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ABSTRACT
Direct numerical simulation is performed for analyzing the interaction between a normal shock wave and turbulence. The shock wave is
initially located in a quiescent fluid and propagates into a local turbulent region. This flow setup allows investigation of the initial transition
and statistically steady stages of the interaction. Shock deformation is quantified using the local shock wave position. The root-mean-square
(rms) fluctuation in the shock wave position increases during the initial stage of the interaction, for which the time interval divided by
the integral time scale increases with M2

t /(M2
s − 1), where Mt is a turbulent Mach number and Ms is a shock Mach number. In late time,

the rms fluctuation in the shock wave position hardly depends on the propagation time and follows a power law, [M2
t /(M2

s − 1)]0.46,
whose exponent is similar to the power law exponent of the rms pressure-jump fluctuation reported in experimental studies. Fluctua-
tions in the shock wave position have a Gaussian probability density function. The spectral analysis confirms that the length scale that
characterizes shock wave deformation is the integral length scale of turbulence. The fluctuating shock wave position is correlated with dilata-
tion of the shock wave, where the correlation coefficient increases with Mt/(Ms − 1). In addition, the shock wave that deforms backward
tends to be stronger than average and vice versa. Mean pressure jumps across the shock wave are different between areas with forward
and backward deformations. This difference increases with the rms fluctuation in the shock wave position and is well-represented as a
function of M2

t /(M2
s − 1).

Published under license by AIP Publishing. https://doi.org/10.1063/5.0019784., s

I. INTRODUCTION

The interaction between shock waves and turbulence is an
important phenomenon in various fields such as physics and engi-
neering. Shock waves are generated by, for example, supernova
explosion,1 inertial confinement fusion,2 and supersonic aircraft
flights.3 Propagation of shock waves in turbulence affects the char-
acteristics of the shock wave and turbulence. The shock waves gen-
erated by supersonic aircraft flights are observed as big noise, called
a sonic boom, which threatens our living environment and living
ecosystem. Sonic booms possibly influence the attitude and behavior
of animals, although physical damage to them is unlikely; however,
the boom can break glass windows and crack the plaster of buildings
even though it does not cause significant damage to building struc-
tures.4 Therefore, sonic booms are one of the biggest problems fac-
ing the realization of future supersonic transportation. In the flight
test of a supersonic airplane, pressure waveforms of the sonic boom

were measured at various observation points on the ground.3 These
waveforms were different at each observation point. The interac-
tion of a shock wave with atmospheric turbulence causes variation in
the pressure waveform; therefore, the effects of the interaction need
to be incorporated in sonic boom prediction, as reported in recent
studies.5

Previous numerical and experimental studies have investigated
the shock wave–turbulence interaction. Direct numerical simula-
tion (DNS) of a normal shock wave propagating in homogeneous
isotropic turbulence has been widely used for investigating the sta-
tistical properties of turbulence after the interaction.6–11 The shock
wave–turbulence interaction amplifies the turbulent kinetic energy
and enstrophy. In addition, characteristic length scales of turbu-
lence are affected by the interaction because of strong compres-
sion in the shock normal direction. Similar effects on turbulence
have been confirmed in experiments involving a normal or spherical
shock wave propagating in grid turbulence.12–14 These changes in
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turbulence statistics have also been studied theoretically using
the linear interaction analysis, rapid distortion theory, and quasi-
equilibrium assumption.10,15–23

Shock waves are strongly affected by turbulence. DNS stud-
ies have reported that the geometry of the shock surface changes
upon interaction with turbulence, whereby the shock wave can
be wrinkled or locally broken by the interaction.10,24,25 Shock sur-
face deformation was also experimentally observed in a shadow-
graph visualization of a shock wave interacting with grid turbu-
lence produced in a shock tube.26 No discontinuous jumps of
physical variables exist in the broken area of the shock wave.
The shock surface geometry, e.g., appearance of broken regions,
is often characterized by functions of the shock Mach number
Ms = Us/a and the turbulent Mach number Mt =

√
3u′rms/a,

where a is the speed of sound in front of the shock wave,
Us is the shock propagation speed, and u′rms is the root-mean-
square (rms) velocity fluctuation in turbulence.24,25 DNS of a
normal shock wave showed that the interaction induces fluctua-
tions in density and pressure jumps across the shock wave.10,27

Experiments involving spherical shock waves interacting with tur-
bulence also confirmed fluctuations in the pressure jumps of
the shock waves.28–33 These jumps are directly related to the
shock Mach number by the Rankine–Hugoniot relations, and the
shock strength locally fluctuates due to the interaction. Experi-
ments involving weak shock waves showed that the rms fluctu-
ation in pressure jumps is also well-expressed as a single func-
tion of Ms and Mt .31 Both numerical simulations and experiments
have shown that fluctuations in pressure jumps are correlated
with velocity fluctuations in the normal direction of the shock
wave.27,30,33

The importance of shock surface deformation due to velocity
fluctuations has been recognized since theoretical works by Rib-
ner.15,16 A convex part of the deformed shock wave (here, con-
vex in the direction of propagation) is locally weakened by a so-
called defocusing effect, whereas a concave shape amplifies the
shock wave.34 These relations between the shock surface geome-
try and the shock Mach number were confirmed in experiments
involving a spherical shock wave and a turbulent jet, wherein shock
surface deformation and shock wave strength were assessed by shad-
owgraph visualization and overpressure measurement.28 Numer-
ical simulations also revealed that the density jump across the
shock wave is correlated with the shock wave position in rela-
tion to the mean position, which can be related to the concave
or convex shape of the shock wave.25 A shock deformation model
that assumes deformation of a normal shock wave due to a non-
uniform velocity profile30,32 efficiently explains the experimental
and numerical findings of the correlation between the pressure
jump of the shock wave and velocity of turbulence,27,30,33 grad-
ual emergence of turbulent effects on the shock wave,27,30 and Ms
and Mt dependence of the rms fluctuation in the pressure jump.31

The deformation of the shock wave has also been studied in the
interaction between the shock wave and a single vortex.35–37 These
previous studies on the shock wave–turbulence interaction indi-
cate that shock wave deformation plays an important role in
the physical mechanics of the shock wave modulation caused by
turbulence.

Most previous studies have considered the interaction between
shock waves and homogeneous turbulence because the assumption

of statistical homogeneity leads to a simple statistical descrip-
tion of turbulence. Once a shock wave propagates in tur-
bulence for a long period, the shock wave characteristics
become independent of the propagation time. Previous studies
have mostly focused on the statistically steady state of shock
waves. Experiments and numerical simulations have shown that
shock surface deformation increases with time and that fluc-
tuations in the pressure jump increase as the shock wave
propagates until the statistically steady state is achieved.26,27,33

For better understanding of the shock wave–turbulence inter-
action, investigation of the initial transition stage of shock
propagation in turbulence is necessary. This transition stage
can be important in practical problems. For example, shock
waves in sonic boom problems are influenced by atmospheric
turbulent boundary layers, which possess external intermit-
tency,38 and these shock waves propagate from an outer lam-
inar (or weakly turbulent) flow to the turbulent boundary
layer.

In this paper, DNS is performed for a normal shock wave
propagating toward a turbulent front from a quiescent fluid. Here,
the turbulent flow is localized in space, and the shock wave–
turbulence interaction occurs once the shock wave reaches the
turbulent front. This turbulent flow field is generated by insert-
ing isotropic turbulence in the middle of the quiescent fluid.
The present flow setup enables us to investigate the initial tran-
sition stage of the interaction as the shock wave propagates from
the quiescent fluid to the turbulence; this is unlike most previ-
ous DNS studies that focused on the statistically steady state of
the interaction. Shock wave deformation induced by the interac-
tion is studied in both the initial transition and statistically steady
stages of the interaction. Shock wave deformation is quantified using
local shock wave positions, which provide more detailed proper-
ties of the deformed shock wave than simple visualization of the
shock surface. This study focuses on the normal shock wave and
isotropic turbulence since they are the most fundamental. It should
be noted that the mean velocity is zero in the turbulence in the
present DNS; however, the mean velocity gradient affects the mean
shock Mach number.33,39 This effect of an inhomogeneous mean
velocity does not exist in the interaction between a shock wave
and isotropic turbulence. The present analysis mostly relies on the
statistics of turbulence and the shock wave. Although the statistical
approach is useful in understanding phenomena related to turbu-
lence, the statistics of turbulence sometimes veil important char-
acteristics of the instantaneous flow field. For example, the statis-
tical approach cannot reveal the flow structures of turbulence,40

which are often identified by spatiotemporal distributions of phys-
ical variables, such as enstrophy and swirling strength, used to
identify vortical structures.41–45 This study investigates the statisti-
cal properties of the shock wave–turbulence interaction in a sys-
tematic manner by presenting the results as functions of impor-
tant parameters, i.e., the turbulent Mach number and shock Mach
number. Section II describes details of the numerical simulations,
such as numerical schemes, initial and boundary conditions, and
physical and numerical parameters. The results of the numeri-
cal simulations are presented in Sec. III, and the paper is sum-
marized in Sec. IV. Nomenclature presents the list of main sym-
bols, while all symbols are also defined in the text when they
appear.
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II. DNS OF A NORMAL SHOCK WAVE PROPAGATING
IN A LOCAL TURBULENT REGION
A. A normal shock wave propagating in a local
turbulent region

Figure 1 shows an overview of the DNS of a shock wave that
propagates from a quiescent fluid to a turbulent region. In the ini-
tial state, the normal shock wave is located in the region at rest,
whereas the turbulent flow region is localized in the middle of the
computational domain. The flow is periodic in the y and z direc-
tions. The shock propagation direction is denoted by x. Both sides
of the turbulent region have interfaces that separate the turbu-
lence from the quiescent fluid. The flow setup of the local turbulent
region is the same as the one considered in previous studies for the
turbulent/non-turbulent interface.46–48 The shock wave propagates
toward the turbulent front and enters the turbulent region, where the
shock–turbulence interaction occurs. In the DNS, time is advanced
until the shock wave reaches the far side of the local turbulent region.
This setup allows us to investigate the initial transition stage of
the shock wave–turbulence interaction. The DNS methodology and
subsequent analysis are summarized below.

1. Run a DNS of isotropic turbulence with a linear forcing scheme
and store the instantaneous flow field at various time steps.

2. Run a numerical simulation of the shock wave propagating in
a quiescent fluid and store the flow variables around the shock
wave.

3. Generate the initial condition for the DNS of the shock–
turbulence interaction from the simulations in steps 1 and
2.

4. Run the DNS of the shock–turbulence interaction. This DNS is
repeated for different realizations of isotropic turbulence using
the instantaneous flow field at different time steps in step 3.

5. The instantaneous flow fields saved in the DNS of the shock–
turbulence interaction are analyzed statistically.

Steps 1 and 2 are explained in Secs. II C and II D, respec-
tively. The flow considered in step 4 is described below, whereas the
detailed numerical method is presented in Sec. II B. The method
to calculate the statistics of the shock–turbulence interaction is
presented in Sec. III.

The governing equations used in the DNS are three-
dimensional, compressible Navier–Stokes equations for a perfect gas
(air) and are given as follows:

TABLE I. Parameters of the simulations of the shock–turbulence interaction.

Case Ms Mt Mt/(Ms − 1) M2
t /(M2

s − 1) Reλ L/L0 λ/L0 η/L0

1 1.3 0.13 4.2× 10−1 2.3× 10−2 64 0.56 0.18 0.011
2 1.3 0.063 2.1× 10−1 5.7× 10−3 71 0.70 0.19 0.012
3 1.3 0.011 3.7× 10−2 1.8× 10−4 59 0.74 0.17 0.012
4 1.1 0.011 1.1× 10−1 6.0× 10−4 59 0.74 0.17 0.012
5 1.01 0.011 1.1× 100 6.2× 10−3 59 0.74 0.17 0.012

∂ρ
∂t

+
∂ρuj
∂xj
= 0, (1)

∂ρui
∂t

+
∂(ρuiuj + δijP)

∂xj
= ∂τij

∂xj
, (2)

∂e
∂t

+
∂(e + P)uj

∂xj
= ∂τijui

∂xj
+

∂

∂xj
(κ∂T

∂xj
), (3)

τij = μ(
∂ui
∂xj

+
∂uj
∂xi
− 2

3
δij

∂uk
∂xk
), (4)

with the equation of state P = ρRT, where t is the time, xi is the posi-
tion, ρ is the density, ui is the velocity vector, e = P/(γ − 1) + ρu2

i /2
is the total energy, T is the temperature, P is the pressure, μ is the
viscosity coefficient calculated according to Sutherland’s law, κ is
the thermal conductivity, R = 287 J/(kg K) is the gas constant, γ
= 1.4 is the specific heat ratio, δij is the Kronecker delta, and τij is
the shear stress tensor, expressed as Eq. (4). Hereafter, the velocity
components in the x, y, and z directions are denoted by u, v, and
w, respectively. The Prandtl number is Pr = 0.71. The size of the
computational domain is (Lx, Ly, Lz) = (32L0, 4L0, 4L0), where the
reference length scale L0 is related to the integral length scale of tur-
bulence, which is defined in additional simulations to generate the
local turbulent region, as described in Sec. II C. The turbulence is
located between 2.5L0 ≤ x ≤ 22.5L0, whereas the initial shock wave is
located at x = 1.5L0. The number of computational grid points is (Nx,
Ny, Nz) = (2048, 256, 256) in all simulations of the shock–turbulence
interaction.

Table I summarizes the simulation conditions and the char-
acteristics of turbulence defined with volume averages in the tur-
bulent region. The table presents the turbulent Reynolds number

FIG. 1. Schematic of numerical simula-
tions of a shock wave propagating from
a quiescent fluid into a turbulent region.
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Reλ = u′rmsλ/⟨ν⟩, the integral length scale L = ∫∞0 f (r)dr calculated
using the longitudinal correlation function f (r), which is defined by
velocity fluctuations, the Taylor microscale λ = u′rms/(∂u/∂x)′rms,
and the Kolmogorov length scale η = (⟨ν⟩3⟨ρ⟩/⟨ε⟩)1/4, where ν
= μ/ρ is the kinematic viscosity and ε = τijSij with Sij = (∂ui/∂xj
+ ∂uj/∂xi)/2 is the dissipation rate of the turbulent kinetic energy.
These statistics are considered for isotropic turbulence, and the qui-
escent fluid surrounding the turbulence, as shown in Fig. 1, is not
used as a statistical sample. ⟨f ⟩ denotes a mean value of a variable f,
and its rms fluctuation is denoted by f ′rms. The DNS is performed for
five cases with different sets of the shock Mach number Ms and tur-
bulent Mach number Mt . The computational grid size Δ is 0.016L0,
which is equivalent to 1.4η. Grid spacing is uniform in the entire
computational domain. DNS studies on turbulence have used com-
putational grids of similar sizes extensively.49–52 A widely used cri-
terion for evaluating the spatial resolution of DNS using a spectral
method is Δ/η ≤ 2.1.38 A resolution better than Δ/η = 2.1 is used in
the DNS as the DNS code based on the finite volume method does
not have spectral resolution. Cases 1–3 are conducted for Ms = 1.3,
whereas Mt = 0.13, 0.063, and 0.011 are used for investigating tur-
bulent Mach number dependence. Cases 3–5 assume Mt = 0.011 for
Ms = 1.01, 1.1, and 1.3, for which the effects of the shock Mach num-
ber are investigated. A previous DNS outcome posited that the shock
wave can be broken by the interaction with turbulence.10,24,25 How-
ever, in all the simulations performed in this study, the shock wave
retained its surface without having any broken parts. Therefore, we
investigated shock wave deformation based on the shock wave posi-
tion, as explained below. In Sec. III, statistics of the shock wave are
often presented against Mt/(Ms − 1) and M2

t /(M2
s − 1), whose val-

ues are also given in Table I. All simulations are conducted for the
turbulent Reynolds number Reλ in the range of 60–70, and the Reλ
dependence of the results is weak compared with the dependence on
Ms and Mt .

The local turbulent region is generated using isotropic turbu-
lence obtained via additional DNS, as explained in Sec. II C. For
each condition, the simulations of the shock–turbulence interaction
are repeated five times using instantaneous flow data of the isotropic
turbulence at different time steps. Furthermore, additional five sim-
ulations are performed only for case 1 in order to check statistical
convergence. The statistics in case 1 are calculated using ten simula-
tions. For assessing statistical errors, this paper presents results from
two independent sets of five simulations for case 1 along with those
from the ten simulations. The degree of the statistical convergence is
similar in all cases as the computational domain size is the same in
all simulations. Therefore, we estimate the statistical errors in cases
2–5 from case 1 by assuming that the fractional error is the same in
all cases. Here, the fractional error in case 1 is defined as the differ-
ence in statistics between the five and ten simulations. The estimated
errors are shown with error bars in figures in Sec. III. As shown in
Sec. III, the error due to statistical convergence is minor and does
not affect the discussion of the paper. We also conducted simulations
with a lower turbulent Reynolds number using a single snapshot of
turbulence, wherein the effects of the spatial resolution are evaluated
for the statistics of the shock wave position. These issues about sta-
tistical convergence and the spatial resolution are discussed in the
Appendix.

The characteristics of turbulence in Table I are obtained by
ensemble averages of the snapshots used as the initial condition of

the shock–turbulence interaction. In the simulations of the shock–
turbulence interaction, the flow is statistically homogeneous in the
y and z directions. Statistics are calculated with averages taken on
the y–z planes in each simulation and using the ensemble averages
of the simulations; the resulting statistics are expressed as func-
tions of time and x. An overbar ∗ is used for representing these
averages.

B. Numerical methods
This study uses a message passing interface (MPI)-parallelized

version of the in-house DNS code (Fortran 90) used in our previous
study,27 wherein DNS was performed for the interaction between
a normal shock wave and homogeneous isotropic turbulence. The
amplification of turbulent velocity fluctuations in the DNS agrees
well with the theoretical prediction based on the linear interaction
anlaysis.27 Furthermore, rms fluctuations in the pressure jump of
the shock wave obtained through this DNS code are consistent with
the outcome of experiments conducted on the shock–turbulence
interaction.31 The DNS code was validated by these comparisons
reported in previous studies. In Sec. III B, the code is further val-
idated by comparing the mean shock wave propagation velocity
with a theoretical relation. We perform numerical simulations of
the shock–turbulence interaction using a high-performance com-
puting system in Nagoya University, whereas DNS of the isotropic
turbulence described below is performed using the Earth Simula-
tor in the Japan Agency for Marine-Earth Science and Technol-
ogy. The code is based on the finite volume method with a shock-
capturing scheme. Spatial discretization of inviscid terms is based on
Roe flux difference splitting with a fifth-order weighted essentially
non-oscillatory (WENO) scheme.24 The other terms are calculated
using a sixth-order central difference scheme. Time advancement
is based on the four-stage, fourth-order Runge–Kutta method. The
computational domain is divided in the y and z directions, and
the subdomains elongated in the x direction are treated in each
MPI process.

Numerical dissipation inherently caused by the Roe flux split-
ting may dump small-scale fluctuations in turbulence. Here, turbu-
lence hardly decays with time during the simulations because the
time scale of decay is much longer than that of shock wave prop-
agation. We monitor the statistics in front of the shock wave dur-
ing shock wave propagation; the effects of numerical dissipation are
negligible for the statistics of turbulence during shock wave propa-
gation. This is clearly confirmed by the velocity derivative skewness,
which is very sensitive to the spatial resolution and numerical dissi-
pation.53,54 If the effects of numerical dissipation on turbulence are
not negligible, the velocity derivative skewness becomes small with
time because the effective spatial resolution becomes worse owing
to numerical dissipation. However, the skewness hardly changes
with time, and the present numerical scheme does not cause arti-
ficial decay of turbulence. Although the present study uses DNS
of Navier–Stokes equations with the shock-capturing scheme, the
behavior of the shock wave in the present DNS is consistent with
experiments on the shock wave–turbulence interaction, as discussed
in Sec. III. Therefore, it can be considered that the DNS captures
physical responses of the shock wave to turbulence.

Once the shock Mach number is specified as a computational
parameter, physical variables of a shock wave can be calculated via
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Rankine–Hugoniot relations using the shock Mach number and cor-
responding variables in front of the shock wave. Here, the initial
flow state in front the shock wave is specified as an initial con-
dition, which is explained in Sec. II C. Dirichlet boundary condi-
tions are assumed for the boundary at x = 0, with the flow state
behind the shock wave determined by Rankine–Hugoniot relations.
Zero-gradient boundary conditions are assumed on the other side
of the computational domain. Note that these conditions are not
non-reflecting boundary conditions. Therefore, sponge zones with a
second-order low-pass filter are employed near the boundaries in the
x direction. The filter dumps the pressure waves toward the bound-
aries, thereby preventing the reflected waves from affecting the shock
wave–turbulence interaction. Periodic boundary conditions are used
for the y and z directions.

C. Initial conditions of turbulence
The local turbulent region is generated by performing addi-

tional DNS of compressible, homogeneous, isotropic turbulence
with a linear forcing scheme,55 which only forces solenoidal compo-
nents of the velocity vector in the DNS used in this study. This DNS
is initialized with a divergence-free random velocity field. The den-
sity field is uniform, and ρ0 = 1.17 kg/m3. Mean pressure and tem-
perature are P0 = 1.013 × 105 Pa and T0 = 300 K, respectively. The
random velocity field in the physical space can be obtained by apply-
ing inverse Fourier transform to velocity vectors in the wavenum-
ber space with a random phase. Here, the divergence-free condition
is enforced in the phase space. Pressure fluctuations are calculated
from velocity fluctuations by solving the Poisson equation for pres-
sure under the divergence-free condition in the velocity field,55 and
then, temperature fluctuations are calculated using the equation of
state. The velocity in the wavenumber space is assumed to have a
turbulent kinetic energy spectrum E(k) given in Ref. 38,

E(k) = Cε2/3
0 k−2/3fL(kL0)fη(kη0), (5)

fL(kL0) = (
kL0

[(kL0)2 + cL]1/2
)

5
3 +p0

, (6)

fη(kη0) = exp{−β([(kη0)4 + c4
η]

1
4 − cη)}, (7)

where C = 1.5, β = 5.2, p0 = 2, cL = 6.78, and cη = 0.4. Here, k is the
wavenumber, ε0 is the turbulent kinetic energy dissipation rate used
as a parameter in the model spectrum, L0 = (

√
3/2u0)3/ε0 is related

to the integral length scale, u0 is the initial rms velocity, and η0

= ν3/4
0 (ρ0/ε0)1/4 is the Kolmogorov scale (ν0: kinematic viscos-

ity determined by T0 and ρ0). The parameters are calculated
from the given turbulent Mach number and turbulent Reynolds
number, which can be written as Mt =

√
3u0/
√
γRT0 and Reλ

=
√

15u2
0(ν0ε0)−1/2 in homogeneous isotropic turbulence, respec-

tively. The integral length scale L0 and rms velocity u0 are used as
reference length and velocity scales, respectively, in the simulations
of the shock wave–turbulence interaction.

We perform DNS of isotropic turbulence using a modified ver-
sion of the DNS code that was previously used for supersonic tur-
bulent boundary layers and planar jets.56–58 Here, the eigth-order
central difference scheme and the five-stage, fourth-order Runge–
Kutta scheme are adapted for spatial and temporal discretization.

Following the study of Wang et al.,59 the tenth-order low-pass fil-
ter60 is applied to simulated variables at the end of each time step to
prevent growth of unphysical fluctuations inherently arising from
the central difference scheme. The computational domain size is
(4L0)3, and the number of grid points is 2563, where the grid
spacing is uniform. From the initial condition, time is advanced
until the turbulence reaches a statistically steady state. The turbu-
lent Mach number, turbulent Reynolds number, mean tempera-
ture, and mean pressure hardly change from the initial condition,
whereas compressibility effects, such as density fluctuations and
dilatation, emerge with time as the initial velocity field is purely
solenoidal.

The local turbulent region shown in Fig. 1 is generated by
the method used in Ref. 46, which inserts the isotropic turbu-
lence in the middle of a quiescent fluid whose pressure and tem-
perature are 1.013 × 105 Pa and 300 K, respectively. The length
of the local turbulent region is 20L0. DNS of isotropic turbu-
lence is conducted using a periodic box. Therefore, the turbulent
region with a length of 20L0 is generated from a single snapshot
of the isotropic turbulence using the periodicity. Periodic effects on
the statistics related to the shock wave–turbulence interaction do
not appear since ensemble averages are taken for the simulations
with different snapshots of turbulence. The boundaries between
the turbulence and quiescent fluid appear at x = 2.5L0 and 22.5L0,
as shown in Fig. 1. Variables Q = ρ, ρui, and e are smoothly
adjusted between the two regions by applying a smoothing function
given by

F[Q(x, y, z)] = QL + [Q(x, y, z) −QL]g1(x)g2(x), (8)

g1(x) =
1
2

+
1
2

tanh(x − xt1
δt
), (9)

g2(x) =
1
2
− 1

2
tanh(x − xt2

δt
), (10)

where QL is a constant value of the variable in the quiescent fluid, xt1
= 2.5L0 + δt/2 and xt2 = 22.5L0 − δt/2 define the regions where the
smoothing function is applied, and δt = 10Δ is the thickness of the
buffer regions. g1(x)g2(x) is equal to 1 in most parts of the turbulent
region and decreases to 0 at the edges of the turbulence. There-
fore, the smoothing function ensures that variables vary smoothly
between the turbulence and the quiescent fluid, while the turbulent
region retains the original flow field obtained in the DNS of isotropic
turbulence. Once the DNS of the shock wave–turbulence interaction
is started, the buffer regions also evolve with time. As temporal evo-
lution obeys the compressible Navier–Stokes equations, the mass,
momentum, and energy conservations are still holed in the buffer
regions.

D. Initial conditions of shock waves
In numerical simulations of the shock wave–turbulence inter-

action, profiles of conservative variables of the shock wave are
inserted at around x = 1.5L0, and the numerical solution for the
shock wave is obtained by simulating the normal shock wave propa-
gating in the quiescent fluid. Here, the computational domain size is
(Lx, Ly, Lz) = (16L0, 4L0, 4L0), and the number of grid points is (Nx,
Ny, Nz) = (1024, 256, 256). Grid spacing is uniform in the simula-
tions of the shock wave. The spatial resolution, numerical schemes,
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and boundary conditions are the same as those used in DNS of the
shock wave–turbulence interaction. The simulations of the shock
wave are initialized with the profiles of variables Q = ρ, ρui, and e
given by

Q(x, y, z) = QF + (QB −QF)[
1
2
− 1

2
tanh(x − xs0

δs
)], (11)

where the subscripts, F and B, represent values in front of and behind
the shock wave, respectively. The flow state in front of the shock
wave, QF , is the same as that in the quiescent fluid in the simulations
of the shock wave–turbulence interaction. Then, QB is calculated
from QF and Ms using Rankine–Hugoniot relations. The location of
the shock wave is xs0 = 1.5L0, and the initial thickness of the shock
wave is δs = 10Δ.

Equation (11) represents a compression wave without discon-
tinuity. The smoothed profile given by Eq. (11) is used as the initial
condition since numerical oscillations can occur behind the shock
wave if variables change discontinuously over one computational
grid point. As time is advanced in the simulation, the compression
wave propagates in the x direction. The gradient of the variables
across the wave becomes steeper as the wave propagates, and the
compression wave converges to a normal shock wave that can be
treated using the numerical schemes used herein. Time is advanced
until jumps of physical variables across the shock wave become inde-
pendent of time. Profiles of the variables around the shock wave
are taken from the simulation and are inserted at around x = 1.5L0
as the initial condition of the DNS of the shock wave–turbulence
interaction.

III. RESULTS AND DISCUSSION
A. Shock wave propagation in turbulence

Figure 2 visualizes velocity in the x direction on an x–y plane at
five different time steps in case 1. Here, time is non-dimensionalized
by t0 = L0/u0. The shock wave is observed as a velocity jump, and
it begins to deform once it enters the turbulent region. The defor-
mation is small at the beginning of the interaction, as shown in
Fig. 2(b). Large deformations can be seen in Figs. 2(c)–2(e) after
the shock wave propagates in turbulence for a long period. This ten-
dency is consistent with previous studies on the interaction between
a normal shock wave and grid turbulence, wherein shock surface
deformation increases as the shock wave propagates in turbulence.26

Figure 3 shows the density (ρ) profile on the same x–y plane as in
Fig. 2. Density sharply increases across the shock wave. Turbulence
in case 1 has a turbulent Mach number of 0.13, for which com-
pressibility effects are not negligible. Therefore, density fluctuations
are large even in front of the shock wave. These density fluctua-
tions are still weak compared with the density jump of the shock
wave, and the shock wave propagates in the x direction without
being broken.

Most experimental studies evaluate shock wave deformation
using a shadowgraph or schlieren visualization.26,28,61 Shadowgraph
and schlieren images contain information integrated along a light
path, and it is difficult to relate the images to the local shock
surface geometry. Therefore, it will be useful to present shadow-
graph images of the DNS results for future experimental studies on
the shock wave–turbulence interaction. Shadowgraph images can
be constructed from three-dimensional instantaneous flow fields

FIG. 2. Two-dimensional profiles of
velocity in the x direction (u/u0) on a x–
y plane of z = 2L0 at (a) t/t0 = 0, (b) t/t0
= 0.05, (c) t/t0 = 0.31, (d) t/t0 = 0.52, and
(e) t/t0 = 0.78.
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FIG. 3. Two-dimensional profiles of den-
sity on the same x–y plane as in Fig. 2 at
(a) t/t0 = 0, (b) t/t0 = 0.05, (c) t/t0 = 0.31,
(d) t/t0 = 0.52, and (e) t/t0 = 0.78.

in DNS. The numerical shadowgraph visualization in this study
assumes a paraxial hypothesis and a perfectly parallel incident light
ray.62 Incident light with an intensity I0 and parallel to the z direc-
tion passes through the computational domain from z = 0 to Lz .
Diffraction of the light due to density fluctuations results in fluc-
tuations in light intensity, ΔI(x, y) = I(x, y) − I0. Numerical shad-
owgraph images can be obtained by visualizing ΔI(x, y)/I0, which is
calculated as

ΔI
I0
= −l(∂εx

∂x
+
∂εy
∂y
), (12)

εi(x, y) = G
n0
∫

Lz

0

∂ρ
∂xi

dz, (13)

where εi is deviation of the light ray in the i-direction (i = x, y),
G = 2.3 × 10−4 m3/kg is the Gladstone–Dale constant, n0 = 1
+ ρ0G is the refractive index for air with ρ0 = 1.17 kg/m3, and
l is the distance from the end of the computational domain to a
virtual screen on which the shadowgraph image is projected. Fig-
ure 4 shows the numerical shadowgraph images, in which shock
waves are located at x ≈ 3.3L0, 9.0L0, or 19.0L0. The shock waves
appear as a pair of black and white vertical lines. Comparing
Figs. 4(a)–4(c), one can find that shock wave deformation increases
as Mt increases from (c) to (a). This Mt dependence is consistent
with previous DNS studies on the shock wave–turbulence interac-
tion.24,25 The most deformed shock wave is obtained at x ≈ 19L0 in
Fig. 4(a), where the deformed shock wave appears as multiple dark
and white lines, which were also observed in experimental shad-
owgraph images taken for the interaction between a normal shock

wave and grid turbulence.26 Turbulence, as shown in Figs. 4(c)–
4(e), has Mt = 0.011 with different values of Ms. The shock wave
is more deformed at a lower shock Mach number. Although the
shock wave is largely deformed by the interaction, the shock wave
in the DNS used in this study does not have any broken regions;
moreover, physical variables exhibit sharp jumps in all parts of the
shock wave.

B. Statistics of the local shock wave position
We investigate shock surface deformation using the local posi-

tion of the shock wave xs(y, z; t). The shock wave has a large neg-
ative pressure gradient in the x direction, ∂P/∂x, which is used
to evaluate xs(y, z; t). Hereafter, Px(x) denotes the profile of Px
≡ ∂P/∂x along the x direction for each (y, z) position. The shock
wave position xs is defined as the location where Px(x) attains its
largest negative value. Practically, a second-order Lagrange inter-
polation is applied to ∂P/∂x around the computational grid point
at which ∂P/∂x takes the largest negative value. A continuous pro-
file of Px(x) is obtained via the interpolation and is used to iden-
tify xs, which is obtained as a function of y, z, and t by repeatedly
applying this procedure for all (y, z) positions in each instanta-
neous flow field. The present definition of the shock wave position is
related to that with the dilatation ∇ ⋅u used in previous studies.24,25

Both quantities are expected to yield almost identical shock wave
positions because they have similar profiles near the shock wave.
Statistics of xs(y, z; t) are calculated as functions of t by taking aver-
ages in the y and z directions as well as ensemble averages of the
simulations.
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FIG. 4. Numerical shadowgraph images for the shock wave located at x ≈ 3.3L0, x ≈ 9.0L0, and x ≈ 19L0 from left to right in each figure. (a) Case 1 (l/L0 = 1), (b) case 2 (l/L0
= 1), (c) case 3 (l/L0 = 1), (d) case 4 (l/L0 = 5), and (e) case 5 (l/L0 = 100).

FIG. 5. Relation between mean shock
wave positions xs and time t: (a) case 1
(Mt = 0.13), (b) case 2 (Mt = 0.063), and
(c) cases 3, 4, and 5 (Mt = 0.011).
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Figure 5 shows the relation between the mean shock wave posi-
tion xs and time t, which are normalized by the reference length and
time scales (L0 and t0 = L0/u0) of the simulations; t0 is the time scale
of turbulence, which depends on Mt . The non-dimensional plots of
xs/L0 and t/t0 are different even for the same shock Mach number
in cases 1 and 2 because Mt is different in these cases. The figure
also shows a linear relationship xs = Ust + xs0 with a constant prop-
agation velocity of the shock wave, Us. This is valid if Us does not
change with time from the initial propagation velocity that is deter-
mined solely by the initial Ms and mean temperature in front of the
shock wave. The mean position of the shock wave is well-predicted
by xs = Ust + xs0 for all cases, and the mean propagation velocity
hardly changes from the initial condition even when the shock wave
propagates in turbulence.

We evaluate shock wave deformation as fluctuations in the
shock wave position x′s(y, z; t) = xs(y, z; t) − xs(t). Figures 6(a) and
6(b) show the rms values of x′s , which is denoted by x′s,rms, nor-
malized by η, plotted against the mean shock wave position xs/L0.
Here, η is taken in turbulence before the interaction with the shock
wave. Cases 1–3 with Ms = 1.3 are compared in Fig. 6(a), whereas
cases 3–5 with Mt = 0.011 are compared in Fig. 6(b). The shock
wave at xs/L0 ≥ 2.5 is located within the turbulent region. x′s,rms
starts increasing once the shock wave enters the turbulent region
at xs ≈ 2.5L0 in the all cases. After the shock wave propagates for
sufficiently long time, x′s,rms only weakly depends on the propaga-
tion distance (time) for xs ≥ 12L0. Here, x′s,rms, except case 5, slightly
decreases after a peak and then becomes almost independent of time.
For case 5, with the smallest shock Mach number, x′s,rms tends to
slowly increase with time until the end of the simulation; however,

the increase rate for xs ≥ 15L0 becomes very small. Normalized val-
ues of x′s,rms/η in the steady state depend on the shock and turbulent
Mach numbers. The results for cases 1–3 with Ms = 1.3 suggest that
x′s,rms increases with the turbulent Mach number. For cases 3–5 with
Mt = 0.011, x′s,rms decreases with the shock Mach number. In all
cases, x′s,rms tends to be steady in late time, and this steady behav-
ior of x′s,rms might be explained by the stability of the shock wave
surface against small deformation.63 The statistical convergence and
spatial resolution effects are mentioned in the Appendix. Figure 6(c)
plots x′s,rms/η against interaction time ti/t0, which is defined as the
time over which the shock wave propagates in the turbulent region
ti = (xs − 2.5L0)/Us. The relation between x′s,rms/η and ti/t0 confirms
that the time required for the shock wave to be statistically steady is
different in each case. However, the initial non-dimensional growth
rate of x′s,rms/η is similar in all cases.

Hereafter, the time average is used for improving statistical
convergence as x′s,rms tends to be independent of time after the shock
wave propagates for a long period. The average is taken over a time
period for which the mean shock wave position xs is located between
13L0 and 19L0. Figure 7(a) shows a probability density function
(PDF) of x′s normalized by x′s,rms, which agrees well with the Gaussian
function in all cases. Previous experimental and numerical studies
also found that the Gaussian function is a good approximation of the
PDF of various quantities related to a shock wave propagating in tur-
bulence, e.g., fluctuations in pressure and density jumps across the
shock wave.24,25,31,33 These previous experiments observed the Gaus-
sian PDF of pressure-jump fluctuations for a weak spherical shock
wave; the curvature effects of the shock surface can be negligible in
the fluctuations in some shock wave properties. One-dimensional

FIG. 6. Rms fluctuations in shock wave
positions, x′s,rms, plotted against [(a) and
(b)] the mean position xs/L0 and (c) the
interaction time ti /t0. Here, x′s,rms is nor-
malized by the Kolmogorov scale η in
turbulence at the initial state. (a) Turbu-
lent Mach number dependence for Ms

= 1.3 (cases 1–3) and (b) shock Mach
number dependence for Mt = 0.011
(cases 3–5).
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FIG. 7. (a) Probability density functions
(PDFs) of x′s normalized by x′s,rms. (b)
Energy spectra of x′s , E(kt ), in an area-
preserving form, where kt is a wavenum-
ber in the transverse direction of the
shock wave. Gray lines are obtained via
two independent sets of five simulations
of case 1.

Fourier transform in the y or z direction is applied to xs(y, z; t) to cal-
culate the energy spectrum E. As xs is statistically homogeneous and
isotropic on a y–z plane, the spectrum of xs is expressed as a func-
tion of the transverse wavenumber kt , where the transverse direction
is perpendicular to the x direction. Figure 7(b) shows the spectra of
x′s in an area-preserving form, ktE(kt), where a visible area under the
line represents contribution to (x′s,rms)2. Here, kt is normalized by
the integral length scale L of turbulence. ktE becomes large for ktL
≤ 6, and fluctuations in xs are dominated by large scales. These
energy spectra are similar to pressure-jump spectra calculated using
Fourier transform in the shock-transverse direction.27 Dominant
contribution of large scales to fluctuations in shock wave characteris-
tics indicates the importance of large-scale motions in the turbulent
effects on the shock wave.

All simulations are conducted with Reλ in the range of 60–70,
and the differences between each case should be attributed to Mt and
Ms. The shock wave–turbulence interaction has been studied in rela-
tion to Mt/(Ms − 1) and M2

t /(M2
s −1) in previous studies.6,24,25,27,31,64

Figure 8 plots x′s,rms/η against Mt/(Ms − 1) or M2
t /(M2

s − 1), where
x′s,rms is evaluated for the shock wave with 13L0 ≤ xs ≤ 19L0. All

cases have η/L0 ≈ 0.012, and x′s,rms is divided by an almost constant
value. Therefore, Figs. 8(a) and 8(b) are used for assessing the rela-
tion between x′s,rms and Mt/(Ms − 1) or M2

t /(M2
s − 1) but not for

assessing the dependence on η. Figure 6 shows that x′s,rms/η increases
with Mt and decreases with Ms, whereas both functions, Mt/(Ms
− 1) and M2

t /(M2
s − 1), similarly change with Ms and Mt . How-

ever, x′s,rms/η, as shown in Fig. 8, is better expressed as a function
of M2

t /(M2
s − 1) than Mt/(Ms − 1), and x′s,rms/η exhibits a power law

behavior of M2
t /(M2

s − 1). Applying the least squares method yields
the following relation:

x′s,rms/η ∼ (
M2

t

M2
s − 1

)
0.46

. (14)

For this relation, x′s,rms is almost proportional to Mt for fixed Ms,
as also confirmed in Fig. 8(a). Experimental and numerical data of
the shock wave–turbulence interaction25,27,29,31 compiled in Ref. 31
also show that rms fluctuations in the pressure jumps of shock
waves, P′s,rms, divided by the mean pressure jump, Ps, change with
P′s,rms/Ps ∼ [M2

t /(M2
s − 1)]0.49, whose exponent is close to Eq. (14).

FIG. 8. x′s,rms/η plotted against (a)
Mt/(Ms − 1) and (b) M2

t /(M2
s − 1).

The solid line in (b) represents a power
law obtained using the least squares
method. Gray “+” symbols are obtained
by two independent sets of five simula-
tions of case 1. Error bars for cases 2–5
represent 3.3% of the fractional error in
x′s,rms.
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FIG. 9. Time scales t(α)s of the growth of x′s,rms divided by t0, plotted against

M2
t /(M2

s − 1). Broken lines represent t(α)s /t0 = A[M2
t /(M2

s − 1)]n obtained
using the least squares method.

A simplified argument of shock wave deformation,31 which success-
fully predicts a power law behavior P′s,rms/Ps ∼ [M2

t /(M2
s − 1)]0.5,

shows that shock wave deformation can cause pressure-jump fluctu-
ations. Similar scaling exponents of rms fluctuations in the pressure
jump and shock wave position imply that shock wave deformation is
an appropriate measure of fluctuations in the shock wave strength,
which determines the local pressure jump across the shock wave.
The power law of P′s,rms in Ref. 31 was obtained from experimen-
tal and numerical data for both normal and spherical shock waves,
and these shock waves have a very similar dependence on P′s,rms on
[M2

t /(M2
s −1)]. Considering the relation between shock wave defor-

mation and pressure jump fluctuations,31 the scaling law of x′s,rms
is also expected to be valid in spherical shock waves with a large
curvature.

In Fig. 6, x′s,rms/η gradually increases as the shock wave prop-
agates in turbulence. We define x(α)s as the shock wave position at
which x′s,rms reaches α% of the maximum value of x′s,rms. An order
of the time scale for the growth of x′s,rms can be roughly estimated
as t(α)s = (x(α)s − xs0)/Us, where the shock wave propagates in

turbulence for a time interval of t(α)s until x′s,rms reaches α% of its
maximum value. Although the present definition of t(α)s does not
provide an exact time for the shock wave to be in a statistically
steady state, t(α)s is still useful to observe the dependence of the time
scale of shock wave deformation on Ms and Mt . Figure 9 shows
the relations between t(α)s /t0 and M2

t /(M2
s − 1) for 50% ≤ α ≤ 90%

for all cases. Although t(α)s /t0 depends on α because of the defini-
tion, it generally increases with M2

t /(M2
s − 1). This trend is possibly

explained by a time scale of deformation due to velocity fluctua-
tions, which can be estimated as ts = x′s,rms/u0. In the DNS used
herein, L0/η is almost constant because the Reynolds number is sim-
ilar in all cases. The power law of x′s,rms, Eq. (14), can be read as
x′s,rms ∼ L0[M2

t /(M2
s − 1)]0.46. Then, the following scaling law of ts

normalized by the integral time scale t0 = L0/u0 is obtained from an
empirical relation of Eq. (14):

ts/t0 ∼ (
M2

t

M2
s − 1

)
0.46

. (15)

This relation holds for the present DNS data shown in Fig. 9: the
least squares method yields exponents of the power law, written as
t(α)s /t0 = A[M2

t /(M2
s − 1)]n, where n = 0.46, 0.44, 0.44, and 0.45 are

obtained for α = 90%, 80%, 70%, and 50%, respectively. These values
are close to 0.46, and Eq. (15) is a fairly good approximation of the
deformation time scale at the initial stage of the interaction.

C. Relation between local shock wave characteristics
and the shock wave position

We investigate local shock wave characteristics in relation to
shock wave deformation, where time instances with 13L0 ≤ xs
≤ 19L0 are used for calculating the statistics. Dilatation θ ≡ ∇ ⋅u
evaluated at the shock wave position xs is denoted by θs(y, z; t)
= θ(xs, y, z; t). Figure 10 shows a joint PDF between x′s and θ′s
= θs − θs in cases 1 and 5. These quantities are positively corre-
lated: the dilatation tends to be small when the shock wave is located
behind the mean shock wave position and vice versa. With Eq. (1),
the dilatation can also be written as θ = −(1/ρ)(Dρ/Dt). The posi-
tive correlation between x′s and θ′s suggests that the shock wave with
x′s < 0 tends to have a stronger compression with a higher local

FIG. 10. Joint PDF between x′s and θ′s in
(a) case 1 and (b) case 5.
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FIG. 11. Correlation coefficients RC
between x′s and θ′s plotted against (a)
Mt/(Ms − 1) and (b) M2

t /(M2
s − 1).

Gray “+” symbols are obtained by two
independent sets of five simulations of
case 1. Error bars for cases 2–5 rep-
resent 1.2% of the fractional error in
RC.

shock Mach number. The correlation suggests that an area of the
shock wave behind the mean shock wave position has a large prop-
agation velocity, and x′s approaches zero. Similarly, a shock wave
area with x′s > 0 has a smaller propagation velocity than average,
and positive x′s tends to decrease to 0. Stability of the shock sur-
face against turbulence is explained by these relations between shock
wave deformation and the local shock Mach number. The corre-
lation between x′s and θ′s can be better explained by the relation
between the curvature of the shock wave and the local strength of
the shock wave, as also explained by Larsson et al.25 The focusing
effect on a concave region amplifies the local shock Mach num-
ber,34 and the concave region is most likely to have a negative
x′s . A convex shape with the defocusing effect that weakens the
shock wave is also likely to appear with x′s > 0. These relations of
the shock surface geometry result in a positive correlation between
x′s and θ′s .

The correlation coefficient is calculated between x′s and θ′s .
Figure 11 plots the correlation coefficient RC = x′sθ′s/(x′s,rmsθ′s,rms)
against Mt/(Ms − 1) or M2

t /(M2
s − 1). The Appendix also dis-

cusses the influences of statistical convergence on RC. The maxi-
mum and minimum values of RC are observed in cases 5 and 3,
respectively. In cases 1–3, the correlation becomes weaker as the tur-
bulent Mach number decreases from case 1 to case 3. Conversely,
the correlation in cases 3–5 is stronger for a smaller shock Mach
number. RC increases with Mt/(Ms − 1) in Fig. 11(a), whereas RC
plotted against M2

t /(M2
s − 1) has more scatters. Unlike x′s,rms, the

correlation between the shock wave position and dilatation is bet-
ter characterized by Mt/(Ms − 1) than M2

t /(M2
s − 1). Spatiotem-

poral correlation between a shock wave and turbulence has been
investigated in numerical simulations and wind tunnel experiments
of the shock wave–turbulence interaction.27,30 These studies con-
firmed that there is a time lag for the interaction to alter the pressure
jump of the shock wave. A simple model of shock wave deforma-
tion implies that the effects of turbulence on the pressure jump, i.e.,
the local shock Mach number and dilatation, emerge more rapidly
for a smaller Mt or a larger Ms.30 Dilatation fluctuations at xs are
caused by turbulence that has interacted with the shock wave before
it reaches xs. For a small Mt or a large Ms, the interaction that
occurs until the shock wave reaches xs rapidly affects the dilatation
of the shock wave, and the correlation between x′s and θs′ can be

weakened. Therefore, these time-lag effects of the shock wave
response to turbulence can be a possible reason for RC to increase
with Mt/(Ms − 1).

We investigate the mean pressure jump across the shock wave
using averages conditioned on the local distance from the shock
wave in the x direction, which is defined as Δxs = x − xs. An average
conditioned on Δxs is denoted by ⟨ f |Δxs⟩, which is calculated using
the time average, averages in the y and z directions, and ensem-
ble averages of five simulations. Here, the time average is taken for
a time period with 13L0 ≤ xs ≤ 19L0. A normalized mean pres-
sure jump is defined as ΔP = (⟨P|Δxs⟩ − PF)/(PB − PF), where PB
and PF are the initial mean pressures behind and in front of the
shock wave, respectively. With this definition, ΔP changes from 0
to 1 across the shock wave. Dilatation within the shock wave repre-
sents the strength of the compression by the shock wave; therefore,
x′s should also be correlated with the pressure jump across the shock
wave. The relation between x′s and the pressure jump is assessed with
the ΔP calculated separately for the shock wave positions with x′s > 0
and x′s < 0, where the ΔP calculated for x′s > 0 and x′s < 0 are denoted
by (ΔP)+

x′s
and (ΔP)−x′s , respectively. Figure 12 compares ΔP, (ΔP)+

x′s
,

and (ΔP)−x′s in case 1. As expected from the above discussion, one

FIG. 12. Mean pressure jumps ΔP, (ΔP)+
x′s

, and (ΔP)−x′s in case 1. (ΔP)+
x′s

and

(ΔP)−x′s are calculated for x′s > 0 and x′s < 0, respectively.
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FIG. 13. Mean pressure jumps obtained
separately for x′s > 0 and x′s < 0, which
are denoted by (ΔP)+

x′s
and (ΔP)−x′s ,

respectively: (a) cases 1–3 and (b) cases
3–5.

can find a large pressure jump for x′s < 0 and a small pressure jump
for x′s > 0. Figures 13(a) and 13(b) show (ΔP)+

x′s
and (ΔP)−x′s in all

cases, which confirm similar dependence of the mean pressure jump
on x′s . The difference between (ΔP)+

x′s
and (ΔP)−x′s becomes large as

Mt increases, as shown in Fig. 13(a), and as Ms decreases, as shown
in Fig. 13(b).

Since the pressure jump is amplified when the shock wave is
located behind the mean position, (ΔP)−x′s attains a peak, as shown
in Fig. 13. The pressure-jump difference between x′s < 0 and x′s > 0
is evaluated as (ΔP)−x′s − (ΔP)

+
x′s

at the peak location of (ΔP)−x′s . As
the shock wave tends to be strong and weak for x′s < 0 and x′s > 0,
respectively, (ΔP)−x′s − (ΔP)

+
x′s

is a measure of the pressure-jump
fluctuations normalized by the mean pressure-jump. Figure 14(a)
plots (ΔP)−x′s − (ΔP)

+
x′s

against x′s,rms. (ΔP)−x′s − (ΔP)
+
x′s

increases with
x′s,rms, and the pressure-jump fluctuations become stronger with
shock wave deformation. Figure 14(b) shows (ΔP)−x′s − (ΔP)

+
x′s

plot-
ted against M2

t /(M2
s −1). (ΔP)−x′s −(ΔP)

+
x′s

seems to be well expressed
as a function of M2

t /(M2
s − 1). This result is consistent with exper-

imental studies,31 which also confirmed that the rms fluctuation in
the pressure jump divided by the mean pressure jump increases with
a power law of M2

t /(M2
s − 1).

In experiments assessing the interaction between a spherical
shock wave and a turbulent jet,28 the relation between the pres-
sure jump of the shock wave and the shock wave geometry has
been examined using schlieren images and pressure measurements.
They showed that a shock wave with a concave shape in the propa-
gation direction tends to have a large pressure jump. The concave
shape is formed when the shock wave position is locally behind
the mean shock wave position, and this experimental result is con-
sistent with the numerical simulations conducted in this study. In
addition, a positive correlation was observed between the shock
wave position and the density jump obtained via DNS.25 Previous
numerical simulations and experiments confirm that velocity fluc-
tuations in turbulence in the shock normal direction are also cor-
related with fluctuations in the pressure jump.27,30,33 The fact that
both the velocity in turbulence and local shock wave position are
correlated with the pressure jump suggests that shock wave defor-
mation is mainly caused by velocity fluctuations in turbulence. The
velocity of the shock wave movement is represented as the sum
of the shock propagation velocity and flow velocity at which the
shock wave is located. The turbulent velocity field results in a non-
uniform shock movement velocity. For example, velocity fluctua-
tions in the opposite direction of propagation decrease the shock

FIG. 14. Difference between mean pres-
sure jumps (ΔP)+

x′s
and (ΔP)−x′s , which

are calculated for x′s > 0 and x′s < 0,
respectively. (ΔP)−x′s − (ΔP)

+
x′s

is eval-

uated at the location where (ΔP)−x′s
reaches a peak. The results are pre-
sented against (a) x′s,rms/η and (b)
M2

t /(M2
s − 1). Gray + symbols are

obtained by two independent sets of five
simulations of case 1. Error bars for
cases 2–5 represent 3.9% of the frac-
tional error in (ΔP)−x′s − (ΔP)

+
x′s

.
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movement velocity, resulting in a negative x′s . Conversely, a positive
x′s is obtained via velocity fluctuations in the propagation direction.
This relation between x′s and velocity fluctuations can explain the
correlation among x′s , velocity, and jumps of pressure and density or
dilatation observed in experiments and numerical simulations. Tem-
perature fluctuations that affect the speed of sound can also cause
shock wave deformation. This effect may be significant at very high
turbulent Mach numbers, which are not considered in the numerical
simulations conducted in this study.

In previous studies, both Mt/(Ms − 1) and M2
t /(M2

s − 1)
have been used for characterizing the shock wave–turbulence inter-
action. Statistics in some papers are better organized by Mt/(Ms
− 1) (e.g., the broken regime of the interaction25), while other
papers claim that their statistics are well-represented as functions
of M2

t /(M2
s − 1) (e.g., variance of pressure jumps30). The charac-

teristics of turbulence are often very different among these papers.
For example, isotropic turbulence considered in numerical simula-
tions may have different thermodynamic properties that depend on
forcing schemes even for the same turbulent Mach number. There-
fore, previous studies could not have concluded if Mt/(Ms − 1),
M2

t /(M2
s − 1), or neither of them is the dominant parameter of

the shock wave–turbulent interaction. The simulations in this study
revealed that x′s,rms and (ΔP)−x′s − (ΔP)

+
x′s

are well-expressed as func-
tions of M2

t /(M2
s − 1), whereas the correlation between the shock

wave position and dilatation is well-organized withMt/(Ms − 1). The
present results suggest that whether the interaction is better char-
acterized by Mt/(Ms − 1) or M2

t /(M2
s − 1) depends on quantities

of interest.

IV. CONCLUSION
We performed DNS for a normal shock wave that propagates

from a flow at rest toward a local turbulent region, which is gener-
ated using homogeneous isotropic turbulence. Here, the shock Mach
number Ms and turbulent Mach number Mt range between 1.01
and 1.3 and between 0.011 and 0.13, respectively, whereas the tur-
bulent Reynolds number is 60–70 in all simulations. Most previous
numerical studies on the shock wave–turbulence interaction have
investigated a statistically steady state of the interaction, which is
achieved after the shock wave has propagated for sufficiently long
time. In this study, the flow setup of the simulation enabled us to
investigate the initial transition stage of the interaction, where the
effects of the interaction gradually emerge on the shock wave. The
local shock wave position was identified through a local peak of
the pressure gradient in the propagation direction. This position
enabled us to investigate the statistical properties of shock wave
deformation.

The following important characteristics of shock wave defor-
mation were found in the initial stage of the interaction.

● The shock wave gradually deforms once it enters the tur-
bulent region. Here, the rms fluctuation in the shock wave
position, x′s,rms, increases with time, and it reaches a steady
state after the shock wave propagates in turbulence for a long
time interval.

● The time scale of the initial growth of shock wave defor-
mation is well-characterized by the integral time scale t0 of
turbulence.

In the statistically steady state of the interaction, the DNS per-
formed in this study revealed the following characteristics of the
shock wave.

● x′s,rms increases with a power law of M2
t /(M2

s − 1), where
the exponent of the power law is 0.46 in the DNS used
herein. This scaling exponent is similar to that obtained
for the rms pressure-jump fluctuation divided by the mean
pressure jump,31 which also increases with a power law of
M2

t /(M2
s − 1).

● The PDF of fluctuations in the shock wave position was
approximated well by the Gaussian function.

● The fluctuations in the shock wave position are dominated
by large-scale fluctuations whose length scale is similar to the
integral length scale of turbulence.

The scaling of x′s,rms and the time scale of the initial growth of
shock wave deformation indicate that the time period of the initial
transition stage is proportional to t0[M2

t /(M2
s − 1)]0.46, which was

indeed confirmed in the DNS used herein.
The effects of shock wave deformation on local shock wave

properties were investigated using dilatation and pressure jumps
of the shock wave. Dilatation, which represents the strength of
compression, is correlated with the fluctuations in the shock wave
position, where the correlation becomes stronger as Mt/(Ms − 1)
increases. The sign of the correlation indicates that the shock wave
that has deformed backward tends to be strong and vice versa. The
mean pressure jump across the shock wave was calculated based
on whether the shock wave had deformed forward or backward.
As expected from the correlation, an area with backward defor-
mation tends to have a large pressure jump, whereas a smaller
pressure jump appears for shock waves with forward deforma-
tion. The difference between the conditional mean pressure jump
under these two conditions increases with the rms fluctuation in
the shock wave position and is represented well as a function
of M2

t /(M2
s − 1).

The present analysis is based on the statistics of turbulence
and the shock wave. It is expected that future works will elucidate
the role of turbulent structures in the shock wave–turbulence inter-
action for better understanding of the physical mechanism of the
interaction that modulates the shock wave. This study considers
a shock wave propagating in the local region of isotropic turbu-
lence. In many practical problems, turbulent flows are anisotropic
and inhomogeneous. The effects of the anisotropy of turbulence and
inhomogeneity need to be further studied for better understanding
of the shock–turbulence interaction.
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FIG. 15. (a) x′s,rms is calculated via two
independent sets of five simulations of
case 1, where x′s,rms obtained from the
ten simulations is also shown for com-
parison. (b) x′s,rms obtained from simu-
lations with different spatial resolutions,
where the fine and coarse cases have
Δ/η = 0.34 and 1.3, respectively.

NOMENCLATURE

Δ computational grid size
Δxs distance from the shock wave
γ specific heat ratio
δij Kronecker delta
ε dissipation rate of turbulent kinetic energy
η Kolmogorov length scale
θs dilatation at the shock wave position
κ thermal conductivity
λ Taylor microscale
μ viscosity coefficient
ν kinematic viscosity
ρ density
τij shear stress tensor
a speed of sound
e total energy
f average of f
f ′ fluctuations of f from average
f ′rms root-mean-squared fluctuation of variable f
L integral length scale
L0 reference length scale used for normalization in DNS
Lx, Ly, Lz computational domain size in each direction
Ms shock Mach number
Mt turbulent Mach number
Nx, Ny, Nz number of grid points in each direction
P pressure
R gas constant
Reλ turbulent Reynolds number
T temperature
t time
t0 reference time scale used for normalization in DNS
u, v, w velocity components in x, y, and z directions
u0 reference velocity scale used for normalization in DNS
ui velocity component in the i direction
Us shock wave propagation velocity
x, y, z position
xi position in the i direction
xs shock wave position

APPENDIX: EFFECTS OF STATISTICAL CONVERGENCE
AND THE SPATIAL RESOLUTION

The effects of the number of statistical samples are inves-
tigated for case 1, for which ten independent simulations are

conducted using different snapshots of homogeneous isotropic tur-
bulence. These ten simulations are divided into two sets of five sim-
ulations, for which x′s,rms is separately calculated. Figure 15(a) shows
x′s,rms calculated from each set or all simulations. Three lines of x′s,rms
are very similar. At the end of the simulation, the difference in x′s,rms
between two sets of five simulations is 0.11η, which is much smaller
than x′s,rms. Therefore, the number of the samples does not affect the
discussion on x′s,rms. The statistical convergence of RC is also checked
using two independent sets of five simulations used in Fig. 15(a), for
which RC = 0.65 and 0.64 are obtained. Therefore, the number of
samples barely affects the results of RC, which is presented in Fig. 11.

The effects of the spatial resolution on the analysis of x′s,rms are
examined with additional simulations of the shock wave–turbulence
interaction for (Ms, Mt , Reλ) = (1.3, 0.13, 20), whose Reλ is smaller
than that in the other simulations. Simulations with a low Reλ are
performed with two grid settings. One uses fine grids with (Nx, Ny,
Nz) = (2048, 256, 256), while another one uses coarse grids with (Nx,
Ny, Nz) = (512, 64, 64). For this Reynolds number, the grid sizes Δ/η
are 0.34 and 1.3 for the fine and coarse grid settings, respectively.
Here, the initial conditions are identical for the two simulations. Fig-
ure 15(b) shows x′s,rms obtained using the fine and coarse grids. x′s,rms
is hardly affected by the spatial resolution, confirming that the grid
size Δ/η ≈ 1.4 is small enough to investigate the statistics of xs.
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