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cretization and low-pass and shock-capturing filters used as an implicit subgrid-scale
(SGS) model. The ILES results are compared with the DNS database of the same
flows. The ILES results exhibit good agreements with the DNS for 1st and 2nd order
statistics of velocity and passive scalar. The scalar transport by turbulent velocity
fluctuations is well captured by the ILES. The temporal evolution of the jet strongly
depends on the jet Mach number, where a higher Mach number results in the delay of
jet development. The Mach number dependence of velocity and passive scalar fields
is consistent between the ILES and DNS. The low-pass filters used as the implicit
SGS model contribute to the dissipation of turbulent kinetic energy and scalar vari-
ance. Under the present numerical conditions, the filters account for about 50% of
the dissipation in a fully-developed turbulent jet. The dissipation rate in the ILES,
which is the sum of the grid-scale and SGS dissipation rates, is very close to the dis-
sipation rate in the DNS, and the amount of the SGS dissipation is well controlled by
the low-pass filters. The filters also dump numerical oscillations in the velocity field

caused by strong pressure waves outside the supersonic jet at the high Mach number.
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1 | INTRODUCTION

The mixing of diffusive scalars in compressible turbulence plays an important role in industrial reactive flows since the turbulent

mixing process often governs the progress of chemical reactions. Numerical simulations have been widely used for predicting
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compressible flows in realistic problems. In comparison with experimental approaches, numerical simulations can significantly
improve efficiency and safety in developing engineering products such as internal combustion engines because experiments with
engine models usually take a long time and might emit harmful gas [1]. In aerospace engineering, the promotion of turbulent
mixing in supersonic flows is an important issue for designing propulsion systems [2].

Large eddy simulation (LES) [3] solves low-pass filtered governing equations, which provide temporal evolution of a large-
scale flow field resolved on a coarse computational grid. The filtered governing equations contain terms described by small-scale
fluctuations, which are not resolved on the coarse grid. Therefore, the LES relies on models for the terms arising from unresolved
small-scale (subgrid-scale, SGS) fluctuations, and accuracy of the LES depends on the SGS models. Conventional LES employs
explicit SGS models, by which the SGS terms are calculated with grid-scale quantities. One of the examples of the explicit
model is the Smagorinsky model [3]. If scalar transfer is also simulated by the LES, an eddy diffusivity model is often combined
with the Smagorinsky model to close the low-pass filtered scalar transport equation. The LES with the explicit SGS models has
been validated for various flows such as a fully expanded jet [4] and a round jet issuing into a cross flow [3]. However, it is also
known that the Smagorinsky model can lead to unphysical effects on a simulated flow field. For instance, the effective Reynolds
number of the flow is artificially reduced by the eddy viscosity model [6}[7], and numerical instabilities may arise from incorrect
predictions of dissipative effects by the model [8].

An alternative approach is based on implicit models for the SGS terms. It has been known that nonlinear truncation errors of
explicit filtering schemes can also provide implicit SGS closures even when no explicit SGS model is added at all. Following
this concept, high-order low-pass filters are often used as the implicit SGS models, where the filters contribute to the dissipation
of turbulent fluctuations. LES with the implicit SGS models is called implicit LES (ILES) [9]. Unlike the explicit models,
the numerical low-pass filters in the ILES can reasonably minimize large-scale energy dissipation introduced by the model.
Moreover, numerical schemes of the ILES are fairly simple when explicit filters are applied as the implicit SGS models. Interests
in the ILES have grown substantially in recent years, and the ILES has been tested in various turbulent flows [[7, (10} [11} [12} |13}
14,15 [16]].

When a flow with passive scalar transfer is simulated in the LES, the SGS model is also required for the filtered scalar transport
equation. The low-pass filter can also be used as the implicit SGS model for the scalar field. In this case, the filter must account
for the dissipation of scalar fluctuations in the SGS. The ILES of turbulent flows with passive scalar transfer has been tested for
incompressible flows, e.g., a channel flow [[17], grid turbulence [18]], and a planar jet [19]. The ILES was also tested for stratified
turbulence (active scalar), whose statistical properties were well predicted by the ILES [20]. Numerical simulations of reacting
flows often combine the LES with simulations based on computational particles such as a filtered density function method [21]]
or a particle-based solver of scalar transport equations [22,23]. These particle-based simulations often use a model for molecular

diffusion, which is called a mixing model. Some mixing models used in the particle-based simulations are improved by using
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a model parameter calculated with a single, inert passive scalar simulated in the LES [24]. Thus, the accurate LES of passive
scalar may contribute to better predictions of turbulent reacting flows. Most previous studies on the ILES of turbulent mixing
consider incompressible flows [[17, |18, [19], and the ILES has hardly been verified for the passive scalar transfer in high-speed,
compressible flows.

In this study, we attempt to evaluate the ILES of compressible turbulence with passive scalar transfer. The ILES conducted in
this paper relies on fully explicit schemes for spatial and temporal discretization and low-pass and shock-capturing filters used
as the implicit SGS model, all of which are easy to implement in in-house numerical codes. The ILES is tested by simulating
a temporally evolving planar jet whose initial velocity is set in a subsonic or supersonic level, for which the DNS database is
available from our previous study [25]. The rest of this paper is organized as follows. The numerical methods of the present
ILES are provided in Section [2} Section [3]describes the planar jet simulated in this study as well as computational parameters.

The ILES results are discussed in comparison with the DNS in Section[d] Finally, conclusion is presented in Section 5]

2 | IMPLICIT LARGE EDDY SIMULATION OF COMPRESSIBLE TURBULENCE WITH
PASSIVE SCALAR TRANSFER

2.1 | Governing equations

We consider a compressible flow with an assumption of ideal gas, whose evolution is described by the compressible Navier-
Stokes equations. We also consider passive scalar transfer, which is described by an advection-diffusion equation. Once the

equations are normalized with appropriate reference quantities, the governing equations are written by
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Here, ¢ is the time, X, is the position, p is the density, u; is the i-th component of the velocity vector, T is the temperature, P is

the pressure, y is the viscosity coefficient, and y = ¢,/c,, is the specific heat ratio. The viscous stress tensor z;; is assumed to be
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Nondimensional variables f can be related to their dimensional counterparts f as
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Here, R = ¢, — ¢, is the gas constant and the subscript r refers to the reference quantity: /,, u,, p,, ¢,, and p, are, respectively,
the reference values of length, velocity, density, scalar, and viscosity coefficient. Nondimensional parameters in Eqs. (2}4) are

defined as

l
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2.2 | Numerical methods of ILES

The ILES code used in this study is based on fully explicit numerical schemes for temporal and spatial discretization, a high-order
low pass filter, and a shock-capturing filter. Message Passing Interface (MPI) functions are utilized for parallel computation. In
the ILES code, the governing equations are solved on a relatively coarse grid with the low-pass filter and the shock-capturing
filter dissipating the energy of fluctuations since the ILES does not resolve small scales of turbulent fluctuations, where the
dissipation mostly takes place. These filters work as an implicit SGS model of the LES. As no explicit SGS models are used in
the ILES, the main difference between ILES and DNS codes is in the additional filters. Therefore, the ILES code used in this
study is developed by adding the filtering schemes to a DNS code based on finite difference schemes. This DNS code was used
in our previous studies on compressible turbulent boundary layers and planar jets [25) 26} [27]. The present ILES relies on two
filtering schemes: a group of conventional low-pass filters and a shock-capturing filter. Here, the strength of the shock-capturing
filter is adjusted to prevent Gibbs oscillations around discontinuities. These filters are applied to p, pu;, pT, and pg after the
temporal integration at each time step. Time integration of Euler terms including advection and pressure terms is performed
with an explicit five-step fourth-order Runge-Kutta scheme [28]], whereas the remaining terms arising from viscous effects,
molecular diffusion, and thermal conduction are temporally integrated by an explicit first-order Euler scheme. Spatial derivatives
are calculated by an 8th-order central difference scheme except for regions near computational boundaries, where the derivatives
are calculated with lower-order central difference schemes and non-centered difference schemes to strengthen local stability
without extra loss of accuracy. Details of the spatial and temporal discretization schemes can be found in Wang et al. [29].
Different filtering schemes are used as the low-pass filter depending on the distance from the computational boundaries. A
central selective filter [30] is used in an interior region far away from the boundaries and regions close to periodic boundaries.
Hereafter, a variable f defined at an orthogonal grid point (i, j, k) is denoted by fi,j,k? wherei =1,..N_,j=1,.., N, and

k =1, ..., N, represent locations of a grid point in x, y, and z directions, respectively. The selective filter in the x direction, F,,
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TABLE 1 Coefficients of the selective filter using 11-point stencils (d_; = d).

dy, 0.215044884112
d, —0.187772883589
d, 0.123755948787
d; —0.059227575576
d, 0.018721609157
ds;  —0.002999540835

applied to a variable f; ; , is expressed as

Fx*fi,j,k 1/k del+njk’ (9)

n=-5
where the coefficients d; = d_; are provided in Tablem When point i is close to the computational boundaries facing in the x
direction, point i+n can be located outside the computational domain unless periodic boundary conditions are applied. Therefore,
the non-centered low-pass filters in [31]] are applied for the regions near non-periodic boundaries instead of the central selective

filter. These non-centered filters applied for i = 1, ..., 5 are expressed as
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The filters applied at the points near the boundary of i = N, —4,..., N can be defined in the same way as these filters. The
filters are repeatedly applied to the variables in three directions as F, [F) = (F, = N

The shock-capturing filter proposed in [32] is used for avoiding numerical instabilities due to Gibbs oscillations. The shock-

capturing filter in the x direction, F;S )_is calculated as
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FIGURE 1 Numerical simulation of a temporally-evolving compressible planar jet.

with d'* = 0.039617 and 4> = 0.210383, where the filter strength 6 is given by

G(x>=l<1_r_m+’1_r_f">, an
2 r(X) r(x)

Here, r,, is a threshold parameter of the filter, and the shock sensor index ¥ is a measure of the strength of shock waves

used for the filter in the x direction. The shock wave strength can be quantified with dilatation ® = du; /0x ;. Therefore, ™ is

dynamically determined by the high-wavenumber component of the dilatation D and the local sound speed ¢ = 1/y P/p at each

grid point [32]:
0.5 (D jx = Dip1j)* + (D5 = Diyj1)°
rl(.);)k _ [ .J.k +21,J,k . J.k Lj.k ] + 10—16, (12)
w cl,j,k/(Ax)l,J,k
1
D, = 1 (=O-1k +20, 14 = Oy k) 5 (13)

where A is the grid spacing in the x direction. With this definition of ¢, the shock-capturing filter effectively acts only in the
regions with strong dilatation at high wavenumbers. Similarly to the low-pass filters presented above, the shock-capturing filter
is also applied to p, pu;, pT, and p¢ in three directions as F'S) s [Fy(S) s (F'S) s f)]. The constant threshold parameter r,, plays
an important role in discriminating between turbulent fluctuations and Gibbs oscillations arising from the shock waves. In this

study, ILES is performed with r,, = 1, which is determined from r,-dependence of the ILES in Section
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3 | TEST PROBLEM

3.1 | Passive scalar transfer in compressible planar jet

The ILES of passive scalar transfer in compressible turbulence is tested by simulating a temporally-evolving compressible planar
jet of air shown in Figure[I] The flow is the same as in our previous DNS [25]. The temporal problem is considered in this study
because the computational cost is lower than its spatial counterpart. This means that a higher Reynolds number in the DNS can
be achieved for a temporal jet than a spatial jet with the same computational resource. x, y, and z denote the streamwise, lateral,
and spanwise directions, respectively. The velocity components in these directions are denoted as u,, u,, and u,. The temporal
jet develops with time in the computational domain, where periodic boundary conditions are applied in the x and z directions.
Because the flow is homogeneous in the x and z directions, spatial averages for statistical analysis are taken on x-z planes as
functions of time and y. This average is denoted by ().

The ILES assumes the gas constant R = 287 [J/(kg-k)] and the specific heat ratio y = 1.4. The dimensional viscosity

coefficient f is given as a function of temperature by Sutherland’s law:

. f 3/2Ta+S
i=(+) (14)

T, T+s°
with T, = 273 [K] and .S = 110.4 [K]. The initial mean streamwise velocity and width of the jet are U; and H, respectively. The
jetis assumed to carry a passive scalar ¢, whose initial values are equal to ¢ in the jet and O in the ambient fluid. The temporal
planar jet is initialized with a velocity profile comprising the mean streamwise velocity (u, ) and fluctuating velocity components
u; (i = x,y,2z). A hyperbolic-tangent profile is adopted to specify the initial mean streamwise velocity as (&) = 0.5U; +
0.5U, tanh[(H —2|9|)/6], where 6 = 0.03 H is the shear layer thickness. The initial velocity fluctuations are generated by an
artificial-turbulence generator that converts random numbers into spatially-correlated fluctuations with a diffusion process [33]].
Similarly, the initial profile of ¢ is given by ¢ = 0.5¢; + 0.5¢; tanh[(H — 2|y|)/6]. The initial pressure is uniform and is set
to atmospheric pressure 1.013 x 103 [Pa]. The initial temperature of the ambient fluid is T;, = 300 [K]. The initial temperature

profile for || < 0.5H is given by the Crocco-Busemann relation written as a function of (&, ) [34]:

> @) < <ﬁx>> 2}
TG)=Ty{ 1+05@¢ -~ (1- = ) M2 3. 15
) 0{ r=D U, U, J 15

With this relation, the initial temperature in the jet is 7, = 300 [K]. Then, the initial density profile is calculated with the
equation of state for ideal gas. The Prandtl number is Pr = 0.7 and the Schmidt number is Sc¢ = 1. The jet Mach number M ;

and Reynolds number Re are defined as

M, = Re, = 21T (16)
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where y; is the viscosity coefficient at 300 [K]. The ILES is performed for (Re;, M;) = (14000,0.6) and (Re;, M;) =
(14000, 2.6), for which the DNS database is available from our previous paper [25]. Strong effects of compressibility appear at
M, =2.6.Once M and Re; are specified, Eq. gives dimensional values of U; and H. The reference quantities are chosen

asl,=H,u,=Uj, p.=po, ¢, = @y, and p, = .

3.2 | Computational conditions

The ILES uses a three-dimensional rectangular computational box with the size of (L, L,, L,) = (12H,30H,6H) as shown
in Figure [I] The computational boundaries in the x and z directions are treated with periodic boundary conditions. Subsonic
outflow boundary conditions of Navier-Stokes characteristic boundary conditions [28] are applied to the boundaries in the y
direction. Furthermore, the regions of |y| > 7H are treated as sponge zones, where the second-order low-pass filter [35]] is
applied to suppress pressure waves toward the boundaries. The interior region between the two sponge zones is large enough for
the jet development. Structured grids are used to discretize the computational domain, where the number of grid points in each
direction is (IV,, N. ) N,) = (480,300, 240). The ILES is also conducted with a smaller number of grid points, (N, N ) N, =
(360, 300, 180). Here, N y = 300 is used in both grid settings because the simulations with much smaller N y do not resolve well
the initial shear layers at the edges of the jet. The ILES with the coarse grid setting is used for assessing grid dependence and
most results presented in this paper are taken from the ILES with the fine grid. The grid points are uniformly spaced in the x
and z directions while the grid size in the y direction increases towards the boundaries in the y direction. Here, the grid location
in the y direction is determined by a mapping function presented in [25]. The DNS used for comparisons with the ILES was
performed with (NV,, N Vs N,) = (2200, 1400, 1100) [27]. Nondimensional time increment in each time step is chosen as the

minimum value of Af in the computational domain, where At is calculated as
At = CEL X [(u,/A) + M5 (A,0)72] 7, (17)

with CFL = 0.9. Here, summation is taken for the repeated index i and A, is the nondimensional grid size in the i direction.
The threshold parameter r,, of the shock-capturing scheme is set to 1, for which the shock-capturing filter acts only for the early
time of the simulations because the jet velocity decays with time. This value of r,, is chosen after the ILES is performed for a
wide range of r,, as shown in Section 4.1}

For improving statistical convergence, the ILES is repeated 70 times by changing initial velocity fluctuations, and the results
of all simulations are used as statistical samples. Spatial averages ) are taken on x-z planes as functions of y and time by using

all samples of 70 simulations. Fluctuations of f from the average are denoted by f' = f — (f), and root-mean-squared (rms)

fluctuations of f can be calculated as £, = (f">)1/? = \/{f2) — (f)2.
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FIGURE 2 r,, dependence of (a) mean scalar (@) and (b) rms scalar fluctuations ¢,,,, at the center of the jet with M; = 2.6.
The results are taken at = 12 and 18.

4 | RESULTS AND DISCUSSIONS

4.1 | Threshold of the shock-capturing filter

The threshold of the shock-capturing filter, r,,, is determined based on the threshold dependence of ILES. The ILES is performed
for r, between 10~ and 10°. We also confirmed that the simulations with r,, > 10! stop due to numerical instability for
M, = 2.6. Figure 2| shows mean scalar (@) and rms scalar fluctuations ¢,,,, as functions of r,,. The results are taken at the
center of the jet with M; = 2.6 for two time steps of t = 12 and 18. As r,, increases, (@) tends to decrease and ¢,,,, increases. At
t = 18, (@) is expected to be smaller than the initial value in the jet ((¢) = 1) because of mixing in the turbulent jet. Smaller r,,
results in stronger artificial dissipation of velocity fluctuations in the ILES. This artificial dissipation can suppress the turbulent
transition of the jet if r,, is too small. Therefore, (@) at t = 18 approaches 1 as r,, is decreased. Similarly, the shock-capturing
filter with small r,, causes an unphysical decay of @,,,,, which becomes small as r,, is decreased. When r,, is taken between 1073
and 10°, (@) and ¢,,,, hardly depend on r,,. In this range of r,,, the shock-capturing filter hardly causes the delay of the turbulent
transition and the artificial decay of turbulence while it prevents the numerical instability due to shock waves. Therefore, we
present the results of the ILES with r,, = 1 in the rest of the paper. It should be noted that the filter with r,, = 1 does not cause

any problems associated with the artificial dissipation in the ILES for M; = 0.6.

4.2 | Temporal development of turbulent jet

Figures 3]and 4] show instantaneous streamwise velocity u, and scalar  on a x-y plane at five time instances. Turbulence begins
to appear near the edges of the jet, where the shear instability produces turbulence. As time advances, small-scale fluctuations
arise in the entire jet region, and the jet spreads in the y direction. Initial turbulent transition of the shear layers is delayed for

higher M : the small-scale fluctuations due to the shear layers can be seen at t = 6 for M; = 0.6 and f = 12 for M, = 2.6.
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t =22 t =26

(@)

FIGURE 3 Instantaneous streamwise velocity on a x-y plane for (a) M; = 0.6 and (b) 2.6 at = 0,6, 12,22, and 26 (from left
to right). A whole computational domain is not shown in this figure.

Figure[ffa) indicates that large-scale vortices at the edges of the jet cause engulfment of the ambient flow into the jet region for
M ; = 0.6 at t = 6. However, the engulfment is not clearly found for M; = 2.6 at t = 12. Similar suppression of the engulfment
due to high Mach number effects was also observed in previous experimental studies of mixing layers [36} [37]. As mixing of ¢
between the jet and ambient flow proceeds with time, the jet tends to have ¢ lower than 1. Values of ¢ in Figured]indicates that
scalar mixing is faster for the lower Mach number. For M ; = 2.6, pressure waves radiated from the jet appear as sharp velocity
jumps outside the jet in Figure [3(b). They propagate diagonally from the initial shear layers around ¢ = 12. Discontinuities
arising from the strong pressure waves are treated well with the shock-capturing filter in the ILES without having numerical
instabilities.

Figurelﬂpresents temporal evolutions of the jet half-width based on mean streamwise velocity (b,) and mean passive scalar
(bq,). Here, we define the half-width as the distance from y = 0 to the location where the mean velocity or scalar reaches half
of the value at y = 0. For early time, bi and bé are constant as expected for the potential core region of the jet. A self-similarity

analysis predicts bi ~ t and bé ~ t. Indeed, bi and bé tend to linearly increase in proportion to ¢ for late time. b, is smaller
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t=12 i =22 t =26

(a)

FIGURE 4 Instantaneous passive scalar ¢ on a x-y plane for (a) M; = 0.6 and (b) 2.6 at t = 0,6, 12,22, and 26 (from left to
right). A whole computational domain is not shown in this figure.

than b, as also observed in previous experiments of turbulent jets [38, 39], indicating that the scalar is more diffused than the
streamwise momentum.

Figure@ displays the lateral profiles of mean streamwise velocity (1, ) and mean scalar (@) at = 6 and 26 divided by their
centerline values denoted with the subscript c. Here, the lateral coordinate y is also normalized by b, or b,,. The mean profiles
att = 6 for M; = 0.6 are already close to those at t = 26, However, the jet with M ; = 2.6 has top-hat profiles of the mean
velocity and scalar at t = 6 because of the slower jet development for higher M ;. However, in the later time at f = 26, the mean
streamwise velocity and scalar profiles from the ILES collapse onto a single curve for both Mach numbers. In Figures [5| and [6]

the ILES agrees well with the DNS [25]], and the mean flow evolution is well predicted by the ILES conducted in this study.

4.3 | Statistical properties of the fully-developed turbulent jet

Figure shows the lateral profiles of rms values of streamwise velocity fluctuations (u,),,,, lateral velocity fluctuations (u,)

rms? rms?

spanwise velocity fluctuations (u,),,,;, and passive scalar fluctuations ¢,,,, in the ILES and DNS. Here, the rms values are

rms?
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FIGURE 5 Temporal evolutions of squared jet half-width defined with lateral profiles of (a) mean streamwise velocity and (b)
mean scalar. DNS results are also shown for comparison [235].
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FIGURE 6 Lateral profiles of (a) mean streamwise velocity and (b) mean passive scalar normalized by their values at y = 0.
DNS results are also shown for comparison [25].

normalized by the mean streamwise velocity (u, ), or the mean scalar (@), at the center of the jet. The rms fluctuations tend to
be smaller for the higher Mach number, and this Mach number dependence is predicted well by the ILES.

The passive scalar field is further examined by a probability density function (PDF) of ¢ at y = 0 and b,, in Figure @ The
center of the jet has the PDF with a single peak while the PDF at y = b, has an extremely large value at ¢ = 0. This is due to
the outer intermittency of the jet, and the different shapes of the PDF at y = 0 and b, are well captured by the ILES. Aty = b,
the peak at ¢ = 0 is smaller for M ; = 2.6 than for M; = 0.6. This is because the engulfment of the ambient flow with ¢ = 0
is suppressed with increasing the Mach number as visualized in Figure 3] This Mach number dependence of the passive scalar
statistics is also well captured by the ILES.

The evolution of the mean scalar in the turbulent jet is dominated by the lateral turbulent scalar flux defined as (pu’y(p’ ).
Figure |§| shows the lateral profiles of ( pu’y @') in the DNS and ILES. Because the jet development is delayed at a higher Mach

number, larger positive and negative peaks of ( pu’y @) appear closer to the centerline at M, = 2.6 compared with M; = 0.6 at



Youming Tai ET AL

13

ILES:

(a) 0.5r
o 04—
< 0.3F

M; = 0.6

M;=2.6
(b)

O

(©

() rmes/ (Uz)e

DNS:AM; 0.6  AM;=2.6
0.51
0.4F
0.3F
0.2f

FIGURE 7 Lateral profiles of rms velocity and scalar fluctuations at t = 26 in ILES and DNS [25]: (a) streamwise velocity
() pms /(U )» (b) lateral velocity (u,,),,,s/(uy),» (¢) spanwise velocity (u,),,s/{u,)., and (d) scalar @,,,./{®),.

(@) 3

PDF(¢/(¢).)

FIGURE 8 Probability density function (PDF) of passive scalar at t = 26 for (a) M; = 0.6 and (b) 2.6.

the same time. The ILES predicts well the turbulent scalar flux at both Mach numbers, which also explains the good agreements

in the mean scalar profile between the ILES and DNS.

Figure |10 compares (¢) and ¢,,,, in the ILES between the fine grid with (N,, N,, N,) = (480,300, 240) and the coarse

grid with (N, N, N,) = (360,300, 180). These quantities hardly depend on the grid size examined here. Both mean value

and rms fluctuations are governed by large-scale characteristics of the flow, and the insensitivity to the resolution indicates that

large-scale fluctuations of the turbulent jet are well resolved with both grid settings.
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FIGURE 9 Lateral profiles of turbulent scalar flux (pu’y @'y at(a) M, = 0.6 and (b) 2.6.
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FIGURE 10 Effects of the grid size of ILES on mean scalar (@) and rms scalar fluctuations g,,,, att = 26 for (a) M; = 0.6 and
(b) M; =2.6.

4.4 | Model contribution to the dissipation of turbulent kinetic energy and scalar variance

This subsection evaluates the contribution of the filters to the dissipation of turbulent kinetic energy and scalar variance. For
the definition of the turbulent kinetic energy and scalar variance in compressible flows, it is useful to define a Favre average as
[f1={pf)/{p), while fluctuations of f from [ f] are denoted by /" = f —[f]. The turbulent kinetic energy and scalar variance
are defined as (puu}) = (p)[u}/u]] and (pe'*) = (p)[¢"?], respectively. In the ILES used in this study, the selective filter and
the shock-capturing filter are used as the implicit SGS model, which dissipates the turbulent kinetic energy and scalar variance.

Hereafter, f denotes a variable after all filters are applied to a variable f. We introduce the filter term F expressed as

Fh=~(7-7). (8)
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FIGURE 11 Comparisons of turbulent kinetic energy dissipation rate between ILES and DNS [25]: (a) M; = 0.6; (b) M; = 2.6.
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FIGURE 12 Comparisons of scalar variance dissipation rate between ILES and DNS [25]: (a) M; = 0.6; (b) M, = 2.6.

The governing equations for p and pg in the ILES can be rewritten with F as

dp . 9pu;
o = F). 19
o ox, () (19)
dpp  Oppu; 0@ 0@ dp Opuy; 1 3 o
—_— + =p|l—+u— )+ =+ = — |\ u=— |+ F(po), 20
ot 0x; “ ot “ 0x; ¢ ot 0x; ScRe 0x; K 0x; 2 (20)

Here, the advection term for pg is rewritten in the non-conservative form in Eq. (20). We multiply Eq. by 2¢" after Eq.

is substituted in Eq. (20), and take an average ( ) to obtain the following equation:

dp o 1 d 0p
2{ 00" LN 2 pou, 2L N =2 ”—( 92NN 12 (" F —2{o"F(p)). 21
<p(p 0t>+ <p(p ”faxj> SoRe <<p o, Max.>>+ (@"F(pp)) —2{(¢" 9F(p)) 1)

J
. J . J
2'g

g g
A B C

J/
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Terms A and B can be rewritten as

ool [ opp? dp 0pep’"? dp
A=2<p@,,>7+<7 _ (pllza — T _ (pNZE , (22)

a a "
B= 2(p(p”)[u] +2< ! u)) a[;p] +2<p(p”u. i >

Xj j ! 0x;
[cp] ) 2 ,9pu;
— 2 n_n + v 1 II
(pg"u))—=— ax, (pu @) — _()xj
2< " //> a[(ﬂ a<p(p 2> [u ] + i< ! //2> _ //zapuj (23)
i 6xj ox; 0x; piy @ ¢ ox; ’

where {p@"") = {pp) — (p)[p] = 0 is used. Term C is rewritten as

= 2 i(ﬂ(p,,a_(p) __2 d(p 0(,0 (24)
ScRe ()xj 0xj ScRe ax dx

Then, the governing equation for the scalar variance is obtained from Eqs. (Z1}{24) as

2

a(p(p”2> + o{pg" >[u1] _ —Z(p(p//u”)a[(p] _ i(pu”(pm) + 2 i(ﬂ ,,0_(/))

ot 0x; J ;o ox; ScRe \ 0x; 0x;

_(_2 009"
ScReﬂaxj ox;

> — (=9 F(p) = 2¢" F(pp) + 2¢" 9F(p)) . (25)

The last two terms are the dissipation terms by the grid scales and filters. Therefore, the instantaneous dissipation rates of

(p@""?) = (p)[@""?] by the grid scales (e((pGS)) and by the filters (e;SGS)) can be written as

2 12
(G5 o 21 (00997 (26)
@ ScRe \ 0x; Ox;
€S9 = —@" F(p) = 20" F(p@) + 20" 9 F (). @7)
For the turbulent kinetic energy, the dissipation rates by the grid scales and by the filters are denoted by e(GS) and GLSGS),

respectively. Averages of these terms appear in the governing equation for { pu;(’ ”Z ), which can be derived from the equations

(GS) (SGS)

for p and pu; with the filtering operator F. The derivation of ¢, and €] is similar to that of eprS) and e((pSGS), and was

presented in detail in [40]], where eI(CGS) and eI(CSG ) are shown to be written as
ou’’
G _ LT 28
€k Re U ox : 28)
2
e>% = —u F(pu,) + u"u;F(p) = ~u!* F(p). (29)

k

In the DNS used for comparison with the ILES, the turbulent kinetic energy and scalar variance are dissipated solely at grid
scales. Therefore, their dissipation rates are defined as ¢, = ef{GS) and ¢, = eéoGS), whose expressions are identical to Egs.
and (28).

Figures|[IT]and[I2]compare the averaged dissipation rates of the turbulent kinetic energy and scalar variance between the DNS

and ILES. Here, the overall dissipation rates in the ILES are evaluated as ¢, = ¢\*" +¢€°“> and ¢, = €95 +¢5G%). For both

k
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FIGURE 13 Probability density functions of ¢, = €% + ¢S5 {99 "and ¢ atr = 22 in ILES: (a) M; = 0.6; (b)
y y k k k k k J
M ; =2.6. The PDF of ¢, in DNS [25] is also shown for comparison.
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FIGURE 14 Probability density functions of ¢, = e((pGS) + efpSGS), eprS), and e((pSGS) att = 22 in ILES: (a) M, = 0.6; (b)
M ; = 2.6. The PDF of €, in DNS [235]] is also shown for comparison.

high and low Mach numbers, the dissipation rates in the ILES are consistent with the DNS results, and the filters used as the

(GS)
k

b}

implicit SGS model account for the accurate amount of the dissipation that occurs in the SGS. Fi gure shows the PDF of €

el((SGS), and ¢, at both Mach numbers. The PDF of the dissipation rate of scalar variance is shown in Figure These figures also

show the PDF of ¢, and ¢, in the DNS. The lines of the PDF are not shown when the probability is zero. The dissipation rates

due to the filters can be as large as the instantaneous dissipation rates in the DNS. The probability of large dissipation rates is

(SGS)

higher for €

and E;S G5 than for the grid-scale contributions, and the intense dissipation of the turbulent kinetic energy and
scalar variance is caused by the filters. In turbulence, regions with large dissipation rates of velocity and scalar fluctuations are
associated with small-scale fluctuations, which appear intermittently in space. Therefore, the dissipation in these regions cannot

be expressed on the grid used in the ILES, and is treated with the filters. On the other hand, the PDF of el(cGS) and e((pGS) has a

peak for moderately large dissipation rates, for which the probability is low for the filter contributions. Therefore, moderately
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FIGURE 15 Relative contributions of the implicit SGS model to turbulent kinetic energy dissipation rate: (a) M; = 0.6; (b)
M; =2.6.
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FIGURE 16 Relative contributions of the SGS model to scalar variance dissipation rate: (a) M; = 0.6; (b) M; = 2.6.

large dissipation rates are associated with large-scale velocity and scalar gradients, which can be resolved on the grid used in
the ILES.

The relative contribution of the implicit SGS model to the overall dissipation rate can be evaluated as below [41]:

<€](€SGS)> <€(SGS)>
®

Se = GS s\’ Sep = GS SGH\ (30)
) )

Figures[I5]and[T6|show the lateral profiles of s, and s

«» tespectively. The results with the coarse grid at 7 = 18 are also shown in
these figures. s, and s, for the fine grid are close to 0.4-0.6 in the jet, and almost half of the dissipation is caused by the filters.
s¢x and s, are larger for the coarse grid than the fine grid, and the SGS (filter) contribution to the dissipation becomes relatively
smaller when the ILES has a better spatial resolution. Both s, and s, increase toward 1 with y, and the dissipation outside the
jet is mostly caused by the filters. However, s, for M ; = 2.6 is still smaller than 1 even outside the jet with large y, and grid-

scale fluctuations also contribute to the turbulent kinetic energy dissipation rate. Figure [I7] shows the two-dimensional profiles

of e,((SGS), el((GS), and dilatation ® = du;/0x;. The supersonic jet with M, = 2.6 generates strong pressure waves propagating
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FIGURE 17 Two-dimensional profiles of (a) e\>?*, (b) ¢, and (c) © = du; /dx; at M, = 2.6 (t = 18).

outside the jet as visualized in Figure c). Profiles of e,((SGS), e,(CGS), and O outside the jet are strongly correlated with each

(SGS) and €(GS)'

other. These waves induce velocity fluctuations, which contribute to the turbulent kinetic energy dissipation by €, B

(SGS)
k

Visualization of € exhibits oscillations near the strong pressure waves since the unphysical oscillations in the velocity field

can be caused by velocity jumps across the waves. Figure indicates that e,(CSGS) dumps the unphysical fluctuations caused by

(GS)

the strong waves. The grid-scale contribution €,

is not negligible outside the jet, and the velocity fluctuations induced by the
waves are partially dissipated by e,((GS) as confirmed by s, < 1 in Figure b). On the other hand, s, in Figure increases
to 1 with y for both Mach numbers because the pressure waves do not produce scalar fluctuations outside the jets. Therefore,

contrary to the profiles of s, the location where s, reaches 1 is closer to the center of the jet at M, = 0.6 than at M, = 2.6

because of the delay of the jet development caused by compressibility effects.

S | CONCLUSIONS

The ILES is tested for the passive scalar transfer in the subsonic and supersonic planar jets. The present ILES relies on fully-
explicit numerical schemes for the spatial and temporal discretization and the implicit SGS model that is comprised of the
low-pass filter and the shock-capturing filter. The ILES is evaluated by comparisons with the DNS databases. Various statistics
confirm that the ILES used in this study predicts well the evolution of the turbulent planar jet with passive scalar transfer for
both subsonic and supersonic cases. The ILES also predicts well the turbulent scalar flux, which dominates the mean scalar

evolution in the turbulent jet. It is well known that a higher jet Mach number results in the delay of the jet development, which
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affects temporal evolutions of the statistics. The Mach number dependence of the turbulent jet is well captured by the ILES. The
dissipation rates of turbulent kinetic energy and scalar variance are contributed by both grid scale and subgrid scale. The SGS
dissipation rates of the turbulent kinetic energy and scalar variance in the ILES are directly evaluated with the filtering operator.
The dissipation rate in the ILES, calculated as the sum of the grid-scale and filter (SGS) contributions, is consistent with the
dissipation rate obtained in the DNS for both high and low Mach numbers. Under the present numerical conditions, the SGS
dissipation rate accounts for 40-60% of the total dissipation rate in the fully-developed turbulent jet. The dissipation rates by
the filters become as large as the instantaneous dissipation rates observed in the DNS, and the regions with intense dissipations
in the turbulent jet are treated with the filters. The supersonic jet generates strong pressure waves, which induce the velocity
fluctuations outside the jet. Therefore, the turbulent kinetic energy dissipation rate for the grid scale does not reach 0 even outside

the supersonic jet. The unphysical oscillations caused by the shock-like waves are dumped by the SGS dissipation rate.
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