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ABSTRACT

The turbulent patch arising from internal gravity wave breaking is investigated with direct numerical simulation of a stably stratified flow
over a two-dimensional hill. The turbulent patch is distinguished from the non-turbulent wave region with potential vorticity. The turbulent
patch is highly intermittent, and its location fluctuates with space and time. The buoyancy Reynolds number slowly decays with time in the
turbulent patch and the mixing efficiency stays around 0.2. The turbulent patch is separated from the non-turbulent wave region by a turbu-
lent/non-turbulent interfacial (TNTI) layer, whose thickness is about five times the Kolmogorov scale. The kinetic energy dissipation rate
also sharply decreases from the turbulent to the wave region while the potential energy dissipation rate has a large peak within the TNTI
layer. Both shear and stable stratification are strong in the upper area of the turbulent patch. On the other hand, the lower area has a small
mean density gradient, i.e., weak stratification, which is related to the strong intermittency of the turbulent patch in the lower area.
Furthermore, weak stratification in the lower area results in a low gradient Richardson number, which is below the critical value for the shear
instability, and the roller vortex appears. The outer edge of the turbulent patch aligns with the perimeter of the roller vortex, and the vortex
affects the spatial distribution of the turbulent patch.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0046832

I. INTRODUCTION

Turbulent patches are often formed by the breakdown of internal
gravity waves in geophysical flows.1 The turbulent patches are some-
times related to lee waves, which are topographically excited behind an
obstacle.2 Mixing caused by lee waves has a significant influence on
the ocean state,3 where parameters related to the mixing rate, such as
turbulent diffusivity and mixing efficiency, are crucial in ocean circula-
tion models.4 The lee waves excited in the vicinity of mountainous ter-
rain generate flow disturbance, which often creates hazardous flight
conditions for aircraft.5

The lee waves have been studied with laboratory experiments and
numerical simulations, which often consider a simplified and idealized
problem of a uniformly stratified fluid. The generation and breaking of
lee waves were studied with towing-tank experiments, where an obsta-
cle was towed at a constant speed.6,7 The wave breaking occurs when
the Froude number is sufficiently low although the critical Froude
number of the wave breaking depends on the obstacle shape.6

Numerical simulations were also used to investigate the turbulent patch
arising from wave breaking. The towing-tank experiment was com-
pared with direct numerical simulation (DNS) at a low Reynolds num-
ber by Gheusi et al.,8 where the wall shear stress was found to have a

significant influence on the formation of the lee wave and its break-
down. DNS of lee waves also revealed that the turbulent patch is sus-
tained by the shear production of turbulent kinetic energy, which
approximately balances with dissipation and spatial transport terms.9

The turbulent patch arising from the breakdown of internal grav-
ity waves is localized in space, and the location and size of the turbu-
lent patch vary with time. This is the feature of intermittent turbulent
flows,10 where both turbulent and non-turbulent regions are observed.
The flow properties are different between the turbulent and non-
turbulent regions, which are separated by a thin turbulent/non-turbu-
lent interfacial (TNTI) layer.10 The intermittent flows are often investi-
gated with an identification scheme of the turbulent region. In non-
stratified turbulent flows, the turbulent region is often detected with
vorticity.10 Conditional averages combined with the identification
scheme of turbulent regions revealed the turbulent characteristics of
intermittent flows. For example, previous studies have used averages
taken in the turbulent region11 and averages taken as a function of the
distance from the outer edge of the turbulent region.10 On the other
hand, conventional statistics contain information from both turbulent
and non-turbulent regions and do not accurately represent the charac-
teristics of turbulence.
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The overall behavior of the turbulent patch is strongly influenced
by the intermittency because the turbulent region dominates various
flow dynamics. Therefore, the analysis focusing on the intermittent
behavior of the turbulent patch helps better understanding the flows
associated with the breakdown of internal gravity waves. The turbulent
patch is surrounded by internal gravity waves, which are rotational
and have non-negligible vorticity. Therefore, the detection of the tur-
bulent patch requires a different method from those used in non-
stratified turbulence. The turbulent region of a flow evolving with
internal gravity waves is effectively detected with potential vorticity.12

The method based on the potential vorticity successfully identified the
turbulent region of turbulent wakes and turbulent shear layers in a
uniformly stratified fluid12,13 and active turbulent regions of statisti-
cally steady, stably stratified homogeneous turbulence.14 This paper
reports a DNS study on the turbulent patch arising from the break-
down of lee waves, where the turbulent patch is identified with the
potential vorticity. Statistical properties of turbulence are investigated
by taking averages in the detected turbulent region. Furthermore, the
flow near the edge of the turbulent patch is studied with the condi-
tional analysis of the TNTI layer.

The paper is organized as follows. The details of DNS are pre-
sented in Sec. II. The present DNS is validated by comparisons with
other DNS and experiments in Sec. IIIA. The detection of the turbu-
lent patch is discussed in Sec. III B. Statistical analyses of the turbulent
patch are presented in Secs. IIIC–III F. Finally, the conclusion is pre-
sented in Sec. IV.

II. DNS OF A BREAKING INTERNAL WAVE IN A
STRATIFIED FLOWOVER A TWO-DIMENSIONAL HILL
A. A stratified flow over a two-dimensional hill

DNS is performed for a stably stratified flow over a two-
dimensional cosine-shaped hill shown in Fig. 1. Lee waves are gener-
ated by the hill, and the Rayleigh–Taylor instability causes wave
breaking, which leads to the formation of a turbulent patch.15

Streamwise, spanwise, and vertical positions in the Cartesian coordi-
nate system are denoted by ~x; ~y , and ~z , respectively, while the velocity
components in these directions are ~u; ~v , and ~w. Here, the tilde repre-
sents a dimensional variable. The origin of the coordinate system is
located at the bottom center of the computational domain. We also
denote velocity in the ith direction, pressure, time, and density by
~ui; ~p; ~t , and ~q, respectively. For simplicity, i ¼ 1; 2; and 3 represent

the x, y, and z directions, respectively. The density field ~qð~x;~y;~z ;~tÞ is
expressed as �~qð~zÞ þ ~q 0ð~x;~y;~z ;~tÞ, where �~qð~zÞ is the uniformly strati-
fied background density profile with a constant and negative d�~q=d~z
and ~q0 is the perturbation from �~q. d�~q=d~z is independent of time and
treated as a parameter. �~q can be written as ~qa þ ðd�~q=d~zÞ~z with a con-
stant ~qa. The hill has a two-dimensional geometry, whose local eleva-
tion ~zh is given as a function of ~x

~zhð~xÞ ¼ h0
2

1þ cos p
~x
a

� �� �
ðj~xj � aÞ; (1)

where h0 is the height of the hill, a ¼ ph0 is half of the horizontal
length of the hill. With Eq. (1), the two-dimensional hill is located at
the bottom center of the computational domain. The size of the com-
putational domain is ðLx; Ly; LzÞ ¼ ð100h0; 10h0; 10h0Þ and the
domain is defined by �Lx=2 � ~x � Lx=2;�Ly=2 � ~y � Ly=2, and
0 � ~z � Lz . A slip boundary condition is applied to the entire top
boundary and the bottom boundary with j~xj > a while a non-slip
boundary condition is imposed on the hill (j~xj � a) with an immersed
boundary method explained below. An inflow boundary condition
with a uniform velocity of ð~u;~v; ~wÞ ¼ ðU0; 0; 0Þ and zero density per-
turbations ~q0 ¼ 0 is applied at ~x ¼ �Lx=2 while the convective
boundary condition with viscous terms16 is applied at ~x ¼ Lx=2. A
periodic boundary condition is used in the spanwise direction. The
mixed slip and non-slip boundary conditions on the bottom wall were
also used in previous numerical studies.9,17 It was shown that the lee-
wavelength in DNS with the mixed boundary conditions quantitatively
agrees with the results of towing-tank experiments.9 If the entire bot-
tom wall is treated with the non-slip boundary condition, the bound-
ary layer on the wall has to be resolved. Therefore, the computational
cost becomes lower when the bottom wall except the hill surface is
treated with the slip boundary condition. In towing-tank experiments,7

the boundary layer develops behind the hill which is towed at a con-
stant speed. In numerical studies, the towing-tank experiments are
often approximated by a uniform flow passing the hill fixed on the
bottom wall. The slip boundary condition in the upstream region of
the hill is reasonable because the boundary layer does not develop in
front of the hill in the towing-tank experiments, where the boundary
layer develops behind the hill. However, the wave-breaking region is
outside the boundary layer. Therefore, even if the non-slip boundary
condition is used only on the hill surface, the wave-breaking process

FIG. 1. A schematic of the computational domain of DNS. The gray color represents a sponge zone.
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and the size and location of the turbulent patch are consistent between
the DNS and experiments.7,9 If the entire bottom wall including the
hill surface is treated with the slip boundary condition, the flow behav-
ior is completely different from realistic lee waves. Laboratory experi-
ments observed the separation bubble (downwind rotor) on the
leeward of the hill,7 and the separation bubble has strong influences
on the behavior of the lee wave. When the slip boundary is used for
the entire bottom wall, this separation bubble does not appear in
numerical simulations.8 The separation bubble is generated by the fric-
tion on the hill surface.9 Therefore, as long as the non-slip boundary
condition is used on the hill, the behavior of the turbulent patch above
the hill is qualitatively similar between numerical simulations and lab-
oratory experiments.7,9 Our DNS results presented in Sec. IIIA also
confirm the formation of the separation bubble, and the visualized tur-
bulent patch is similar to that in the laboratory experiments.7 The
influences of the slip boundary conditions applied away from the hill
may affect the flow in the downstream region far away from the hill.
However, the present study analyzes the wave-breaking region located
above the hill.

The governing equations are Navier–Stokes equations with
Boussinesq approximation. The position, time, velocity, density, and
pressure are non-dimensionalized as follows:

xi ¼ ~xi
h0

; t¼ ~t
h0=U0

; ui ¼ ~ui
U0

; q¼ ~q

h0ð�d~q=d~zÞ ; p¼ ~p
q0U

2
0
; (2)

where q0 is the fluid density that appears as a fluid property in the gov-
erning equations. Other variables used in this paper are also normal-
ized with the same reference variables. The governing equations are
written with the non-dimensional variables as

@uj
@xj

¼ 0; (3)

@ui
@t

þ @uiuj
@xj

¼ � @p
@xi

þ 1
Re

@2ui
@x2j

� 1
Fr2

q0di3; (4)

@q0

@t
þ @ujq0

@xj
¼ 1

RePr
@2q0

@x2j
þ w; (5)

where dij is the Kronecker's delta. The non-dimensional parameters in
the governing equations are the Reynolds number Re, Prandtl number
Pr, and Froude number Fr

Re ¼ U0h0
�

; Pr ¼ �

j
; Fr ¼ U0

h0Nb
; (6)

where � is the kinematic viscosity, j is the diffusivity coefficient, and

Nb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðg=q0Þðd�~q=d~zÞ

p
is the buoyancy frequency of the uniformly

stratified fluid with the gravitational acceleration g. DNS is performed
for Re¼ 2000, Pr¼ 1, and Fr¼ 0.6. The breakdown of lee waves
occurs for sufficiently high Re and low Fr. The present Reynolds num-
ber is higher than the critical Reynolds number for the instability of
the lee waves with Pr¼ 1, which is in the range of 100.Re. 500.
Furthermore, the lee waves with Fr¼ 0.6 result in the wave breaking
regardless the shape of a two-dimensional hill.6 For this reason,
Fr¼ 0.6 has widely been used in numerical simulations of wave break-
ing in the existing literature.7–9

DNS is initialized with a uniform velocity ð~u;~v; ~wÞ ¼ ðU0; 0; 0Þ
with ~q0 ¼ 0. In numerical simulations of turbulence generated by flow

instabilities, the turbulent transition is usually triggered by adding
small perturbations in the flow.13 We employ the method used in
Ref. 9, which superimposes density perturbations on the density field.
Time is advanced until t¼ 7.5, by which lee waves are formed in the
computational domain. At this time instance, q0 in the entire compu-
tational domain is superimposed by density fluctuations generated by
uniform random numbers with a maximum amplitude of 0.02. The
density fluctuations result in the wave breaking, and the turbulent
patch is generated as discussed in Sec. III.

B. Numerical methods

The DNS code used in this study is based on finite difference
methods. This code was also used in DNS of stably stratified turbulent
shear layers13,18 and turbulent boundary layers and turbulent planar
jets without density stratification.19,20 Spatial discretization is based on
a second-order central difference scheme, and time is advanced with a
third-order Runge–Kutta method. The Poisson equation for pressure
is solved with the Bi-CGStab method.21

DNS uses a Cartesian grid with the number of grid points of
ðNx;Ny;NzÞ ¼ ð5100; 1150; 1650Þ. The grid points are uniformly
spaced in the y direction. The locations of the grid points in the x and
z directions are determined by

~xðiÞ ¼� Lx
2ax

atanh tanhðaxÞ 1� 2
i� 1
Nx � 1

� �� �� �
with i¼ 1;…Nx;

(7)

~zðkÞ ¼ � Lz
tanhðazÞ tanh az 1� k� 1

Nz � 1

� �� �
þ Lz with k¼ 1;…Nz;

(8)

with the grid stretching parameters ax ¼ 4 and az ¼ 1. These func-
tions provide finer grid spacing near the hill. The smallest length scale
of turbulence is evaluated by the Kolmogorov scale. In the fully devel-
oped turbulent patch, the Kolmogorov scale normalized by h0 is about
7� 10�3, which hardly varies with time. Section III E also discusses
the Kolmogorov scale, which is compared with the Ozmidov scale of
the turbulent patch. The grid size in the turbulent patch is about 0.5
times the Kolmogorov scale, which is small enough to resolve small-
scale turbulence.

The boundary conditions on the hill surface are imposed with an
immersed boundary method. The grid points are classified into fluid
points, solid points, and boundary points. The fluid points are located
above the hill. The remaining grid points are the boundary points or
solid points: the boundary points are the adjacent points of the hill sur-
face while the solid points are the grid points classified as neither fluid
nor boundary points. The governing equations are solved for the fluid
and boundary points, where additional forcing terms fi are added to
the momentum equations at the boundary points. The forcing term is
expressed as

fi ¼ �ðRHSÞi þ
unþ1
i � uni
Dt

; (9)

ðRHSÞi ¼ � @uiuj
@xj

� @p
@xi

þ 1
Re

@2ui
@x2j

� 1
Fr2

q0di3; (10)

where ðRHSÞi is the sum of advection, pressure, viscous, and buoyancy
terms of the momentum equation in the ith direction. The superscripts
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n and n+1 denote values at n and n+1 time steps, respectively. After
the time integration, the velocity defined at the boundary point
becomes unþ1

i . The value of unþ1
i is determined with the ghost cell

method in Ref. 22, which provides unþ1
i that satisfies the non-slip

boundary condition on the hill surface. It should be noted that the pri-
mary interest of this study is the turbulent patch generated above the
hill, and the flow attached to the wall is not investigated. The behavior
of the turbulent patch above the hill is not sensitive to how the bound-
ary conditions on the hill are imposed. Therefore, the development of
the turbulent patch in the present DNS is similar to DNS results
obtained with a further simplified immersed boundary method.9

Internal gravity waves propagate in the computational domain.
Because of the finite domain size, the waves may reflect at the compu-
tational boundaries. As suggested in previous studies on a flow with
internal gravity waves,9 the influence of the wave reflection is elimi-
nated with a sponge region shown with gray in Fig. 1, where the
streamwise and vertical extents of the sponge region are Lxsp ¼ 25h0
and Lzsp ¼ h0, respectively. In the sponge region, a second-order low-
pass filter is applied to ui and q0 at the end of every computational
time step.

III. RESULTS AND DISCUSSION
A. Temporal evolution of the turbulent patch

Figure 2 visualizes streamwise velocity u on a x-z plane between
t¼ 15 and 30. Internal gravity waves are already formed above the hill
at t¼ 15. At this time, turbulence in the rotor attached to the wall also
exists around x¼ 4. The wave breaking occurs around t¼ 25 at
ðx; zÞ � ð3; 2Þ, where velocity fluctuations have smaller characteristic
length scales than the waves. This turbulent patch arising from the
wave breaking is formed in the region of small velocity, and the instan-
taneous streamwise velocity can be negative in the turbulent patch.

Figure 3 visualizes streamwise velocity, density perturbations q0,
and enstrophy x2=2 ¼ ðx � xÞ=2 at t¼ 70, where x is the vorticity
vector. At this time, the turbulent patch has fully developed as con-
firmed from small-scale velocity and density fluctuations in the wave
breaking region above the hill. The enstrophy field also exhibits a
wave-like pattern especially in the upstream region of the hill because
the internal gravity wave induces enstrophy fluctuations by the buoy-
ancy force. The enstrophy profile is very different between the wave
region and the turbulent patch. Small-scale patterns in the enstrophy
field suggest the existence of small-scale vortices of turbulence.

The present DNS is validated by comparing the temporal evolution
of velocity fluctuations with DNS results by Yakovenko et al.9 Following
their work, we define velocity variance with a spatial average taken in the
rectangular box shown with a white broken line in Fig. 3(c). This box is
defined by 1:25 � x � 5 and 1:25 � z � 3:75 and covers the wave-
breaking region. The velocity variance is defined as

u0i2ðtÞ¼
1
V

ð5
�5

ð3:75
1:25

ð5
1:25

uiðx;y;z;tÞ� 1
Ly

ð5
�5
uiðx;y;z;tÞdy

 !2

dxdzdy;

(11)

where the integral in the spanwise direction is taken over Ly and

V ¼ Ð 5�5

Ð 3:75
1:25

Ð 5
1:25 dxdzdy is the volume of the box. The temporal evo-

lution of u0i2 defined by Eq. (11) was presented for wave breaking in a
stratified flow over a hill in Ref. 9, where the wave breaking is triggered
by imposing white noise to the density field at t¼ 7.5 as in the present
DNS. The Reynolds number in Ref. 9 is Re¼ 4000, which is larger
than the present DNS (Re¼ 2000), while the Froude number and
Prandtl number are the same. Figure 4(a) compares the temporal evo-
lution of the velocity variances of three velocity components between
the present DNS and Yakovenko et al.9 The velocity variances rapidly
increase from t � 15 because of the wave breaking. The growth of the

FIG. 2. Wave breaking visualized by streamwise velocity u on a x-z plane at (a)
t¼ 15, (b) t¼ 20, (c) t¼ 25, and (d) t¼ 30.

FIG. 3. Flow visualization of a turbulent patch at t¼ 70: (a) streamwise velocity u,
(b) density perturbations q0, and (c) enstrophy x2=2.
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velocity variances ceases at t � 27, and the turbulent patch is fully
developed by this time. A quasi-steady behavior is found for tZ 30,
and u0i2 stays at oð10�2Þ until the end of the simulation. The temporal
evolution of the velocity variances in the present DNS is consistent
with the previous DNS study by Yakovenko et al.9 Qualitative differ-
ences between the present DNS and Ref. 9 are possibly caused by dif-
ferent Reynolds numbers. Once the density fluctuations are imposed
at t¼ 7.5, the fluctuations decay with time before the wave breaking
occurs, and this decay is expected to be faster for a lower Reynolds
number. Therefore, the velocity variances before the wave breaking in
the present DNS are smaller than in Yakovenko et al.9 In the fully
developed state (tZ 30), the present DNS yields larger velocity varian-
ces. Another DNS study with a small Reynolds number Re ¼ oð102Þ
reported that velocity variances normalized by U2

0 are oð100Þ in a fully
developed turbulent patch.8 On the other hand, the turbulent patches
with Re ¼ oð103Þ shown in Fig. 4(a) have u0i2 ¼ oð10�2Þ.
Consistently, a comparison between the present DNS (Re¼ 2000) and
Yakovenko et al. (Re¼ 4000)9 also indicates that the velocity variance
becomes larger for lower Re. Nonetheless, the overall behavior of the
wave breaking in the present DNS agrees well with previous DNS
studies.8,9 In this study, the turbulent patch is analyzed for t � 30, for
which the velocity variances weakly depend on time.

Figure 4(b) shows the vertical profile of streamwise velocity nor-
malized by U0 before the turbulent patch fully develops. The present
DNS is compared with an experiment conducted in a salt-stratified
fluid with a towing-tank facility.7 Streamwise velocity measured at
x¼ 2.7 with particle image velocimetry is shown in Fig. 4(b), where
the streamwise velocity averaged in the spanwise direction in the DNS
is also shown. The turbulent patch is formed at a later time between
1:5. z. 3:5. The Schmidt number in the experiment is much larger
than 1. The Reynolds number of the experiment was Re¼ 580, which
is smaller than the present DNS. Nonetheless, the velocity profile
agrees well between the DNS and experiment, and the present DNS
well reproduces the streamwise velocity profile of the lee wave.

B. Detection of the turbulent patch

The turbulent patch is detected in the wave-breaking region near
the hill, where the turbulence generated by the wave breaking is sepa-
rated in space from the rotor. Figure 5(a) shows a two-dimensional
profile of enstrophy near the hill at t¼ 55. The enstrophy distribution
has small characteristic length scales in the turbulent patch above the
hill and the rotor on the wall, and the difference between the wave
region and the turbulent region is noticeable in the enstrophy field.
However, the enstrophy level is comparable in the wave and the small
enstrophy region in the turbulent patch, and a threshold simply
applied to the enstrophy cannot distinguish between the turbulent
patch and the internal gravity wave. Following Refs. 12 and 13, we
detect the turbulent region with potential vorticity P ¼ x � rq. The
governing equation of the potential vorticity does not contain terms
with the buoyancy force,12 and the internal gravity wave does not
transport the potential vorticity. Therefore, the potential vorticity mag-
nitude jPj is large in turbulence and small in internal gravity waves
outside the turbulence.12,13 Figure 5(b) visualizes the potential enstro-
phyP2=2 in the same area as in Fig. 5(a). The potential enstrophy has
large values in the turbulent patch and the rotor while the internal
gravity wave outside the turbulence has negligibly small values. Thus,
the turbulent patch is well distinguished from the surrounding wave
region with the potential vorticity magnitude jPj.

The turbulent patch is detected with a thresholdPth as the region
with jPj � Pth while the non-turbulent region with the internal grav-
ity waves is detected as jPj < Pth. An appropriate threshold can be
determined by examining the dependence of the turbulent volume on
the threshold as suggested in studies on non-stratified turbulence.23 In
this paper, we analyze a rectangular box defined by 0:3 � x � 5;
�5 � y � 5, and 0:5 � z � 4, where the wave breaking occurs. This
box is shown with a white line in Fig. 5(b). The volume of the detected
turbulent region, VT, is examined in this box for a wide range of Pth.
Figure 6 presents VT as a function of log10Pth. VT increases from 0 as
Pth decreases from log10Pth � 1. This increase in VT is due to large

FIG. 4. (a) Temporal evolution of variances of streamwise velocity u02, spanwise velocity v 02, and vertical velocity w 02 of the wave breaking region calculated with Eq. (11).
DNS results by Yakovenko et al.9 (Re¼ 4000) are also plotted for comparison. (b) Vertical profile of streamwise velocity at x¼ 2.7 in the present DNS and experiment7 before
the turbulent patch fully develops. DNS result shows streamwise velocity averaged in the spanwise direction at t¼ 25. The experiment was conducted in a salt-stratified fluid
with a towing-tank facility. The Reynolds number in the experiment was Re¼ 580.
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potential vorticity in the turbulent region. Then, there is a small range
of log10Pth where VT slowly changes with the threshold for
log10Pth � �1:7. The turbulent volume rapidly increases as Pth

becomes small for log10Pth . � 1:5. This is due to the very small jPj
in the wave region outside the turbulent patch. The turbulent and
wave regions can be effectively distinguished when the threshold is
chosen from a range where VT weakly depends on log10Pth.

23 In prac-
tice, we can determine the threshold as Pth that gives the smallest
value of �dVT=dlog10Pth, i.e., d

2VT=dð log10PthÞ2 ¼ 0. Figure 6 also
marks Pth with the smallest �dVT= dlog10Pth. This value of Pth is
denoted by Pth0, which is used to detect the turbulent patch in this
study. It should be noted that the threshold determined based on the
turbulent volume has been widely used to detect turbulent regions in
various turbulent flows,13,20,23 and the present DNS further confirms

that this method works well for the turbulent patch arising from the
wave breaking. The threshold dependence of the turbulent volume is
evaluated at each time instance, and the time-dependent threshold is
used to detect the turbulent patch.

We introduce an intermittency function Iðx; y; z; tÞ, which is
equal to 1 in the turbulent region and 0 in the non-turbulent region.
Figure 7(a) visualizes the detected turbulent region (jPj � Pth0) and
the non-turbulent wave region (jPj < Pth0) with red ðI ¼ 1) and
blue ðI ¼ 0) colors, respectively. The turbulent patch and rotor are
well detected with the present choice of the threshold. There are small
noise-like patterns of I¼ 0 in the turbulent region, whose potential
vorticity is smaller than the threshold. These regions are considered as
a part of the turbulent patch, and noise-like patterns with I¼ 0 are
removed by the following noise removal procedure. First, a simple
moving average of I is taken with the surrounding 26 grid points. The
moving average of I is denoted as I�. Then, I is calculated again as
I¼ 1 for I� � 0:5 and I¼ 0 for I� < 0:5. The turbulent patch is spa-
tially separated from the rotor turbulence, which appears at the bottom
right in Fig. 7(a). Because we intend to detect the turbulent patch aris-
ing from the wave breaking, I is changed to 0 for the turbulent region
generated by the rotor on the wall. Figure 7(b) visualizes the turbulent
patch detected after this noise removal procedure. Most noise-like pat-
terns are well removed in Fig. 7(b). The turbulent patch arising from
the wave breaking has I¼ 1 and the outside of the patch has I¼ 0. The
intermittency function I obtained with these procedures is used to
investigate the statistical properties of the turbulent patch in the rest of
the paper.

C. Statistical analysis of the turbulent patch

Two different definitions of averages are used to investigate the
turbulent patch. First, we define a volume average in the entire turbu-
lent region as

FIG. 5. (a) Enstrophy x2=2 and (b) potential enstrophy P2=2 in the wave breaking region at t¼ 55.

FIG. 6. Dependence of the turbulent volume VT on the threshold Pth. VT is defined
as the volume of the region with jPj > Pth in the rectangular box shown in Fig. 5(b).
The circle represents the threshold that satisfies d2VT=dð log10PthÞ2 ¼ 0, where
�dVT=dlog10Pth has a local minimum value.
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hf iVðtÞ ¼

ð4
0:5

ð5
�5

ð5
0:3

Iðx; y; z; tÞf ðx; y; z; tÞdxdydzð4
0:5

ð5
�5

ð5
0:3

Iðx; y; z; tÞdxdydz
: (12)

The denominator represents the volume of the turbulent region while
the numerator is the volume integral of f in the turbulent region. This
average is obtained as a function of time and used to examine the tem-
poral development of the turbulent patch.

Statistical properties near the interface between the turbulent
patch and the wave region are also investigated by calculating statistics
as functions of a distance from the outer edge of the turbulent patch.
The algorithm to calculate the statistics near the interface is the same

as in our previous studies.20 The outer edge of the turbulent patch is
defined as the isosurface of jPj ¼ Pth0. Here, we do not use the iso-
surface related to the rotor on the wall and the small bubbles of non-
turbulent fluid (blue spots surrounded by red in Fig. 7), and the outer
boundary of the turbulent patch is used in the analysis of the interface.
For a given point on the isosurface of jPj ¼ Pth0, we define a local
coordinate fI, whose direction is taken in the potential vorticity gradi-
ent n ¼ �rjPj=jrjPjj as shown in Fig. 8(a). The isosurface is
located at fI ¼ 0 and the turbulent and non-turbulent regions appear
for fI < 0 and fI > 0, respectively. The local coordinate is uniformly
discretized with a spacing smaller than the grid size of DNS. Flow vari-
ables defined on the DNS grid are interpolated on the local coordinate
with the trilinear interpolation. The interpolation of the variables is

FIG. 7. Detection of the turbulent patch: (a) binary image of potential vorticity magnitude jPj (red: jPj > Pth0; blue: jPj < Pth0); (b) detected turbulent patch (red: I¼ 1;
blue: I¼ 0).

FIG. 8. (a) Definition of the local coordinate fI. The direction of fI is defined with a three-dimensional vector defined with the potential vorticity gradient although fI is shown on
a two-dimensional plane for the explanation. A white line in (a) represents the isosurface of jPj ¼ Pth0. (b) Three areas for which the statistics near the TNTI layer are sepa-
rately calculated. A color contour of potential enstrophy is shown in the figures.
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repeatedly performed for the local coordinate defined for different
locations on the potential vorticity isosurface. Then, one-dimensional
profiles of the variables on fI are obtained for a large number of the
local coordinates, and their ensemble averages are taken as functions
of fI. This average is denoted by h iI . Samples used for this average are
obtained between t¼ 45 and 65. The average concerning the interface
is taken to investigate the turbulent patch separately from the non-
turbulent region. Therefore, the average for fI < 0 and fI > 0 should
be calculated solely from the turbulent and non-turbulent regions,
respectively. The turbulent region that appears for fI > 0 is eliminated
from statistical samples. Similarly, the non-turbulent region in fI < 0
is not used to calculate the statistics near the interface. The statistics
near the interface are calculated for the entire isosurface of
jPj ¼ Pth0. Furthermore, the statistics are calculated for three areas
described in Fig. 8(b). The front area is defined by 0:3 � x � 2:65,
while the region of x> 2.65 is divided into two regions: the upper area
of 2:25 � y � 4:0 and the lower area of 0:5 � y < 2:25.

D. Intermittency of the turbulent patch

An average of I yields an intermittency factor as
cðx; zÞ ¼ ½ðT2 � T1ÞLy	�1 Ð T2

T1

Ð 5
�5 Iðx; y; z; tÞdydt, which is a proba-

bility that the turbulent fluid appears at (x, z). Here, time and spanwise
averages are taken for I, where T1¼ 45 and T2¼ 65. Figure 9(a)
shows a color contour of c while Fig. 9(b) shows vertical profiles of
c at x¼ 2.0, 3.0, and 4.5. Large values of c appear for z � 3 and
xZ 2, where the turbulent fluid frequently appears. However, c is
smaller than 1 in most of the flow, and the turbulent patch is
highly intermittent in space and time. In Fig. 9(b), c rapidly
decreases with z at the top of the turbulent patch compared with
the lower side. Therefore, the intermittency is strong in the lower
region of the turbulent patch. This difference between the upper
and lower regions of the turbulent patch is related to different
strengths of stratification in these regions as explained below.

E. Temporal evolution of statistics in the turbulent
patch

Figure 10(a) shows the temporal evolution of the turbulent vol-
ume ~VT ¼ Ð 4h00:5h0

Ð 5h0
�5h0

Ð 5h0
0:3h0

Iðx; y; z; tÞd~xd~yd~z normalized by h20Ly .
The turbulent volume fluctuates with time, and it increases until
t¼ 55 and slightly decreases in the late time. This behavior is consis-
tent with the quasi-steady state of the turbulent patch found for veloc-
ity variances because the turbulent patch cannot be statistically steady
if the turbulent volume monotonically increases. The fluctuations of
the turbulent volume indicate strong intermittency of the turbulent
patch, and the flow region near the hill becomes turbulent or non-
turbulent depending on time.

Root-mean-squared (rms) fluctuations of f in the turbulent patch

are defined as frmsVðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hf 2iV � hf i2V

q
. Figure 10(b) shows rms

fluctuations of velocity components, u, v, and w and density q0. It was
shown that the mean velocity gradient above the hill contributes to the
shear production of the turbulent kinetic energy.9 Therefore, rms veloc-
ity fluctuations in the turbulent patch weakly depend on time, and the
present DNS yields urmsV � 0:45; vrmsV � 0:32, and wrmsV � 0:29.
Rms density fluctuations gradually increase with time from t¼ 30 and
slightly decrease after t¼ 60. The buoyancy effects of a stably stratified
fluid generally damps vertical turbulent motions. However, rms veloc-
ity fluctuations in the turbulent patch are comparable for spanwise (v)
and vertical (w) components, and the turbulent motions in the vertical
direction are still active in the turbulent patch. The production of den-
sity fluctuations is related to the vertical velocity of the last term on the
right-hand side of Eq. (5). Therefore, rms density fluctuations in Fig. 10
(b) also hardly decay with time because fluctuations in the vertical
velocity contribute to the production of density fluctuations.

The smallest scale of turbulent motions is characterized by the
Kolmogorov scale, which is defined with the volume average in
the turbulent patch as ~gV ¼ ð�3=h~eiVÞ1=4, where ~e ¼ 2�~Sij~Sij is the
kinetic energy dissipation rate and Sij is the rate-of-strain tensor. One
of the most important length scales in stably stratified turbulence is

FIG. 9. (a) A color contour of intermittency factor c in the wave breaking region near the hill. (b) Vertical profiles of c at x¼ 2.0, 3.0, and 4.5. These locations are shown with
vertical broken lines in panel (a).
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the Ozmidov scale. The turbulent motion at scales greater than the
Ozmidov scale is significantly damped in stratified turbulence. The
Ozmidov scale LOV can be defined with the buoyancy frequency

~NV ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðg=q0Þh@~q=@~ziV
p

as ~LOV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h~eiV=~N

3
V

q
. Figure 11(a)

shows temporal variations of gV and LOV. Both Kolmogorov scale and
Ozmidov scale normalized by h0 weakly depend on time, and the tur-
bulent patch has gV � 7� 10�3 and LOV � 2� 10�1. The relation
between the Kolmogorov scale and Ozmidov scale is related to the

buoyancy Reynolds number defined as RebV ¼ h~eiV=� ~N
2
V , which can

also be written as RebV ¼ ðLOV=gVÞ4=3. From the definition, RebV 

1 is equivalent to LOV 
 gV . In this case, active small-scale turbulent
motions exist at scales between LOV and gV. Figure 11(b) plots the
buoyancy Reynolds number against time. RebV slowly decays with
time. It should be noted that the buoyancy Reynolds number exponen-
tially decays with time in a decaying turbulent shear layer under stable
stratification.13 However, RebV in the turbulent patch stays around 60
even at t¼ 65, and the decay of RebV is very slow compared with other

decaying stably stratified turbulence, e.g., a turbulent wake of a sphere
and a turbulent shear layer in a stably stratified fluid.24,25 The turbu-
lent patch has LOV 
 gV and RebV is large even in the quasi-steady
state. Thus, active small-scale turbulence is sustained for a long time
period in the turbulent patch.

The mixing efficiency is examined in the detected turbulent
patch. The mixing efficiency is the ratio of the net change in the back-
ground potential energy to the energy expended in the mixing,26 and
it is often assumed to be 0.2, which is the upper bound considered by
Osborn.27 Various expressions have been used to estimate the mixing
efficiency or relevant parameters. Following Ref. 28, the mixing effi-
ciency eV is evaluated as follows:

eVðtÞ ¼ heqiV
heiV þ heqiV

; (13)

where eq is the dissipation rate of available potential energy, which is
defined by eq ¼ ð1=RePrFr2Þðrq0 � rq0Þ. Figure 12 plots eV as a
function of time. The turbulent patch has eV � 0:2 with small scatter,

FIG. 10. Temporal evolution of (a) the volume of the turbulent patch normalized by h20Ly and (b) rms velocity and density fluctuations in the turbulent patch.

FIG. 11. Temporal variations of (a) Kolmogorov scale gV and Ozmidov scale LOV and (b) buoyancy Reynolds number RebV.
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and this value is consistent with the value widely used in
oceanography.26

F. Characteristics of the turbulent/non-turbulent
interface

Statistics near the TNTI layer are presented as functions of the
distance from the outer edge of the turbulent patch. Here, we have cal-
culated the statistics with the entire isosurface of potential vorticity or
separately for three areas defined in Fig. 8(b). The present DNS results
are compared with DNS of a stably stratified shear layer in a uniformly
stratified fluid.13 Here, the results are taken at nondimensional time of
120 from the DNS with Re¼ 6000 and Fr¼ 0.6, where Re ¼ hSUS=�
and Fr ¼ 2US=hSNb are defined with the initial shear layer thickness
hS and the velocity jump US. Variables in the stably stratified shear
layer are also normalized as Eq. (2), where the length and velocity
scales are replaced by hS and US, respectively. This DNS data were cho-
sen because the buoyancy Reynolds number is close to the present

DNS. For the present DNS, the local coordinate fI is normalized by
the Kolmogorov scale gV in the turbulent patch. For the stably strati-
fied shear layer, the Kolmogorov scale at the center of the shear layer
is used for normalization. Because the Kolmogorov scale near the
TNTI layer is slightly different from these Kolmogorov scales, the dif-
ferences in the statistics between these flows can also be attributed to
the normalization of fI. Furthermore, most results except for non-
dimensional parameters are compared qualitatively below because
these flows have different characteristic length and velocity scales.

Figure 13 shows the mean profiles of enstrophy hx2=2iI and
potential enstrophy hP2=2iI near the TNTI layer. Both enstrophy and
potential enstrophy decrease across the TNTI layer from the turbulent
to non-turbulent region. However, the mean enstrophy is different
between these two regions only by a factor of oð101Þ. This is because
the internal gravity wave around the turbulent patch has enstrophy
comparable to weak enstrophy regions in the turbulent patch. The
mean potential enstrophy decreases from oð100Þ to oð10�4Þ across
the TNTI layer, and the potential enstrophy effectively distinguishes
the turbulent patch from the non-turbulent wave region. The rapid
decrease in hP2=2iI occurs for �10. fI=g. 0. The vertical width of
the turbulent patch is oðh0Þ while the Kolmogorov scale is smaller
than 0:01h0. Thus, the turbulent patch has a very thin interfacial layer
whose thickness is much smaller than the size of the turbulent patch.
These profiles of hx2=2iI and hP2=2iI are qualitatively similar in the
stably stratified shear layer.13 Thus, the intermittent turbulent flows in
a stably stratified fluid can be divided into three regions: the turbulent
region, where both P2=2 and x2=2 are large, the non-turbulent wave
region with moderately largex2=2 and smallP2=2, and the interfacial
layer, wherex2=2 andP2=2 are adjusted between these two regions.

The TNTI layer can be identified on the fI axis as the region with
a large potential vorticity gradient. The mean thickness of the TNTI
layer is estimated with the mean potential vorticity gradient
PI

0 ¼ @hjPjiI=@fI . Figure 14 presents the mean potential vorticity
profile hjPjiI and its gradient PI

0 ¼ @hjPjiI=@fI obtained with the
average taken for the entire potential vorticity isosurface. Within the

FIG. 12. Temporal variation of mixing efficiency eV ¼ heqiV=ðheiV þ heqiV Þ in
the turbulent patch.

FIG. 13. Averages of (a) enstrophy hx2=2iI and (b) potential enstrophy hP2=2iI near the TNTI layer. hx2=2iI and hP2=2iI in the stably stratified shear layer13 are also
shown with fI normalized by the Kolmogorov scale on the shear layer centerline.
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TNTI layer, �P
0
I has a peak because the potential vorticity rapidly

decreases from the turbulent to non-turbulent region. The thickness dI
is estimated as the distance from fI ¼ 0 to the location where �P

0
I is

equal to half of its maximum value ½�P
0
I 	max as depicted in Fig. 14.

The same method to quantify the thickness was used in previous stud-
ies on the TNTI layer.13 The thickness estimated by this method was
compared with the estimation based on the fitting of an error function
to the mean potential vorticity profile in Ref. 13, and it was shown that
these two methods yield similar thickness. Table I summarizes the
TNTI layer thickness normalized by the Kolmogorov scale, dI=gV .
The turbulent patch has the TNTI layer with a thickness of about five
times the Kolmogorov scale. This thickness is similar for the front,
upper, and lower regions of the turbulent patch, and the interfacial
layer has the thickness close to the smallest scale of turbulent motions.
Furthermore, it was shown that the TNTI layer thickness is about 10
times the Kolmogorov scale g in turbulent wakes and shear layers in a
stably stratified fluid.12,13 The normalized values of dI=g in these stud-
ies slightly vary depending on the location where g is evaluated. The
turbulent patch arising from the wave breaking and other turbulent
free shear flows in a stably stratified fluid have a thin interfacial layer
at the edge of the turbulent region.

The mean vertical shear and buoyancy frequency near the TNTI
layer are evaluated as SI ¼ h@u=@ziI and ~NI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ðg=q0Þh@~q=@~ziI
p

.
Figure 15 shows SI and NI calculated for the TNTI layer in the front,
upper, and lower areas. The mean shear exists even in the non-
turbulent region (fI > 0), where the wave motions and the flow accel-
erated over the hill can contribute to the mean velocity gradient. In the
turbulent patch (fI < 0), the magnitude of SI has a peak at
fI � �5gV , and the shear is stronger near the TNTI layer than in the

turbulent core region. The magnitude of SI is larger near the TNTI
layer in the lower area than the front and upper areas. In Fig. 15(b),
the buoyancy frequency tends to decrease from the non-turbulent
toward the turbulent region because the mean density gradient
becomes small owing to the mixing of density in the turbulent patch.
In the upper region, ~NI has a large peak at fI � �5gV , and the TNTI
layer is strongly stratified. Figure 15 also shows SI and NI in the stably
stratified shear layer. The TNTI layer thickness in the stably stratified
shear layer was about 10 times the Kolmogorov scale.13 Both mean
shear and buoyancy frequency are larger in the vicinity of the TNTI
layer than in the turbulent core region. The peaks of SI and NI exist
near the boundary between the turbulent core region and the TNTI
layer in the stably stratified shear layer. Similarly, the upper area of the
turbulent patch exhibits peaks of SI and NI at fI � �5gV while the
thickness of the TNTI layer is about 5gV . These results imply that the
upper area of the turbulent patch is well approximated by a stably
stratified turbulent shear layer. ~NI obtained in the front and lower
areas does not have a large peak within the TNTI layer, and the strati-
fication is not strengthened near the edge of the turbulent patch.
Previous studies on the TNTI layer in a stably stratified fluid found
that the intermittency of turbulence is weakened by buoyancy.
Stronger stratification results in a narrower intermittent region with
0 < c < 1, where both turbulent and non-turbulent fluids are
observed.29,30 Similarly, the strongly stable stratification with large ~NI

in the upper area results in a narrow intermittent region, where c rap-
idly decreases with z in Fig. 9. The lower area with small ~NI has a
wider intermittent region of 0 < c < 1 than the upper area.

Figure 16 shows the averages of kinetic energy and potential
energy dissipation rates, which are calculated as heiI and heqiI , respec-
tively. The dissipation rates rapidly change within the TNTI layer.
Although the dissipation rates are small in the non-turbulent region
(fI > 0), heiI and heqiI have non-zero values because of the dissipa-
tion related to the wave motion and fluid motion induced by turbu-
lence. heqiI has a peak within the TNTI layer while a large peak in the
kinetic energy dissipation rate does not appear. Figure 16 also shows
heiI and heqiI in the stably stratified shear layer.13 Here, these quanti-
ties are multiplied by 100 for comparison with the present DNS
because the magnitude of heiI and heqiI is different between the turbu-
lent patch and the stably stratified shear layer. The changes of heiI and
heqiI across the TNTI layer are similar in the stably stratified shear
layer and the upper and lower areas of the turbulent patch. heiI and
heqiI begin to decrease already at fI=g ¼ �10 in the stably stratified
shear layer because the TNTI layer thickness is about 10 times the
Kolmogorov scale. The definition of eq has the same form as passive
scalar dissipation rate, whose profiles near the TNTI layer have been
studied in turbulent free shear flows. A large peak of mean passive sca-
lar dissipation rate was also found within the TNTI layer.31,32

Therefore, the peak found for heqiI is attributed to the nature of the
scalar dissipation rate. The peak of the potential energy dissipation is
the largest in the front area in Fig. 16 although heqiI in the turbulent
core region is comparable in the front and upper area.

Figure 17(a) shows the buoyancy Reynolds number near the
TNTI layer RebI ¼ h~eiI=� ~N

2
I , which rapidly decreases across the

TNTI layer toward the non-turbulent region. This behavior of RebI is
consistent with the absence of small-scale turbulent motions outside
the turbulent patch. The profiles of SI and NI have confirmed that the
stably stratified shear layer is formed in the upper area. The profile of

FIG. 14. Estimation of the thickness of the TNTI layer.

TABLE I. The thickness of the TNTI layer dI normalized by the Kolmogorov scale of
the turbulent patch gV.

All area Front area Upper area Lower area

dI=gV 5.2 5.0 5.1 6.6
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RebI is also similar between the upper area and the stably stratified
shear layer. RebI weakly depends on fI for fI . 20, where
RebI � 30–50. RebI decreases toward the TNTI layer even in the turbu-
lent core region of �20. fI=gV . � 5. Then, RebI further decreases
within the TNTI layer. In the lower and front areas, RebI in the turbu-
lent region is large even near the TNTI layer, where RebI has a peak.
Then, RebI rapidly decreases within the TNTI layer
(�5. fI=gV � 0Þ. Therefore, the small-scale turbulence is still active
even near the TNTI layer in the front and lower areas. This is because
the stratification is weak in these areas as confirmed in Fig. 15(b).
Thus, the profile of RebI near the TNTI layer is not universal and can
depend on flows. For example, the flow between the turbulent patch
and the hill is accelerated, and the turbulent patch in the lower area is
influenced by a large mean velocity gradient. The production of

turbulent kinetic energy by the mean velocity gradient can lead to the
large RebI in the lower area.

Figure 17(b) presents the gradient Richardson number
RigI ¼ N2

I =S
2
I , which represents the time scale ratio of shear to buoy-

ancy. Larger RigI indicates stronger stratification compared with shear.
The figure also shows RigI in the stably stratified shear layer.13 RigI
weakly depends on fI in the turbulent core region in the upper area of
the turbulent patch and the stably stratified shear layer. RigI sharply
increases across the TNTI layer toward the non-turbulent region in
both flows. RigI further increases in the non-turbulent region in the
stably stratified shear layer because the mean velocity gradient is close
to 0 outside the shear layer. However, the mean velocity gradient is
caused by the internal gravity wave outside the turbulent patch.
Therefore, RigI in the non-turbulent region is smaller in the turbulent

FIG. 15. (a) Mean shear SI and (b) buoyancy frequency NI near the TNTI layer. Figures also show SI and NI in the stably stratified shear layer
13 for comparison. SI and NI in

the stably stratified shear layer are multiplied by five to compare their distribution with the turbulent patch.

FIG. 16. Mean profiles of (a) kinetic energy dissipation rate heiI and (b) potential energy dissipation rate heqiI near the TNTI layer. Figures also show heiI and heqiI in the sta-
bly stratified shear layer.13
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patch than in the stably stratified shear layer. A critical value of the
gradient Richardson number is 1/4 for shear instability in a stratified
flow.33 Except in the turbulent region in the lower area, RigI exceeds
this critical value inside the turbulent patch and also in the non-
turbulent region. However, RigI near the TNTI layer in the lower
region becomes less than 0.1, and the flow region near the TNTI layer
can be unstable for the mean shear. The shear instability often results
in the formation of large-scale vortices, which can be visualized with
negative pressure fluctuations.34 Figure 18(a) visualizes a two-
dimensional profile of pressure fluctuations p0 ¼ p� hpi, where the
mean pressure is calculated with a spanwise average as
hpiðx; z; tÞ ¼ Ð 5�5 pðx; y; z; tÞdy. The white line in the figure is the
outer edge of the turbulent patch detected with the potential vorticity.

The roller vortex can be identified as large negative pressure fluctua-
tions at ðx; zÞ � ð3; 1Þ, which is close to the outer edge of the turbu-
lent patch. Figures 18(b) and 18(c) visualizes the roller vortex (orange)
and small-scale vortex tubes (white) with the isosurface of p0 and
Q ¼ ðxixi � 2SijSijÞ=4, respectively, where Q is the second invariant
of the velocity gradient tensor. The pressure isosurface confirms that
the spanwise length of the vortex is about 2h0. The diameter of the
roller vortex is larger than the vortex tubes visualized with Q. In
Fig. 18(c), longitudinal vortices are tangled with the roller vortex. It is
known that similar longitudinal vortices exist around the roller vorti-
ces arising from Kelvin–Helmholtz instability.35 Taveira and da Silva
showed that large-scale vortices appear near the edge of the turbulent
region in a turbulent planar jet, and the TNTI layer is formed near the

FIG. 17. (a) Buoyancy Reynolds number RebI and (b) gradient Richardson number RigI near the TNTI layer. Figures also show RebI and RigI in the stably stratified shear
layer.13

FIG. 18. (a) Two-dimensional profile of pressure fluctuations p0 and the outer edge of the turbulent patch. Three-dimensional visualization of isosurfaces of pressure fluctua-
tions p0 ¼ �1 and second invariant of the velocity gradient tensor Q=hSijSijiV ¼ 80: (b) a side view; (c) a view from the upstream region of the turbulent patch.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 33, 055107 (2021); doi: 10.1063/5.0046832 33, 055107-13

Published under license by AIP Publishing

https://scitation.org/journal/phf


edge of the vortices.34 They also found that the large-scale convolutions
of the TNTI layer are linked to the presence of the large-scale vortices.
This relation between the vortices and the interface geometry is also
confirmed in the turbulent patch. The edge of the turbulent patch
appears at the perimeter of the roller vortex in Fig. 18(a), and the shape
of the turbulent patch is affected by the presence of the vortex. The
presence of the roller vortices and the low Richardson number in the
lower area in Fig. 17(b) indicate that the TNTI layer in this area
behaves similarly to that in non-stratified turbulent free shear flows.

IV. CONCLUSIONS

A model of the turbulent patch arising from the internal gravity
wave breaking was investigated with direct numerical simulation. The
turbulent patch is surrounded by internal gravity waves, where these
two regions were successfully distinguished by the potential vorticity.
The location of the turbulent patch fluctuates with space and time.
However, the turbulence characteristics inside the turbulent patch
weakly depend on time. We found that the buoyancy Reynolds number
slowly decays and the mixing efficiency stays around 0.2, which is the
typical value assumed in oceanography. As also found in turbulent
wakes and shear layers in a stably stratified fluid,12,13 the turbulent patch
is separated from the non-turbulent wave region by a thin TNTI layer,
whose thickness is about five times the Kolmogorov scale. The kinetic
energy dissipation occurs mostly inside the turbulent patch. The poten-
tial energy dissipation is more active near the edge of the turbulent patch
than in the turbulent core region. The profile of the potential energy dis-
sipation rate near the TNTI layer is consistent with passive scalar dissi-
pation rate in non-stratified turbulent flows.31,32 The upper area of the
turbulent patch is under the strong influence of shear and stable stratifi-
cation, and a stably stratified turbulent shear layer is formed at the top
of the turbulent patch. Therefore, the profile of the buoyancy Reynolds
number near the top of the turbulent patch agrees with that in the stably
stratified turbulent shear layer.13 On the other hand, the turbulence in
the lower area has large buoyancy Reynolds number. Consequently, the
fluid in the lower area is well mixed, and the density gradient becomes
small. The difference in the strength of the stratification between the
upper and lower areas results in stronger intermittency of the turbulent
patch in the lower area. The weak stratification in the lower area also
results in a low gradient Richardson number, which is below the critical
value for the shear instability near the outer edge of the turbulent patch.
The shear instability can lead to the formation of large-scale roller vorti-
ces. Indeed, a large-scale roller vortex was found in the lower area. The
outer edge of the turbulent patch aligns with the perimeter of the roller
vortex, and the spatial distribution of the turbulent patch is influenced
by the vortex. The small Richardson number and strong intermittency
in the lower area imply that this area resembles non-stratified turbulent
free shear flows, where the TNTI layer is also formed at the edge of
large-scale vortices.34
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