximation for the relation
between the elongation intensity sE and the local shear layer thickness.

In summary, we have shown the statistical characteristics of shearing motions in isotropic
turbulence. The triple decomposition is used for decomposing the velocity gradient tensor into
three components representing an irrotational straining motion (elongation), a rotating motion, and
a shearing motion. The mean flow pattern around the shearing motions confirms that the thin shear
layer is sustained by the biaxial strain, in agreement with Burgers’ vortex layer, which also predicts
well the shear layer thickness. Shearing motions exist even in a random velocity field. However,
the biaxial strain acting on the shear is caused by the dynamical property of the Navier-Stokes
equations. The interplay between the shear and biaxial strain has an important contribution to
enstrophy production and strain self-amplification. The velocity jumps associated with shearing
motions exhibit the scaling �u3/u′ ∼ Re−a3

λ and δ3/L′
0 ∼ Re−b3

λ , where the exponents are close
to the values of Kolmogorov scaling. The shear Reynolds number ReS ≈ 60 changes very slowly
with Reλ. ReS ≈ 60 is large enough to the cause formation of vortex tubes from the shearing
motions as visibly confirmed in this study, where the timescale of the vortex formation δ3/�u3

is of the order of the Kolmogorov timescale. The very weak dependence of ReS on Reλ indicates
that small-scale vortex formations from shearing motions universally occur in turbulence for a wide
range of Reynolds number.
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