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ABSTRACT

Vortices and kinetic energy distributions around small-scale shear layers are investigated with direct numerical simulations of isotropic tur-
bulence. The shear layers are examined with the triple decomposition of a velocity gradient tensor. The shear layers subject to a biaxial strain
appear near vortices with rotation, which induce energetic flow that contributes to the shear. A similar configuration of rotating motions
near the shear layers is observed in a multi-scale random velocity field, which is free from the dynamics of turbulence. Therefore, the mecha-
nism that sustains shearing motion is embedded as a kinematic nature in random velocity fields. However, the biaxial strain is absent near
the shear layers in random velocity because rotating motions appear right next to the shear layers. When a random velocity field begins to
evolve following the Navier–Stokes equations, the shear layers are immediately tilted to the nearby rotating motions. This misalignment is a
key for the vortex to generate the compressive strain of the biaxial strain around the shear layer. As the configuration of shearing and rotating
motions arises from the kinematic nature, the shear layers with the biaxial strain are formed within a few times the Kolmogorov timescale
once the random velocity field begins to evolve. The analysis with high-pass filtered random velocity suggests that this shear layer evolution
is caused by small-scale turbulent motions. These results indicate that the kinematic nature of shear and rotation in velocity fluctuations has
a significant role in the formation of shear layers in turbulence.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0099959

I. INTRODUCTION

Turbulence plays an important role in the flows encountered in
various physical and engineering problems. Turbulence comprises
fluid motions with a wide range of length scales, where the kinetic
energy of large-scale motions is, on average, transferred to smaller
scales and is dissipated by viscous effects at the small scales.1 The
small-scale fluid motions are also important in heat transfer and mix-
ing of substances and cause the amplification of temperature and con-
centration gradients, which enhances heat conduction and molecular
diffusion.2 Small-scale properties of turbulence can be studied by ana-
lyzing quantities related to the velocity gradient tensor ru.3

Throughout this paper, components of second-order tensors are
denoted by subscripts, for example, ðruÞij ¼ @ui=@xj, while tensors
themselves are written without subscripts. For example, small-scale
intermittency is investigated with the statistics of kinetic energy dissi-
pation rate e and enstrophy x2=2, which are defined as e ¼ 2�SijSij
and x2=2 ¼ XijXij with the kinematic viscosity �, the rate-of-strain
tensor Sij ¼ ½ðruÞij þ ðruÞji�=2 and the rate-of-rotation tensor
Xij ¼ ½ðruÞij � ðruÞji�=2.4,5

The studies of small-scale properties of turbulence often concern
turbulent structures, which can be perceivable as coherent patterns in
flow visualization. One of the most well-known turbulent structures is
the vortex tube.6,7 Intense vortex tubes can be easily detected as flow
regions with large enstrophy and have been extensively studied in dif-
ferent turbulent flows.8–11 The vortex tubes are small-scale structures
with a diameter close to 10 times the Kolmogorov scale. Another tur-
bulent structure identified with enstrophy is a vortex sheet, which is a
layer with moderately large enstrophy.12 The vortex sheet can be char-
acterized by intense shear and has also been called a shear layer in
recent studies.13,14 In this paper, we also name these structures shear
layers because they are identified based on the local intensity of shear-
ing motion. The properties of the flow regions occupied by the shear
layers have been studied by identifying the location of shear layers.15,16

These studies suggest that the shear layers are dynamically important
because of their contribution to the evolution of turbulent kinetic
energy and enstrophy.16 However, the flow topology around shear
layers has not been understood well because most identification
schemes do not provide the orientation of shear layers. This is contrary
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to vortex tubes, which have been investigated with averages taken as
functions of a radial distance from the vortex center.11 The radial
direction can be identified on a plane normal to a vorticity vector. A
similar statistical analysis for shear layers requires identification of the
shear orientation.

A. The triple decomposition of velocity gradient
tensor

Several new approaches to analyzing the velocity gradient tensor
have been proposed in recent studies of vortex identification. The tri-
ple decomposition and the Rortex-based decomposition can decom-
pose a vorticity field into the contributions from pure rotation and
shear.17,18 These decompositions concerning shearing motion are
often used in the studies of flow structures and local flow top-
ology.13,14,19–27 The triple decomposition considers three motions of
pure shearing (S), rigid-body rotation (R), and elongation (E), which
are illustrated in Fig. 1 and decomposes ru into three components as
ru ¼ ruS þruR þruE . Here, the intensities of the three motions

are defined as IS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðruSÞijðruSÞij

q
; IR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðruRÞijðruRÞij

q
, and

IE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðruEÞijðruEÞij

q
. It was shown that IS and IR are useful to

detect shear layers and vortex tubes, respectively.14,17,19,28,29

The triple decomposition for a two-dimensional flow is described
here to provide the basic concept. The triple decomposition is applied
in a so-called basic reference frame, which can be related to the princi-
pal axes in a two-dimensional incompressible flow. The decomposi-
tion is straightforward for a two-dimensional flow because the basic
reference frame is related to the principal axes of the rate-of-strain ten-
sor. Although the triple decomposition is formulated for a three-
dimensional flow, a more complicated procedure to identify the basic
reference frame is required as discussed in Sec. III. In a two-
dimensional incompressible flow, ðruÞij ¼ @ui=@xj with i; j ¼ 1; 2 is
written as

ru ¼ @u1=@x1 @u1=@x2

@u2=@x1 �@u1=@x1

 !
: (1)

The rate-of-strain tensor for Eq. (1) has two eigenvalues s1 ¼ s
and s2 ¼ �s, for which the eigenvectors are denoted by e1 and e2,

respectively. The basic reference frame is obtained by rotating the
reference frame defined with the principal axes, e1 and e2, by 45�.
This relation between the principal axes and the basic reference
frame is illustrated in Fig. 2, where the basic reference frame is
expressed with the unit vectors b1 and b2. Here, the velocity gradi-
ent tensors in the reference frame of the principal axes and in the
basic reference frame are denoted by ðruÞP and ðruÞB, respec-
tively, and are expressed as

ðruÞP ¼ s �x

x �s

 !
; ðruÞB ¼ 0 s� x

sþ x 0

 !
: (2)

FIG. 1. Local fluid motions considered in the triple decomposition: (a) fluid element; (b) pure shearing; (c) rigid-body rotation; and (d) elongation (irrotational strain).

FIG. 2. The relation between (a) the reference frame of principal axes and (b) the
basic reference frame.
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Here, the length and direction of the arrows in Fig. 2 do not represent
the magnitude and sign of the velocity gradients. Depending on the bal-
ance between x and s, different local flow patterns are observed in the
basic reference frame in Fig. 2(b), for example, rigid-body rotation, pure
shearing, irrotational strain, and pure shearing with another motion. The
detailed classification of the local flow patterns can be found in Ref. 17.
In the basic reference frame, the shear tensor is given by

ðruSÞBij ¼ ðruÞBij � sgn ðruÞBij
h i

min jðruÞBij j; jðruÞBji j
h i

; (3)

where sgnðxÞ is the sign function defined as sgnðxÞ ¼ 1 for x � 0 and
sgnðxÞ ¼ �1 for x< 0. The tensors for rotation and elongation are
obtained as symmetric and antisymmetric parts of the residual tensor
ðruÞB � ðruSÞB. The decomposition with Eq. (3) in the basic refer-
ence frame can effectively distinguish the three motions.

B. Application of the triple decomposition to study
shear layers in turbulence

A new identification scheme of the shear layers has been devel-
oped with the triple decomposition since IS is useful to detect shear
layers. Furthermore, the shear tensor can be used to identify the orien-
tation of each shear layer. A conditional averaging procedure30–35

combined with the identification scheme of shear layers by the triple
decomposition has been used to investigate the flow field around the
shear layers. First, the shear layers detected with the triple decomposi-
tion have been investigated on a two-dimensional plane because the
decomposition is easily applied to two-dimensional components of the
velocity gradient tensor.28 Then, the triple decomposition for the full
components of ru has been applied to three-dimensional turbulent
flows for investigating the three-dimensional features of shear layers in
isotropic turbulence, turbulent jets, and mixing layers.14,29 Prior to
these applications to the shear layer analysis, the triple decomposition
has also been used to detect vortices in three-dimensional flows.36,37 It
has been shown that the velocity jump and the thickness of the shear
layers are characterized by the Kolmogorov velocity and length scales,
respectively.13,14

The recent advancement in the identification methods of shear
layers enables us to reveal the characteristics of shear layers. However,
the above examples of the analysis based on the triple decomposition
are limited mostly to the mean flow topology and the length and veloc-
ity scalings. Of great interest is the mechanism that generates or sus-
tains the shear layers in turbulent flows. The mean flow analysis
indicates that the shear layers appear between two parallel flows in the

opposite direction.13,14 Therefore, the process by which the shear
layers are generated and sustained may be understood as the genera-
tion of energetic fluid motions in the proximity of the shear layers. It is
also known that the shear layers appear near vortex tubes,15,16 and
from the viewpoint of turbulent structures, one may expect that the
vortex tubes play an important role in the generation of shear layers.
To address these issues related to the shear layers, we analyze direct
numerical simulation (DNS) databases of isotropic turbulence with a
special focus on the relation of shear layers and vortex tubes to the
kinetic energy transport. The present study also uses the triple decom-
position to evaluate the statistics of shear layers in relation to the shear
orientation. Isotropic turbulence is compared with a multi-scale ran-
dom velocity field that does not obey the Navier–Stokes equations.
Comparison between genuine turbulence and random velocity is use-
ful to reveal the kinematic nature of velocity fluctuations, which is free
from the dynamics of turbulence.38,39 Furthermore, DNS of decaying
turbulence initialized with a random velocity field is also conducted to
investigate the generation of shear layers from the structureless ran-
dom velocity field.

The remainder of this paper is organized as follows: The details
of DNS and random velocity are provided in Sec. II. Section III
describes the method to analyze the shear layers. Section IV presents
the results of the shear layer analyses, most of which are conducted in
the local reference frame that characterizes the shear orientation.
Finally, the paper is summarized in Sec. V.

II. DIRECT NUMERICAL SIMULATIONS OF
HOMOGENEOUS ISOTROPIC TURBULENCE
ANDMULTI-SCALE RANDOM VELOCITY

The shear layers are studied with DNS databases of incompress-
ible, statistically steady, homogeneous isotropic turbulence. All simula-
tions have used a triply periodic box with the size of L3, which was
discretized by N3 grid points. The coordinates used in the DNS are
denoted by (x, y, z), and the velocity components in these directions
are (u, v, w). Pressure and constant density are denoted by p and q,
respectively. The governing equations are the Navier–Stokes equations
for an incompressible fluid. Table I summarizes the parameters of
DNS databases, NS1–NS5, which have also been used in Ref. 13. The
DNS code is based on a fractional step method, where variables are
stored on a staggered grid. The same code has been used in our previ-
ous studies.40–42 Spatial and temporal discretizations are based on the
fully conservative 4th-order finite difference scheme43 and a three-
stage and third-order low-storage Runge–Kutta scheme, respectively.

TABLE I. Computational and physical parameters of DNS of forced isotropic turbulence (NS1–NS5), a random velocity field (R3), and decaying turbulence (D1–D3, D2F1, and
D2F2).

Run NS1 NS2 NS3 NS4 NS5 R3 D1 D2 D3 D2F1 D2F2

Flow type Forced Forced Forced Forced Forced Random Decay Decay Decay Decay Decay
Initial E(k) � � � � � � � � � � � � � � � NS3 NS1 NS2 NS3 NS2 NS2
kF � � � � � � � � � � � � � � � � � � � � � � � � � � � 0:05=g 0:1=g
N 256 512 1024 2048 4096 1024 256 512 1024 512 512
D=g 0.83 0.82 0.84 0.82 0.81 0.83 0.88 0.84 0.83 0.81 0.82
ReL 122 361 1092 2709 5800 946 116 332 946 � � � � � �
Rek 43 72 128 202 296 119 42 71 119 � � � � � �
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The Poisson equation for pressure is solved with the biconjugate gradi-
ent stabilized (BiCGStab) method. A statistically steady state is
achieved by the linear forcing scheme.44 Hereafter, an average of a var-
iable is denoted by h�i, which is taken as a volume average in the
entire computational domain and an ensemble average of different
snapshots. Table I also presents the spatial resolution D divided by the
Kolmogorov scale g and the Reynolds numbers based on the integral
scale and Taylor microscale, ReL ¼ u0L0=� and Rek ¼ u0k=�. Here,
the integral scale is calculated as L0 ¼ u30=e0 with the rms velocity fluc-

tuation u0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðhu2i þ hv2i þ hw2iÞ=3p

and the average of kinetic
energy dissipation rate e0 ¼ h2�SijSiji. This estimation of the integral
scale is based on the dissipation scaling e0 ¼ Ceðu30=L0Þ with a non-
dimensional dissipation rate Ce. Therefore, L0 can be different from
the integral scale defined with an auto-correlation function when Ce is
not constant, for example, turbulence with a low Reynolds number
and non-equilibrium turbulence.45 For turbulence sustained by linear
forcing, the integral scale is often calculated in this manner because
the ratio between L0 ¼ u30=e0 and the computational domain size L
is determined as the property of the forcing scheme.44,46–48

The Kolmogorov scale and the Taylor microscale are defined as

g ¼ ð�3=e0Þ1=4 and k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15�u20=e0

p
, respectively.

The DNS results are compared with a multi-scale, random, and
solenoidal velocity field to reveal the kinematic nature of shear layers.
Following Ref. 49, velocity vectors in physical space u ¼ ðu; v;wÞ are
computed by applying the inverse Fourier transform to velocity vec-
tors in wavenumber space û ¼ ðû; v̂; ŵÞ. When ðû; v̂; ŵÞ is a solenoi-
dal velocity vector, which has a three-dimensional energy spectrum E
(k) with random phases, a set of ðû; v̂; ŵÞ can be calculated as

ûðkx; ky; kzÞ ¼ ky
kxy

aþ kxkz
kxyk

b;
kykz
kxyk

b� kx
kxy

a;� kxy
k
b

 !
(4)

with

a ¼
ffiffiffiffiffiffiffiffiffiffiffi
2EðkÞ
4pk2

r
ei/x cosð/zÞ; b ¼

ffiffiffiffiffiffiffiffiffiffiffi
2EðkÞ
4pk2

r
ei/y cosð/zÞ; (5)

where /aðkx; ky; kzÞ (a ¼ x; y, or z) is a random phase between 0
and 2p; ðkx; ky; kzÞ is a wavenumber vector, and kxy and k are
kxy ¼ ðk2x þ k2yÞ1=2 and k ¼ ðk2x þ k2y þ k2zÞ1=2. Once E(k) is deter-
mined with a model spectrum or DNS of turbulence, ðû; v̂; ŵÞ can be
calculated from Eq. (4) with uniform random numbers assigned for
/x; /y , and/z . Then, the inverse Fourier transform of ðû; v̂; ŵÞ yields
a random solenoidal velocity profile with the prescribed energy spec-
trum. Pressure pðx; y; zÞ is calculated by solving r2p=q ¼ XijXij

�SijSij with the BiCGStab method. The multi-scale random velocity
field is generated by using the energy spectrum calculated in NS3.
Here, the three-dimensional energy spectrum in NS3 has been calcu-
lated from a one-dimensional one with the assumption of isotropy.50

The number of the grid points and the domain size used for the random

velocity are the same as in NS3. The parameters of this random velocity
field, R3, are shown in Table I. The energy spectrum in NS3 is taken
from a single snapshot, while the statistics slightly vary with time.
Therefore, ReL and Rek are slightly different between NS3 and R3.

Regions with intense shear have different structures in turbulence
and random velocity as shown in Sec. IV. The generation of the shear
layers is investigated with DNS of decaying turbulence initialized with
the multi-scale random velocity field. Here, DNS is carried out for three
initial conditions, which are generated with Eq. (4) by using the energy
spectrum in NS1–NS3. These simulations are denoted by D1–D3,
respectively. Table I also shows the parameters for D1, D2, and D3 with
initial values of D=g, ReL, and Rek. The number of grid points and the
computational domain size of decaying turbulence are the same as the
corresponding DNS of forced isotropic turbulence. A time increment is
determined with a constant Courant number of 0.3. The DNS code is
the same as the one used for forced isotropic turbulence. Hereafter, the
initial values of the integral timescale and Kolmogorov timescale are
denoted by TL0 ¼ L0=u0 and sg0 ¼ ð�=e0Þ1=2, which are used to nor-
malize time when the results are presented. In each DNS, time is
advanced over 10sg0, which is long enough for the shear layers to
develop. The statistics of shear layers are calculated as functions of time
with the method presented in Sec. III.

The role of large-scale velocity fluctuations in the formation of
shear layers is investigated with DNS of decaying turbulence initialized
with a high-pass filtered random velocity field. This velocity field is
generated by the inverse Fourier transform of Eq. (4) with a high-pass
filtered energy spectrum, ~EðkÞ ¼ GðkÞEðkÞ with G(k)¼ 1 for k � kF
andG(k)¼ 0 for k < kF . Cases D2F1 and D2F2 are performed for cut-
off wavenumbers, kF ¼ 0:05=g and kF ¼ 0:1=g, respectively. Here,
the original spectrum E(k) in these cases is the same as that in D2. The
numerical conditions, such as the number of the grid points, are also
the same for D2, D2F1, and D2F2, except for a time increment, which
is ð7:5� 10�4ÞTL0 in D2F1 and D2F2. Because the filter does not
change small-scale velocity fluctuations, the Kolmogorov scale is similar
for these three cases, as confirmed by the values of D=g in Table I.
However, the filter significantly decreases the rms velocity fluctuations.
Therefore, comparisons of ReL and Rek between the filtered and original
cases are not meaningful, and ReL and Rek are not shown in Table I.

III. ANALYSIS OF SHEAR LAYERSWITH THE TRIPLE
DECOMPOSITION
A. Triple decomposition of velocity gradient tensor

The triple decomposition of ru is used to detect shear layers
from three-dimensional velocity fields.17 The triple decomposition has
to be applied in the basic reference frame. The basic reference frame is
different depending on position and time. The triple decomposition
considers reference frames obtained with three sequential rotational
transformations Qðh1; h2; h3Þ with angles 0� 	 h1 	 180�, 0� 	 h2
	 180�, and 0� 	 h3 	 90�. The rotational transformation tensor
Qðh1; h2; h3Þ is written as

Qðh1; h2; h3Þ ¼
cos h1 cos h2 cos h3 � sin h1 sin h3 sin h1 cos h2 cos h3 þ cos h1 sin h3 �sin h2 cos h3
�cos h1 cos h2 sin h3 � sin h1 cos h3 �sin h1 cos h2 sin h3 þ cos h1 cos h3 sin h2 sin h3

cos h1 sin h2 sin h1 sin h2 cos h2

0
B@

1
CA: (6)
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The velocity gradient tensor in a rotated reference frame is calculated
as ðruÞ� ¼ QðruÞQT , where superscript � represents a tensor evalu-
ated in the rotated reference frame. The triple decomposition consid-
ers the following decomposition:

ðruRESÞ�ij ¼ sgn ðruÞ�ij
h i

min jðruÞ�ijj; jðruÞ�jij
h i

; (7)

ðruSÞ�ij ¼ ðruÞ�ij � ðruRESÞ�ij (8)

for i; j ¼ 1; 2; 3. The decomposition has to be applied in the basic ref-
erence frame, where shearing motion is effectively extracted with Eqs.
(7) and (8). For a tensor Aij, the norm can be defined as
jjAjj ¼ ffiffiffiffiffiffiffiffiffiffiffi

AijAij
p

. When Eqs. (7) and (8) are applied, the norm of the
velocity gradient tensor is also decomposed as

jjðruÞ�jj2 ¼ jjðruRESÞ�jj2 þ 4I�; (9)

I� 
 jX�
12S

�
12j þ jX�

23S
�
23j þ jX�

31S
�
31j; (10)

where I� is called an interaction scalar.17 The basic reference frame is
determined with I�, which is different depending on the reference
frames. The basic reference frame assumes that I� is the largest among
all the possible reference frames defined with Eq. (6). The largest I�

indicates that the effective shear component of ðruÞ� is fully extracted
by Eqs. (7) and (8). The procedure developed in Ref. 51 is used to
identify the basic reference frame from many reference frames defined
with discrete sets of ðh1; h2; h3Þ, where the angles are changed by Dh.
First, this procedure examines the reference frames given by all sets of
ðh1; h2; h3Þ for

h1 ¼ 0; 45�; 90�;…; 180�;
h2 ¼ 0; 45�; 90�;…; 180�;

h3 ¼ 0; 45�; 90�;
(11)

where the angles are discretely changed by Dh ¼ 45�. I� calculated for
all reference frames provides ðh1; h2; h3Þ, which gives the largest I�

among the reference frames considered for Eq. (11). These angles with
the largest I� are denoted by ðhð1Þ1 ; hð1Þ2 ; hð1Þ3 Þ. Then, the largest I� is
again searched for the reference frames defined with the following
angles:

h1 ¼ hð1Þ1 � 45�=2; hð1Þ1 � 45�=2þ 15�;…; hð1Þ1 þ 45�=2;

h2 ¼ hð1Þ2 � 45�=2; hð1Þ2 � 45�=2þ 15�;…; hð1Þ2 þ 45�=2;

h3 ¼ hð1Þ3 � 45�=2; hð1Þ3 � 45�=2þ 15�;…; hð1Þ3 þ 45�=2;

(12)

with Dh ¼ 15�. The angles for the largest I� are denoted by
ðhð2Þ1 ; hð2Þ2 ; hð2Þ3 Þ. Finally, the same procedure to find the largest I� is
repeated for the angles given by

h1 ¼ hð2Þ1 � 15�=2; hð2Þ1 � 15�=2þ 5�;…; hð2Þ1 þ 15�=2;

h2 ¼ hð2Þ2 � 15�=2; hð2Þ2 � 15�=2þ 5�;…; hð2Þ2 þ 15�=2;

h3 ¼ hð2Þ3 � 15�=2; hð2Þ3 � 15�=2þ 5�;…; hð2Þ3 þ 15�=2;

(13)

with Dh ¼ 5�, which is small enough to accurately identify the basic
reference frame.14,29 The set of ðh1; h2; h3Þ that yields the largest I� for
Eq. (13) is used to define the basic reference frame, and these angles
are denoted by ðhB1 ; hB2 ; hB3 Þ. Variables evaluated in the basic reference
frame are denoted with a superscript B, for example, ðruSÞB. In the
basic reference frame, the shear tensor ðruSÞB is extracted from

ðruÞB with Eqs. (7) and (8). The other components, ðruEÞB and
ðruRÞB, in the basic reference frame are obtained from the residual
tensor as

ðruEÞBij ¼ ðruRESÞBij þ ðruRESÞBji
h i.

2; (14)

ðruRÞBij ¼ ðruRESÞBij � ðruRESÞBji
h i.

2: (15)

Finally, ruS, ruR, and ruE in the reference frame of DNS are
obtained respectively from ðruSÞB, ðruRÞB, and ðruEÞB by applying
the inverse coordinate transformation ofQðhB1 ; hB2 ; hB3 Þ.

B. Conditional averages of shear layers

The shear layers can be identified in the three-dimensional profile
of IS.

29 The statistical properties of shear layers are evaluated with the
procedure developed in Ref. 13. The flow around the local maxima of
IS is examined because the shear layer structures identified with IS
have a local peak of IS. The local maxima of IS can be detected with the
Hessian matrix of IS. A shear coordinate ðf1; f2; f3Þ is introduced at
the location of each local maximum, which is the origin of ðf1; f2; f3Þ.
Hereafter, the velocity vector in the shear coordinate is denoted by
ðuf1 ; uf2 ; uf3Þ. This coordinate assumes that f1 is given by the vorticity
vector of shear, ðxSÞi ¼ �ijkðruSÞjk, where �ijk is the Levi-Civita sym-
bol and that @uf3=@f2 has the largest contribution to the shear. The
directions of ðf1; f2; f3Þ are determined by finding the reference frame
where @uf3=@f2 is the largest among all possible reference frames
under the condition that the f1 direction is given byxS=jxSj. The pro-
cedure to obtain the directions of ðf1; f2; f3Þ is presented in Ref. 51.
Once the shear coordinate is identified, variables defined on the DNS
grid are interpolated on the shear coordinate with a third-order
Lagrange polynomial interpolation scheme, where the shear coordi-
nate is discretized with a spacing smaller than the Kolmogorov scale.
The interpolation is applied repeatedly for the shear coordinates
defined at all detected local maxima of IS, for which ensemble averages
of variables are conditionally taken as functions of ðf1; f2; f3Þ. The
average taken in the shear coordinate is denoted with an overbar, for
example, ISðf1; f2; f3Þ.

The present analysis of the shear layers is motivated by the stud-
ies of turbulent/non-turbulent interface (TNTI), which forms between
turbulent and non-turbulent regions in intermittent turbulent flows,
such as jets,31,32,52,53 mixing layers,54–56 wakes,30,57 and boundary
layers.58,59 These studies of TNTI combine the detection method of
the TNTI with averages taken in a local coordinate system.30 The ori-
gin of the local coordinate is located at the interface, and the orienta-
tion of the one-dimensional coordinate is often taken in the normal
direction of the interface. Then, ensemble averages of samples
obtained for different locations on the TNTI are conditionally taken as
functions of the position in the local coordinate. Similarly, the present
study defines the shear coordinates for each detected shear layer and
takes ensemble averages of all shear layers as functions of the positions
in the shear coordinate.

IV. RESULTS AND DISCUSSION
A. Fundamental characteristics of shear layers

Figure 3 shows isosurfaces of IS (white) and IR (orange), which
are used to visualize shear layers and vortex tubes, respectively. Here,
the isosurface values are determined based on the Kolmogorov
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timescale sg ¼ ð�=e0Þ1=2. The isosurface of IS has a flat shape and suc-
cessfully detects the thin layer structures with shearing motion. Figure
3(a) suggests that the number density of shear layers is not uniform in
space: there are regions where more shear layers are found than in
other regions. For example, the upper half on the left of the visualized
domain contains many shear layers, while there is a void region with
only a few shear layers near the center of the domain. The number
density of shear layers seems to be correlated with that of vortex tubes.
The intermittent distribution of vortex-tube clusters has been pointed
out in previous DNS studies.60,61 The vortex marked as A in Fig. 3(b)
is surrounded by two shear layers. As also confirmed from the tempo-
ral evolution of shear layers and vortices,13 we can consider that this
vortex is being generated by the roll-up of a single shear layer, which is
being split into two shear layers. This configuration of the shear layers
and the vortex is consistent with a spiral vortex sheet.15 Previous stud-
ies of shear layers have shown that the number of vortex tubes
wrapped by shear layers is not large and many shear layers have a flat
shape.13,16,51,62,63 Therefore, the statistics obtained for all shear layers
may not represent the characteristics of the spiral shear layers.

Figure 4 compares two-dimensional profiles of u, IS, and IR
between NS3 and R3. Flow structures identified in these figures are dif-
ferent between NS3 and R3 although both flows have the same energy
spectrum. Flat layer structures with large IS do not appear in the random
velocity, where small spots of large IS are found. When vortex tubes
with large IR are parallel to the visualized plane, they appear with an
elongated shape in the axial direction of the vortices. These patterns are
found in NS3 but not in R3. These observations suggest that the random
velocity does not possess flow structures of shear layers and vortex tubes
although motions of shear and rotation can be locally significant.

Before the main results of the shear layer analysis are pre-
sented, we shortly discuss the mean flow profile around the shear

layers13 because the mean flow topology is found to be important in
the transport of kinetic energy as discussed below. Figure 5 shows
the mean velocity vectors ðuf1 ; uf2 ; uf3 Þ and the mean shear intensity
IS calculated as functions of the shear coordinate ðf1; f2; f3Þ with the
ensemble averages taken for all local maxima of IS. Here, the results
are presented for two-dimensional planes that cross the center of the
shear layer. In the shear coordinate, the shear is expressed by
@uf3=@f2. The shear layer with large IS is found between the flows
in the 6f3 directions around the center of Fig. 5(b). Figure 5(a)
indicates that the shear layer is subject to a biaxial strain with
stretching in the f1 direction and compression in the f2 direction.
The shear layer with large IS is thin in the f2 direction and the thick-
ness scales with the Kolmogorov scale.13,14 In Fig. 5(c), IS gradually
decreases with a distance from the center. This is because the shear
layers often have a curved shape as visualized in Fig. 3 and the aver-
aging procedure applied at large jf1j or large jf3j mixes the samples
taken from both inside and outside the shear layer even on the f1
and f3 axes.

A similar analysis based on a local coordinate system has been
carried out in previous studies. A coordinate system defined with the
eigenvectors of the rate-of-strain tensor Sij, called a strain eigenframe,
has been used in Refs. 64 and 65. Because Sij can be decomposed as
Sij ¼ ðSSÞij þ ðruEÞij with ðSSÞij ¼ ½ðruSÞij þ ðruSÞji�=2, the eigen-
vectors of Sij are related to the shear coordinate considered in this
study. Therefore, a similar flow topology has been observed in the
mean velocity field taken in the strain eigenframe and the shear coor-
dinate although the analysis of the strain eigenframe has been con-
ducted without identifying the shear layers.13,64 This is because ðSSÞij
has a greater contribution to Sij than ðruEÞij in most regions in turbu-
lence and the statistics in an entire flow field are significantly influ-
enced by shearing motion.13,29

FIG. 3. Visualization of small-scale structures in NS3: shear layers (white) and vortex tubes (orange) are visualized with isosurfaces of shear intensity (IS=s�1
g ¼ 2) and rota-

tion intensity (IR=s�1
g ¼ 1:5), respectively. Panel (b) shows the close-up of the right bottom corner of the visualized domain in (a). The color contour of IS in panel (b) is shown

on the surfaces of the small cubic domain with the size of ð107gÞ3.
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Figure 6 shows the profiles of the mean velocity vectors and IS in
the random velocity field. The mean velocity on the f1–f2 and f1–f3
planes is negligibly small, and the velocity vectors are shown only in
Fig. 6(b), where the flows in the 6f3 directions are observed around
the center of the shear layer. The shape of the shear layer is different

between turbulence and the random velocity field. The shear layer in
R3 is small in the f1 and f3 directions than that in NS3 shown in Fig.
5. This observation in the mean flow field is also consistent with flow
visualization in Fig. 4, where the thin shear layers are not found in the
random velocity field.

FIG. 4. Two-dimensional profiles of (a) and (d) velocity u, (b) and (e) shear intensity IS, and (c) and (f) rotation intensity IR on a y–z plane in (a)–(c) NS3 and (d)–(f) R3. Only
a small part of the domain is shown in the figure.

FIG. 5. Mean shear intensity IS and mean velocity vectors ðuf1 ; uf2 ; uf3 ; Þ near shear layers in NS3: (a) f1–f2 plane at f3 ¼ 0; (b) f2–f3 plane at f1 ¼ 0; (c) f1–f3 plane at
f2 ¼ 0. The length of vectors represents the vector magnitude.
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B. Configuration of vortex tubes near shear layers

The relation between motions of shear and rotation is investi-
gated around the shear layers. Figure 7 shows the average of IR around
the shear layers on the f2–f3 plane at f1 ¼ 0 for NS3, NS5, and R3.
The white dotted line is an isoline of IS and marks the location of the
shear layer. The direction of vortex tubes can be assessed with a vortic-
ity vector defined withruR as ðxRÞi ¼ �ijkðruRÞjk. The three compo-

nents of xR in the shear coordinate system are denoted by ðxRÞf1 ,
ðxRÞf2 , and ðxRÞf3 . Figure 7 also shows isolines of positive and nega-

tive ðxRÞf1 . Four nearly circular regions with large IR can be identified

near the shear layer: two of them have large IR with ðxRÞf1 < 0 on
both sides of the shear layer; the others are located in the shear layer
and have large IR with ðxRÞf1 > 0. A similar configuration of rotating
motions near the shear layer is also observed for R3. Therefore, rotat-
ing motions near the shear layer arise from the kinematic nature of a
multi-scale random velocity field, which is free from the dynamics of

Navier–Stokes equations. Although shear layers are observed in the
vicinity of vortex tubes,15 this configuration of vortices is not attrib-
uted solely to the dynamics of the Navier–Stokes equations. For R3,

the center of rotating motion with ðxRÞf1 < 0 (white lines) appears at

f3 ¼ 0, and the profile of IR is symmetric with respect to f2 ¼ 0.
However, this symmetry is not found for NS3 and NS5 as the center of
large IR on the sides of the shear layer appears in the first and third
quadrants of (f2; f3Þ. It will be shown that the tilted shear layer with
rotating motions is important in the formation of the biaxial strain act-
ing on the shear layer.

Figure 8(a) presents a sketch of the flow associated with the shear
layer and vortices. It seems that the vortices with ðxRÞf1 < 0 on sides
of the shear layer induce the flow in the6f3 directions that contributes
to the shear with @uf3=@f2 > 0 and the compressive strain with
@u2=@f2 < 0. The vorticity vector due to the shear ðxSÞi ¼ �ijkðruSÞjk
is oriented in the same direction as the vortices (shown in red) found
inside the shear layer because both ðxRÞf1 and ðxSÞf1 � @uf3=@f2 are

FIG. 6. The same as in Fig. 5 but for random velocity R3: (a) f1–f2 plane at f3 ¼ 0; (b) f2–f3 plane at f1 ¼ 0; (c) f1–f3 plane at f2 ¼ 0. The mean velocity vectors are not
shown in (a) and (c) because the mean velocity is almost zero in these planes.

FIG. 7. Mean intensity of rotation IR on the f2–f3 plane at f1 ¼ 0 in (a) NS3, (b) NS5, and (c) R3. The dotted and solid lines represent the isolines of IS and ðxRÞf1 , whereðxRÞf1 is the f1 component of the vorticity vector of ruR .

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 095114 (2022); doi: 10.1063/5.0099959 34, 095114-8

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


positive. Each shear layer is not always surrounded by all of the four
vortices found in the mean flow field. The vortex with ðxRÞf1 < 0
often appears only on one side of the shear layer for either f2 > 0 or
f2 < 0. The average taken for all shear layers results in large IR on
both sides of the shear layer in Fig. 7. For the same reason, two vorti-
ces with ðxRÞf1 > 0 may not always appear within a single shear
layer. However, a similar configuration of a shear layer and vortices
with negative ðxRÞf1 is found even in an instantaneous flow field.
Figures 8(b) and 8(c) visualize a shear layer in the shear coordinate
system with a color contour of IS or x and isolines of ðxRÞf1 on the
f2–f3 plane. The center of Fig. 8(b) has large IS in a thin layer struc-
ture. On the left of the shear layer, there is a circular region with
ðxRÞf1 < 0 (B). The rotating fluid motion caused by this vortex con-
tributes to the flow in the �f3 direction on the left of the shear layer.
The mean profile of IR in Fig. 7 agrees between NS3 and NS5 when
the shear coordinate is normalized by the Kolmogorov scale. This
indicates that the vortices near the shear layer are small-scale struc-
tures. Typical small-scale vortex tubes have a diameter of about
10g.7–11 The diameter of vortices is close to 10g in the instantaneous
flow field in Fig. 8. In Figs. 7(a) and 7(b), the region with large IR on
each side of the shear layer (white lines) has a slightly larger size
than 10g. This can be caused by the variation of the vortex position,
whose distance from the shear layer is not constant.

In Figs. 8(b) and 8(c), one can also find another circular region
with ðxRÞf1 > 0 below the shear layer (marked as A). The vorticity
profile around the shear layer is similar to that in the Kelvin–
Helmholtz instability,66,67 and the vortex with ðxRÞf1 > 0 below the
shear layer is generated by the roll-up of the shear layer. The shear
layer visualized in Figs. 8(b) and 8(c) is chosen to discuss the shear
instability although many shear layers do not appear along with the
nearby vortices arising from the instability. Therefore, Figs. 8(b)
and 8(c) do not represent a common flow field around shear layers,
which is better appreciated by the statistics calculated with many
shear layers. One may consider that large IR with ðxRÞf1 > 0 in Fig.
7 is associated with the vortex tube that has been generated or is
being generated by the instability of the shear layer. However, the

rotating motion with ðxRÞf1 > 0 is also seen in R3, where the flow
field is independent of the instability that is the dynamical conse-
quence of the Navier–Stokes equations. Therefore, this configura-
tion of shear and rotation is not caused by the instability of shear
layers.

When two vortex tubes with the same vorticity direction appear
close to each other, a large velocity gradient can be observed between
them. Thus, a pair of vortex tubes may generate an intense shear
layer in turbulent flows. However, flow visualization in Figs. 3, 8(b),
and 8(c) suggests that the shear layers are not always surrounded by
two vortices. As also discussed below with the kinetic energy budget,
the present results imply that at least one vortex tube is related to the
generation of shear layers. Numerical studies of shear layers (vortex
sheets) have observed that when the shear instability generates two
vortex tubes, a strained shear layer with compression in the normal
direction of the shear layer forms between the vortex tubes.68,69 The
local flow topology around the strained shear layer is similar to the
mean velocity field observed near the shear layers in Fig. 5. It has also
been shown that two vortex tubes on the sides of the strained shear
layer can merge to form a larger vortex tube. A similar paring of
vortex tubes may also occur near the shear layers in turbulent flows.

In Fig. 7, the vortex with ðxRÞf1 < 0 is separated from the shear
layer. Their separation is quantified from the two-dimensional pro-
file of IR as the distance of the local maxima of IR with ðxRÞf1 < 0
from ðf2; f3Þ ¼ ð0; 0Þ. Figure 9 plots this distance dRS normalized by
g, k, or L0 against Rek. As Rek increases, dRS=k and dRS=L0 becomes
small. On the other hand, dRS=g � 12 hardly depends on Rek. Thus,
the configuration of the vortices near shear layers is characterized by
the Kolmogorov scale. These shear layers and vortices are separated
and not connected. In Figs. 7(a) and 7(b), there are regions with
small IR between the vortices with ðxRÞf1 < 0 and the shear layer.
These regions with small IR also have small IS in Fig. 5(b) and belong
to neither the vortices nor the shear layer. As shown below, these
regions between shear layers and vortex tubes are occupied with a
flow with large kinetic energy, which contributes to shearing
motion.

FIG. 8. (a) Sketch of the vortices observed in the averaged flow field near the shear layer. (b) and (c) Visualization of a shear layer in the two-dimensional shear coordinate
ðf2; f3Þ at f1 ¼ 0 with color contours of (b) shear intensity IS and (c) vorticity magnitude x. Velocity vectors relative to the velocity at ðf1; f2; f3Þ ¼ ð0; 0; 0Þ are also shown
in both panels. White and black lines are the isolines of ðxRÞf1=s�1

g ¼ �0:8 and 0.8, respectively.
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C. The kinetic energy budget near the shear layers

The kinetic energy budget around the shear layer is evaluated to
investigate the mechanism that sustains the shearing motion around
the shear layer. Figure 10 shows the mean profile of the turbulent
kinetic energy �k ¼ ðu2 þ v2 þ w2Þ=2 near the shear layer. The dotted
line and solid lines are the isolines of IS and ðxRÞf1 , respectively.
Figures 10(a) and 10(b) indicate that the shear layer has small �k and
forms between large-�k regions. In Fig. 10(b), large �k appears between
the vortices with ðxRÞf1 < 0 and the shear layer, implying that shear
layers are formed by the energetic fluid motion induced by nearby vor-
tices as also confirmed in the instantaneous flow field in Fig. 8. Figure
10(c) shows �k on the shear-layer parallel plane. The low-�k region is
extended in the f3 direction. A comparison between Figs. 5 and 10
indicates that the kinetic energy distribution is related to the mean
velocity profile around the shear layer. For example, the mean velocity

is small for a wide range of f3 at ðf1; f2Þ ¼ ð0; 0Þ, where small �k is
found. Furthermore, large values of �k in Fig. 10(b) are found on both
sides of the shear layer, where the mean velocity due to the shear, uf3 ,
is large. The large mean velocity of the biaxial strain, ðuf1 ; uf2 Þ, in Fig.
5(a) is also correlated with the profile of �k in Fig. 10(a). Thus, the tur-
bulent kinetic energy around the shear layer is dominated by the mean
flow around the shear layer, which consists of the shear and the biaxial
strain. Figure 11 shows the results for R3. Large �k between the shear
layer and the vortices with ðxRÞf1 < 0 is similar to that for NS3.
However, the random velocity field does not have the biaxial strain
around the shear layer. Therefore, large �k associated with the strain
field cannot be seen for R3. For this reason, �k on the f1–f2 plane
decreases at large jf1j and jf2j in Fig. 11(a).

The transport equation for turbulent kinetic energy k is written as

@k
@t

þ uj
@k
@xj

¼ � 1
q

@ujp

@xj
� @

@xj
�2�uiSijð Þ � 2�SijSij þ ujfj; (16)

where fi is the forcing term. The reference frame moving with the
shear layer (X, Y, Z) is introduced to eliminate the effects of the sweep-
ing motion of shear layers on the advection term. For each detected
shear layer, the fluid at the shear layer center is advected by the veloc-
ity at ðf1; f2; f3Þ ¼ ð0; 0; 0Þ, which is denoted by u0. Once the trans-
formation from (x, y, z) to the reference frame moving with u0 is
applied, the advection term in the moving reference frame is expressed
as ½uj � ðu0Þj�ð@k=@xjÞ. More details of the coordinate transformation
to the local moving reference frame can be found in Refs. 70 and 71.
The following transport equation is defined for each detected shear
layer in the moving reference frame:

@k
@t

¼ � uj � ðu0Þj
h i @k

@xj|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
Tk

� 1
q

@ujp

@xj|fflfflfflfflffl{zfflfflfflfflffl}
Pk

� @

@xj
�2�uiSijð Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Dk

�2�SijSij|fflfflfflfflffl{zfflfflfflfflffl}
ek

þujfj|ffl{zffl}
Fk

;

(17)

where Tk is the advection term, Pk is the pressure diffusion term, Dk is
the viscous diffusion term, ek is the dissipation term, and Fk is the

FIG. 10. Averaged turbulent kinetic energy �k near the shear layers in NS3: (a) f1–f2 plane at f3 ¼ 0; (b) f2–f3 plane at f1 ¼ 0; (c) f1–f3 plane at f2 ¼ 0. The dotted line
represents the isoline of IS . Panel (b) also shows the isolines of ðxRÞf1 (black lines).

FIG. 9. Rek dependence of the distance dRS between ðf2; f3Þ ¼ ð0; 0Þ and the
local maxima of IR with ðxRÞf1 < 0. Here, dRS is normalized by the Kolmogorov
scale g, Taylor microscale k, or integral scale L0.
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production term due to the external force. The spatial derivative is
written in the form of @=@xi because of @=@xi ¼ @=@Xi.

70 These
terms are evaluated on the shear coordinate ðf1; f2; f3Þ for each local
maximum location of IS. The ensemble average of each term is taken
to assess the turbulent kinetic energy budget around the shear layer.

Figure 12 plots the profiles of the averaged terms along the f2
axis at ðf1; f3Þ ¼ ð0; 0Þ in NS3. For the linear forcing scheme, Fk is
proportional to the turbulent kinetic energy k. However, the energy
input by the forcing term only weakly depends on f2 and the spatial
variation of Fk is not significant compared with the other terms. The
dissipation ek becomes large within the shear layer as expected from
the large velocity gradient inside the shear layer and the fractal dimen-
sion analysis.60 All the spatial transport terms contribute to the energy
transfer from the outside to the inside of the shear layer. Pressure and
viscous diffusion terms, Pk and Dk , are positive in the shear layer and
change the sign outside the shear layer, and thus, the energy is trans-
ferred toward the center of the shear layer, where the energy dissipa-
tion is active. The advection term contributes to the energy transfer to
the vicinity of the shear layer.

The energy budget is examined concerning the vortices near the
shear layer found in Fig. 7. Figure 13 shows the profiles of Dk and ek
on the f2–f3 plane at f1 ¼ 0, where the isolines of IS and ðxRÞf1 mark
the locations of the shear layer and the vortices, respectively. It is found
from Figs. 7 and 13(a) that the regions with negative Dk have small IR .
Thus, the source of the viscous transport of k toward the shear layer
has a large mean velocity in the 6f3 directions and is located outside
the vortices with ðxRÞf1 < 0. As shown in Fig. 13(b), the dissipation
actively occurs inside the shear layer, while the dissipation rate is small
for the perimeter of the vortices, which is outside the shear layer.

The contribution of each velocity component to k is represented as
uaua=2, where the Greek letter in the subscript indicates that no sum-
mation is taken for the subscript. The transport equation for uaua=2
contains the pressure–strain correlation term Pa ¼ pð@ua=@xaÞ.50
Because of Px þPy þPz ¼ 0 due to incompressibility, Pa is consid-
ered the redistribution term of the turbulent kinetic energy among dif-
ferent directions. This term evaluated in the shear coordinate is denoted
byPf1 ¼pð@uf1=@xf1Þ,Pf2 ¼pð@uf2=@xf2Þ, andPf3 ¼pð@uf3=@xf3Þ.
In Fig. 14, the averages of Pfi are shown on the f2–f3 plane together

with the isolines of IS and ðxRÞf1 . NegativePf2 appears near the shear

layer, whilePf1 is mostly positive: the energy of the f2 velocity compo-
nent is converted to the f1 component. This is consistent with Fig. 5(a),
where the flow direction changes from6f2 to6f1 directions along the
streamline estimated from the velocity vectors. Regions A in Figs. 14(b)
and 14(c) have Pf2 < 0 and Pf3 > 0, and are located between the
shear layer and the vortices. Thus, the velocity in the f2 direction
induced by the vortex is converted to the f3 component, which is related
to the flows in the6f3 directions besides the shear layer.

Figure 15(a) shows the mean profile of the advection term Tk .
The advection term is negative in region A, where Pf2 < 0 and
Pf3 > 0 are found in Fig. 14. Below this region, positive Tk is found
for ðf2=g; f3=gÞ � ð63;65Þ, and the energy is transferred in the par-
allel direction to the shear layer. This is better confirmed by the advec-
tion term by the mean velocity in the f3 direction, which is written as
Tmf3 ¼ �u3ð@�k=@f3Þ and is presented in Fig. 15(b). The profiles of
Tk and Tmf3 are correlated with each other near the shear layer: two

FIG. 12. Averages of the transport equation of turbulent kinetic energy near shear
layers in NS3. The results are presented along f2 axis at ðf1; f3Þ ¼ ð0; 0Þ.

FIG. 11. The same as in Fig. 10 but for random velocity (R3): (a) f1–f2 plane at f3 ¼ 0; (b) f2–f3 plane at f1 ¼ 0; (c) f1–f3 plane at f2 ¼ 0.
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pairs of positive and negative peaks of Tk near the shear layer are well
captured by Tmf3 . The energy of the shearing motion induced by the
pressure–strain correlation in region A is transferred in the6f3 direc-
tions by the mean flow associated with the shear. This energy transport
sustains the energetic fluid motions in the 6f3 directions on both
sides of the shear layer.

The above discussion of the energy transport by the vortices is
valid even for the random velocity field because the relation between
shear layers and nearby vortices is attributed to the kinematic relation.
Figure 16 shows the advection by the mean flow in the f3 direction,
Tmf3 , and the f2 and f3 components of the pressure–strain correlation
(Pf2 and Pf3 ). The profiles near the shear layer qualitatively agree
with the results for NS3 in Figs. 14(b), 14(c), and 15(b). The advection
by the mean flow of shearing motion transfers the energy in the paral-
lel direction of the shear layer. The kinetic energy of flow in the f2
direction due to rotating motion is converted to that of the shear flow

in the 6f3 direction by the pressure–strain correlation. Therefore, the
mechanism that sustains shearing motion is embedded in the multi-
scale random velocity field as the kinematic nature even though the
random velocity does not obey the Navier–Stokes equations.

D. Development of shear layers in a random velocity
field

The flow structures of strong shear in the random velocity
are different from those in genuine turbulence in various aspects,
such as the shape and the strain field around the shear layers.
The development of shear layers is investigated for decaying turbulence
initialized with the multi-scale random velocity field (D1-D3 in Table I).
The statistics of shear layers are calculated as functions of time. As
turbulence develops from the random velocity field, the characteristics
of the shear layers become closer to those in isotropic turbulence.

FIG. 13. Mean profiles of (a) viscous diffusion term Dk and (b) dissipation term ek on the f2–f3 plane at f1 ¼ 0 in NS3. The dotted and solid lines represent the isolines of IS
and ðxRÞf1 .

FIG. 14. Mean profiles of pressure–strain correlation terms (a) Pf1 , (b) Pf2 , and (c) Pf3 on the f2–f3 plane at f1 ¼ 0 in NS3. The dotted and solid lines are the same as in
Fig. 13.
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The shape of the shear layer is examined with ISðf1; f2; f3; tÞ, for which
a normalized mean shear intensity is defined as

Î Sðf1; f2; f3; tÞ ¼
ISðf1; f2; f3; tÞ � hISiðtÞ
ISð0; 0; 0; tÞ � hISiðtÞ

; (18)

where hISiðtÞ is the volume average of IS. The center of the shear layer
at ðf1; f2; f3Þ ¼ ð0; 0; 0Þ has Î S ¼ 1, while Î S decreases to zero as fi
increases. At each time instance, we calculate the half width of Î S, dSi,
that is the distance between two locations of Î S ¼ 0:5 on each axis of fi.
Figure 17 shows the temporal evolution of dSi=g, where g is also evalu-
ated at each instance as a function of time. Time is non-
dimensionalized by the integral timescale or the Kolmogorov timescale
at t¼ 0. At the initial state, the shear layer has dS1 � dS3 � 5g and
dS2 � 3g. As the flow evolves following the Navier–Stokes equations,

dS2 decreases to 2:5g, while dS1 and dS3 increase. Thus, the shear layers
are flattened with time. The anisotropic shape of dS1 > dS3 is due to the
stretching in the f1 direction caused by the biaxial strain. A comparison
between different Reynolds numbers indicates that the initial variation
of dSi=g is better characterized by sg0 than TL0. Thus, the timescale of
the formation of the shear layers is characterized by the Kolmogorov
timescale, suggesting that the shear layer formation is caused by small-
scale velocity fluctuations. After t=sg0 Z 3, the layer thickness,
dS2=g � 2:5, hardly varies with time. Similarly, dS1=g and dS3=g also
weakly depend on t=sg at a late time.

The formation of the biaxial strain around the shear layer is
examined with the mean velocity profile in the shear coordinate sys-
tem. Figure 18 presents uf2 =ug and uf3 =ug on the f2 axis
(f1 ¼ f3 ¼ 0) and uf1 =ug on the f1 axis (f2 ¼ f3 ¼ 0). These velocity
profiles are related to the shear and the biaxial strain. At t¼ 0, uf1 and

FIG. 15. (a) Averaged advection term of the turbulent kinetic energy equation (Tk); (b) advection term by the mean flow in the f3 direction (Tmf3 ). The results are presented on
the f2–f3 plane at f1 ¼ 0 in NS3. The dotted and solid lines are the same as in Fig. 13.

FIG. 16. Kinetic energy transport near shear regions in R3. (a) Advection term by the mean flow in the f3 direction (Tmf3 ). Mean profiles of pressure–strain correlation terms:
(b) Pf2 and (c)Pf3 .
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uf2 are negligibly small because of the absence of the biaxial strain
around the shear layer in the random velocity field. The mean velocity
associated with shear, uf3 =ug, has large positive and negative peaks for
f2 > 0 and f2 < 0, respectively. The profile of uf3 =ug hardly varies
with time although the peak locations slightly approach f2 ¼ 0 since
the shear layer becomes thin. Once the flow begins to evolve, uf1 and
uf2 rapidly change with time. Here, @uf1 =@f1 > 0 and @uf2 =@f2 < 0
at the center of the shear layer indicate the biaxial strain with stretch-
ing in the f1 direction and compression in the f2 direction. The biaxial
strain around the shear layer has fully developed at t=sg0 ¼ 2.

The mean velocity shown in Fig. 18 has positive and negative
peaks. The difference between the peaks of ufi is denoted by Dui. The
thickness of the velocity jump is quantified as du1 ¼ Duf1=j@uf1 =@f1j,
du2 ¼ Duf2=j@uf2 =@f2j, and du3 ¼ Duf3=j@uf3 =@f2j with the mean
velocity gradient at the center of the shear layer. Figure 19 shows the
temporal evolutions of Dui=ug and dui=g. For all cases, Dui=ug
reaches a steady state at t=sg0 � 3. Large values of du1 and du2 at t¼ 0
are caused by the small mean velocity gradient and do not indicate
that the length scale is infinitely large in these directions. The length
dui also approaches a steady state from t¼ 0. As Re increases from D1

to D3, du1=g and du2=g also increases. This Reynolds number depen-
dence has also been observed in statistically steady isotropic turbu-
lence.13 However, du3=g � 5 hardly depends on the Reynolds
number. The temporal evolutions of Dui and dui suggest that the biax-
ial strain around the shear layer forms rapidly once the simulation is
started from the random velocity field. The initial ratio between the
integral timescale and the Kolmogorov timescale, TL0=sg0, is 10.8,
18.2, and 30.8 in D1, D2, and D3, respectively. The time required for
the formation of the biaxial strain is a few times the Kolmogorov time-
scale and is much shorter than the integral timescale. Therefore, the
formation of the biaxial strain occurs even before large-scale velocity
fluctuations fully develop from the random velocity field. This implies
that the relation between the shear and the biaxial strain is established
by small-scale velocity fluctuations rather than large-scale ones.

The behavior of the shear layers is expected to depend on the
shear Reynolds number, which can be defined as ReS ¼ Du3du3=�.
Because Du3 � 6ug and du3 � 5g hardly vary with time, ReS
� ð6ugÞð5gÞ=� ¼ 30 is almost constant during the decay even though
Rek decays with time. DNS of isotropic turbulence and turbulent planar
jets has also confirmed that the shear Reynolds number hardly depends

FIG. 17. Temporal evolutions of the length scales of the shear layer in three directions, dS1; dS2, and dS3, which are defined as the halfwidth of the normalized mean shear
intensity, Eq. (18). Time is normalized by (a) integral timescale TL0 and (b) Kolmogorov timescale sg0.

FIG. 18. Temporal evolutions of mean velocity profiles near the shear layer in D3. (a) uf2 and uf3 on the f2 axis. (b) uf1 on the f1 axis. The coordinates and velocity are nor-
malized by time-dependent Kolmogorov length and velocity scales, g and ug.
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on Rek.
13,51 The development of shear layers is similar in all simulations

with different Rek because of this weak Rek dependence of ReS.
The formation of the compressive strain by @uf2 =@f2 < 0 in the

shear layer is examined with the mean velocity in the f2 direction.
Figure 20 visualizes uf2 with the isolines of IS and ðxRÞf1 at
t=sg0 ¼ 0, 0.4, 1.0, and 2.0 for D3. At t=sg0 ¼ 0; uf2 > 0 and uf2 < 0
appear above and below the vortices on the sides of the shear layer. As
also confirmed in Fig. 7(c), the mean velocity profile and the vortices
locations are symmetric with respect to f2 ¼ 0. Therefore, the com-
pressive strain with @uf2 =@f2 < 0 does not act at the center of the
shear layer in the random velocity field at t¼ 0. As the flow evolves
following the Navier–Stokes equations, this symmetry is immediately
broken and the shear layer is tilted with respect to the nearby vortices.
Then, the vortices begin to induce flow with uf2 > 0 for f2 < 0 and
uf2 < 0 for f2 > 0, and the compressive strain of @uf2 =@f2 < 0 is
formed around the shear layer. The compressive strain caused by the
nearby vortices is consistent with the sketch and flow visualization in
Fig. 8. This change in the vorticity configuration also results in the for-
mation of the extensive strain in the f1 direction by the pressure–strain
correlation shown in Fig. 14.

The formation of the shear layers from the random velocity field
is visualized in Fig. 21. Intense shear regions appear as small spots
without a layer shape at t=sg0 ¼ 0. The small spots rapidly grow into
shear layers. One of the examples of the shear layer development is
marked as A in the figure. The layer structures of shear are observed
already at t=sg0 ¼ 0:8. Some intense shear regions marge during the
formation of shear layers. The biaxial strain near the shear layer is rap-
idly established from the random velocity field by the small change in
the configuration of vortices near shear layers. Therefore, the thin
shear layers are also rapidly generated from the small spots of shear
because they are compressed in the f2 direction and stretched in the f1
direction once the biaxial strain begins to act on the shear regions.

Figure 22 compares the initial profiles of u and IS in D2F1 and
D2F2 with those in D2. The initial conditions in D2F1 and D2F2 are
generated with a filtered energy spectrum of NS2, for which the cutoff

wavenumbers are kF ¼ 0:05=g ¼ 3:9=L0 in D2F1 and 0:1=g
¼ 7:8=L0 in D2F2. Thus, the cutoff length is smaller than the integral
scale but larger than the Kolmogorov scale. Compared with the ran-
dom velocity generated with the original spectrum in D2, velocity
fluctuations in D2F1 and D2F2 are dominated by smaller scales and
do not contain large-scale fluctuations. Since D2F2 uses a higher cut-
off wavenumber than D2F1, the length scale of velocity fluctuations
is smaller for D2F2 in Figs. 22(b) and 22(c). However, the cutoff
wavenumbers in D2F1 and D2F2 are so small that the filters do not
alter the small-scale characteristics. The initial velocity fields in D2,
D2F1, and D2F2 have similar values of the Kolmogorov scale as
shown as D=g in Table I, suggesting that the turbulent kinetic energy
dissipation rate remains unchanged by the filter. Therefore, the ini-
tial profiles of the shear intensity are also qualitatively similar in
Figs. 22(d)–22(f). Here, differences are caused by the random phases,
which are different for the three cases. Figure 23 compares the tem-
poral evolutions of the velocity jumps around the shear layers,
Du1; Du2, and Du3. Here, Dui and t are normalized by the rms
velocity fluctuations u0 and the Kolmogorov timescale sg0 in NS2
from which the energy spectrum is taken to generate the random
velocity fields. In turbulence, the kinetic energy at large scales is
transferred to smaller scales, and small-scale motions are sustained
even though the energy dissipation due to the viscous effects occurs
at small scales. However, this energy transfer to the small scales lasts
only for short time in D2F1 and D2F2 because the initial velocity
field does not contain large-scale velocity fluctuations, which are
eliminated by the filter. Therefore, the long-time behaviors of shear
layers in D2F1 and D2F2 should differ from those in D2. However,
the initial evolutions of Du1; Du2, and Du3 are similar for all simula-
tions. The growth of Du1 and Du2, which is associated with the
formation of the biaxial strain, occurs within a few times the
Kolmogorov timescale even though large-scale fluctuations are
absent in D2F1 and D2F2. This result suggests that the formation of
shear layers with the biaxial strain is dominated by small-scale veloc-
ity fluctuations of turbulence.

FIG. 19. Temporal evolutions of (a) mean velocity jumps Dui around the shear layers and (b) thickness dui of the mean velocity jumps.
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FIG. 20. Temporal evolution of the mean velocity in the f2 direction, uf2 , around the shear layers in D3: (a) t=sg0 ¼ 0; (b) t=sg0 ¼ 0:4; (c) t=sg0 ¼ 1:0; and (d) t=sg0 ¼ 2:0.

FIG. 21. The development of shear layers from a random velocity field. Isosurface of IS=ðs�1
g Þ ¼ 2 is visualized at (a) t=sg0 ¼ 0, (b) t=sg0 ¼ 0:4, (c) t=sg0 ¼ 0:8, and (d)

t=sg0 ¼ 1:5.
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V. CONCLUSIONS

Small-scale shear layers in isotropic turbulence have been investi-
gated with the triple decomposition of the velocity gradient tensorru,
which can identify the location and orientation of shear layers. Both
clusters of shear layers and vortex tubes are intermittent in space, and
their distributions are correlated with each other. The characteristics
of shear layers are compared between isotropic turbulence and multi-
scale random velocity fields to reveal the role of kinematics in the for-
mation of shear layers. Here, the random velocity possesses the energy
spectrum of turbulence although they are not solutions of the
Navier–Stokes equations.

The statistics of the shear layers have been evaluated in the refer-
ence frame defined with the shear orientation. Four circular regions
with strong rotation were found near the shear layer in the mean pro-
files of shear and rotation intensities: two of them appear inside the
shear layer and have the same vorticity direction as the shear vorticity;
the others are located beside the shear layer and have the opposite vor-
ticity direction. The same relation between shear and rotation has
been found in the random velocity field, which is free from the
dynamics of the Navier–Stokes equations. Vortex tubes are generated
from the shear layers by shear instability, and the interplay between
vortices and shear layers has been reported in previous studies.15

However, the configuration of rotating motions near shear layers is
not attributed to this dynamical process but is related to the kinematic
nature of velocity fluctuations.

The kinetic energy budget around the shear layer has suggested
that the vortex beside the shear layer induces the energetic flow that
contributes to the shear by pressure and advection. The shear layer is
separated by a distance of about 12g from the vortex that induces the
energetic flow in the proximity of the shear layer. Therefore, the ener-
getic flow parallel to the shear layer exists between the vortex and shear
layer, and the viscous and pressure diffusions transfer the kinetic
energy toward the center of the shear layer, where the dissipation takes
place. The mechanism that sustains shearing motion is embedded as
the kinematic nature in the random velocity field because the configu-
ration of shearing and rotating motions is similar between genuine
turbulence and random velocity. Therefore, when decaying turbulence
is simulated by using the random velocity field as an initial condition,
initial intense shear regions do not disappear. In the random velocity
field, the position of rotating motion that sustains the shear is right
next to the shear layers. The vortex does not generate a compressive
strain acting on the shear layer under this configuration of the struc-
tures. Once the initial random velocity field begins to evolve following
the Navier–Stokes equations, the shear layer is immediately tilted to

FIG. 22. Initial profiles of (a)–(c) velocity u and (d)–(f) shear intensity IS in (a) and (d) D2, (b) and (e) D2F1, and (c) and (f) D2F2. A small part of the computational domain is
shown for IS, while u is visualized in the whole domain.
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the nearby vortex. The tilted alignment is a key for the vortex to generate
the compressive strain in the direction perpendicular to the shear layer
and to form the biaxial strain around the shear layers. As the rotating
motion that results in the formation of the biaxial strain appears even in
the random velocity field, the thin shear layers subject to the biaxial
strain are formed within a few Kolmogorov time scales after the flow
begins to evolve from the initial random velocity field. The formation of
the biaxial strain has also been examined in DNS initialized with high-
pass filtered random velocity. The timescale of the formation of the biax-
ial strain is characterized by the Kolmogorov timescale even if the initial
velocity field does not contain large-scale velocity fluctuations.
Therefore, the formation of the biaxial strain around the shear layers is
dominated by small-scale turbulent motions. These results indicate that
the kinematic relation of rotation and shear in velocity fluctuations has a
significant role in the formation of shear layers in turbulence.
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