
Phys. Fluids 34, 055129 (2022); https://doi.org/10.1063/5.0090686 34, 055129

© 2022 Author(s).

Vertical confinement effects on a fully
developed turbulent shear layer
Cite as: Phys. Fluids 34, 055129 (2022); https://doi.org/10.1063/5.0090686
Submitted: 08 March 2022 • Accepted: 29 April 2022 • Published Online: 25 May 2022

Takumi Akao (赤尾拓海),  Tomoaki Watanabe (渡邉智昭) and  Koji Nagata (長田孝二)

https://images.scitation.org/redirect.spark?MID=176720&plid=1777326&setID=405127&channelID=0&CID=652684&banID=520678856&PID=0&textadID=0&tc=1&type=tclick&mt=1&hc=6ba90b713ed140e4fefb1b31c42f66a862d56784&location=
https://doi.org/10.1063/5.0090686
https://doi.org/10.1063/5.0090686
https://aip.scitation.org/author/Akao%2C+Takumi
https://orcid.org/0000-0002-9375-0075
https://aip.scitation.org/author/Watanabe%2C+Tomoaki
https://orcid.org/0000-0002-3661-5811
https://aip.scitation.org/author/Nagata%2C+Koji
https://doi.org/10.1063/5.0090686
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0090686
http://crossmark.crossref.org/dialog/?doi=10.1063%2F5.0090686&domain=aip.scitation.org&date_stamp=2022-05-25


Vertical confinement effects on a fully developed
turbulent shear layer

Cite as: Phys. Fluids 34, 055129 (2022); doi: 10.1063/5.0090686
Submitted: 8 March 2022 . Accepted: 29 April 2022 .
Published Online: 25 May 2022

Takumi Akao (赤尾拓海),1 Tomoaki Watanabe (渡邉智昭),2,a) and Koji Nagata (長田孝二)1

AFFILIATIONS
1Department of Aerospace Engineering, Nagoya University, Furo-cho, Nagoya, Aichi 464-8603, Japan
2Education and Research Center for Flight Engineering, Nagoya University, Furo-cho, Chikusa, Nagoya 464-8603, Japan

a)Author to whom correspondence should be addressed: watanabe.tomoaki@c.nagoya-u.jp

ABSTRACT

The effects of vertical confinement on a turbulent shear layer are investigated with large-eddy simulations of a freely developing shear layer
(FSL) and a wall-confined shear layer (WSL) that develops between two horizontal walls. In the case of the WSL, the growth of the shear
layer is inhibited by the walls. Once the walls prevent the development of the shear layer, highly anisotropic velocity fluctuations become
prominent in the flow. These anisotropic velocity fluctuations are recognized as elongated large-scale structures (ELSS), whose streamwise
length is much larger than the length scales in the other directions. Spectral analysis confirms that the turbulent kinetic energy is dominated
by the ELSS, whose streamwise length grows continuously. A proper orthogonal decomposition can effectively extract a velocity component
associated with the ELSS. The isotropy of the Reynolds stress tensor is changed by the presence of the ELSS. These changes in flow character-
istics due to the ELSS are not observed in the FSL, where the shear layer thickness increases continuously. These behaviors of the WSL
are consistent with those of stably stratified shear layers (SSSLs), where flow structures similar to ELSS also develop when the vertical flow
development is confined by the stable stratification. The vertical confinement by the walls or stable stratification strengthens mean shear
effects. The flow behavior at large scales in the WSL and SSSL is consistent with rapid distortion theory for turbulence subject to mean shear,
suggesting that the development of ELSS is caused by the mean shear.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0090686

I. INTRODUCTION

A turbulent shear layer that develops in two parallel flows with
different velocities is one of the most canonical turbulent flows. Many
publications have considered the turbulent shear layer as a model
system to investigate various phenomena related to turbulence. The
formation of large-scale turbulent structures is often studied by flow
visualization of developing turbulent shear layers.1,2 The assumption
of self-similarity for turbulent free shear flows has also been tested
with experiments and numerical simulations of turbulent shear
layers.3,4 Other studies concern turbulent transport of momentum,
energy, and scalars (e.g., temperature and species concentrations),
especially because of the practical importance of turbulent mixing in
engineering applications.5–9

A laminar shear layer develops into a turbulent state by
Kelvin–Helmholtz instability. This process for generating turbulence is
common in environmental flows. For example, turbulence generated
by Kelvin–Helmholtz instability plays an important role in ocean
mixing.10 Large-scale vortices arising from Kelvin–Helmholtz instabil-
ity are often identified in field observations in the atmosphere.11,12

These studies have also observed turbulent shear layers with stably

stratified density distributions. Therefore, a number of laboratory
experiments and numerical simulations have been carried out for sta-
bly stratified shear layers (SSSLs).13–16 These studies have investigated
the effects of stratification on the turbulent transition17 and on turbu-
lent mixing parameterization (e.g., mixing efficiency).18,19

Stratification effects on turbulent structures have also been inves-
tigated in SSSLs. Turbulent structures are identified in flow visualiza-
tion as coherent patterns. Many hairpin vortices are generated in
SSSLs,20,21 although they do not appear in nonstratified turbulent
shear layers.22,23 Furthermore, the large-scale turbulent structures
identified in a velocity field are highly anisotropic.24 These structures
have an elongated shape in the streamwise direction and a streamwise
length scale much larger than the vertical length scale of the flow.
Hairpin vortices and elongated large-scale structures (ELSS) resemble
the turbulent structures found in wall turbulence. Hairpin vortices are
frequently observed in wall-bounded shear flows.25 Long turbulent
structures whose streamwise length is much larger than the vertical
scale, such as a boundary layer thickness, have also been found in the
wall-bounded shear flows.26–30 In addition, the turbulent kinetic
energy budget has been analyzed in wavenumber space by employing
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the Fourier transform in turbulent channel flows and SSSLs.24,31 These
analyses have revealed that most terms in the energy transport equa-
tions have a similar wavenumber dependence in these flows.

The studies described above have confirmed that SSSLs behave
similarly to wall-bounded shear flows, although the former develop
freely without any influence from the wall. Both flows develop under
the influence of the mean shear. Furthermore, it has been pointed out
that the wall and stable stratification may play similar roles in sup-
pressing vertical turbulent motions.21 In wall turbulence, the imperme-
ability condition on the wall inhibits large-scale vertical velocity
fluctuations. Similarly, the buoyancy flux in a stably stratified fluid
converts the kinetic energy of vertical velocity to potential energy,
weakening vertical turbulent motions. Consequently, the vertical
length scale of turbulent motions is confined in these flows by the wall
or the stable stratification. It is often assumed for wall turbulence that
the vertical length scale of the largest turbulent motions at a given
point is fixed as a distance from the wall.32 The vertical length scale
of a turbulent shear layer is the shear layer thickness. Stable strati-
fication prevents the growth of shear layer thickness by suppress-
ing vertical momentum transport.15 ELSS emerge in a SSSL when
the effect of stratification is strong enough to prevent shear layer
growth in the vertical direction.24 Thus, the imposition of vertical
length scales by stratification can be crucial for the development of
ELSS, similar to what occurs in wall turbulence. However, it is not
clear if the generation of the ELSS is caused by the vertical confine-
ment due to the stable stratification, because other phenomena in
a stratified fluid, such as internal gravity waves, may also affect
large-scale turbulent structures.

Previous studies of SSSLs suggest that a turbulent shear layer
behaves very differently when its vertical growth is inhibited. This
study aims to investigate the effects of vertical confinement on the
development of a turbulent shear layer without stable stratification.
Here, a freely developing turbulent shear layer is compared with a
wall-confined turbulent shear layer that develops between two hori-
zontal walls. These flows are investigated using large-eddy simulations
(LES), because our primary interest is the behavior of large-scale
turbulent structures. This study considers a temporally developing tur-
bulent shear layer, where the statistics are defined with spatial aver-
ages. For this flow, ensemble averages of repeated simulations are
necessary to obtain well-converged statistics, especially for quantities
related to large-scale turbulent motions. Therefore, LES is more suited
for this study than direct numerical simulations (DNS) because of the
low computational cost of LES. As shown below, the wall confinement
imposes a fixed vertical length scale on the turbulent shear layer, as is
also observed in SSSLs. We will show that the effect of wall confine-
ment results in growth of anisotropic velocity fluctuations, which has
also been reported in a SSSL.24 The present results will also be valuable
for providing a better understanding of internal turbulent flows with
mean shear, such as jets issuing into a confined space33,34 and shear
layers in a narrow channel or duct,35–37 which are of practical impor-
tance in combustors.38

The remainder of this paper is organized as follows: Sec. II
presents the simulation setup and numerical methods for the freely
developing and wall-confined turbulent shear layers. The results are
discussed in Sec. III, where the effect of wall confinement is compared
with that of buoyancy in SSSLs. Finally, the paper is summarized in
Sec. IV.

II. NUMERICAL METHODOLOGY
A. Problem configuration

LES is performed for temporally developing turbulent shear
layers. The governing equations are the Navier–Stokes equations for
an incompressible fluid. LES solves the governing equations for large-
scale (low-pass filtered) components of flow variables, which can be
resolved on a computational grid. A variable f ð�Þ is decomposed into
grid-scale and subgrid-scale (SGS) components as f ð�Þ ¼ f þ f ðSGSÞ.
The governing equations for the grid-scale velocity are written as

@uj
@xj

¼ 0; (1)

@ui
@t

þ @uiuj
@xj

¼ � 1
q
@p
@xi

þ �
@2ui
@xj@xj

þ Rui ; (2)

where ui is the ith component of the velocity vector, xi is position, t is
time, q is a constant density, p is pressure, � is kinematic viscosity, and
Rui is the term arising from the SGS velocity components. Throughout
this paper, repeated indices imply summation.

The present study considers two flow setups to investigate the
effect of vertical confinement on the turbulent shear layer: one is a
conventional, freely developing shear layer (FSL) that is located far
from boundaries; the other is a wall-confined shear layer (WSL) that
develops between horizontal walls. In the WSL, the vertical growth of
the shear layer is prevented by the wall confinement, which is com-
pared with the suppression of the vertical motions in stably stratified
turbulence. The former has been extensively studied in the context of
turbulent free shear flows.3,23,39–41

Figure 1 illustrates the LES of the FSL and WSL. The velocity
components in the streamwise (x), vertical (y), and spanwise (z) direc-
tions are denoted by u, v, and w, respectively. The computational
domain is a rectangular box of dimensions Lx � Ly � Lz . The tempo-
rally developing shear layer is periodic in the x and z directions, for
which the flow is statistically homogeneous. An average of a variable
f ðx; y; z; tÞ is defined as �f ðy; tÞ ¼ ð1=LxLzÞ

ÐÐ
f dx dz, where the

integral is taken in a horizontal plane. Fluctuations of f are denoted
by f 0ðx; y; z; tÞ ¼ f ðx; y; z; tÞ � �f ðy; tÞ and the root mean square

(rms) of the fluctuations is calculated as frmsðy; tÞ ¼ ðf 02Þ1=2
¼ ðf 2 � �f

2Þ1=2. Following previous studies of temporally developing
shear layers,23 the initial mean streamwise velocity profile is given by
�u ¼ 0:5U0tanhð2y=h0Þ, where U0 is the difference in streamwise
velocity between the upper and lower regions and h0 is the initial shear
layer thickness. The nondimensional parameter of the flow is the
Reynolds number, defined as Re ¼ U0h0=�. The FSL and WSL are
simulated for Re¼ 2000. The mean velocities in other directions are
zero. Artificial velocity fluctuations with rms values of 0:025U0 are
superimposed on the initial mean velocity in the shear layer
(jyj � h0=2) for triggering the turbulent transition. Here, the fluctua-
tions are generated with the method for converting random numbers
to spatially correlated fluctuations described in Refs. 24 and 42. Time
is advanced until t=tr ¼ 340, where tr ¼ h0=U0 is a reference time-
scale of the shear layer.

The main differences between the FSL and WSL are the bound-
ary conditions and the size of the computational domain in the vertical
direction. Periodic boundary conditions are applied in the streamwise
(x) and spanwise (z) directions in both flows. The vertical (y)
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boundaries are treated as slip walls for the FSL and nonslip walls mov-
ing with a streamwise velocity of 6U0=2 for the WSL (Fig. 1). The
moving walls are considered in the WSL to maintain the mean shear,
since the present study aims to investigate the development of the
shear layer under wall confinement. The size of the computational
domain ðLx; Ly; LzÞ is ð448h0; 140h0; 84h0Þ for the FSL and
ð448h0; 10h0; 84h0Þ for the WSL. In the FSL, the shear layer thickness
grows up to 30h0 at the end of the simulation, and Ly ¼ 140h0 is large
enough to prevent the boundaries from affecting the shear layer devel-
opment. The distance between the walls is also denoted by H ¼ 10h0
in the WSL. The shear layer development of the WSL is influenced by
the walls as the shear layer thickness approaches H. The domain
height 10h0 is chosen to compare the WSL with a SSSL in Ref. 24, for
which the thickness of the shear layer is about 10h0. Because wall
influences are examined for a fully developed turbulent shear layer, Ly
should be large enough for the initial shear instability to be free from
the wall influences. As shown by comparison between the FSL and
WSL below, the initial development of the shear layers hardly differs
for these flows when the WSL is simulated with Ly ¼ 10h0. In the LES
of the WSL, a turbulent Couette flow develops if the simulation is run
for a long time. The instantaneous flow fields before the Couette flow
has fully developed are analyzed to investigate the effect of wall con-
finement on the shear layer.

B. Numerical setup

The LES is performed with an in-house implicit LES code, which
was also used in our previous studies of turbulent free shear flows and
wall turbulence.24,42,43 These previous studies validated the code by
comparing the LES results with experiments and direct numerical sim-
ulations (DNS). The code is based on a fractional step method with
finite difference schemes. Fully conservative finite difference schemes
are used for spatial derivatives, with fourth- and second-order accura-
cies in the horizontal and vertical directions, respectively.44 Variables
are stored on a staggered grid. The grid size is uniform in the horizon-
tal directions, while nonuniform grid spacing is employed in the

vertical direction, as explained below. A third-order Runge–Kutta
method is used for temporal advancement. The biconjugate gradient
stabilized (Bi-CGSTAB) method is used to solve the Poisson equation
for pressure. The present implicit LES utilizes the 10th-order low-pass
filter proposed in Ref. 45 as an implicit model of the SGS terms. A var-
iable f at a grid point (i, j, k) is denoted by fi;j;k. The filtering operator
in the x direction, Fx, is written as

Fx � f ¼ fi;j;k � 2�10 252fi;j;k � 210ðfiþ1;j;k þ fi�1;j;kÞ
�

þ 120ðfiþ2;j;k þ fi�2;j;kÞ � 45ðfiþ3;j;k þ fi�3;j;kÞ
þ 10ðfiþ4;j;k þ fi�4;j;kÞ � ðfiþ5;j;k þ fi�5;j;kÞ

�
: (3)

The filters in the y and z directions, Fy and Fz, are also written in the
same manner. The filters are sequentially applied in three directions as
Fðf Þ � Fx � ½Fy � ðFz � f Þ�. Then, the SGS term Rui in Eq. (2) is writ-
ten with the filter F(f) as

Rui ¼
FðuiÞ � ui

Dt
; (4)

where Dt is a time increment. The low-pass filter in implicit LES
mimics the energy dissipation that takes place on unresolved
scales. Equation (4) is equivalent to applying the filter to ui at every
time step. The simulations of both the FSL and WSL are repeated
10 times, and ensemble averages are taken for 10 simulations. Each
simulation uses different sets of random numbers, which are gen-
erated with different seeds. The statistical properties of initial
velocity fluctuations are identical for all simulations. The energy
spectrum of initial velocity fluctuations generated by the present
method has been presented in Refs. 24 and 42.

The numbers of grid points are ðNx;Ny;NzÞ ¼ ð3072; 251; 576Þ
in the WSL and (3072, 701, 576) in the FSL. The vertical location of
the grid points is determined by

yðjÞ ¼ � Ly
2ay

artanh ðtanh ayÞ 1� 2
j� 1
Ny � 1

� �� �
(5)

FIG. 1. LES of (a) a freely developing
shear layer (FSL) and (b) a wall-confined
shear layer (WSL).
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for the FSL and

yðjÞ ¼ � Ly
2 tanh ay

tanh ay 1� 2
j� 1
Ny � 1

� �� �
(6)

for the WSL, with integers j ¼ 1;…;Ny . The grid stretching parame-
ter is ay ¼ 2 for the FSL and ay ¼ 3 for the WSL. Figure 2 shows the
vertical distribution of the grid size in the y direction, DyðyÞ. The tur-
bulent shear layer does not reach large jyj in the FSL. For this reason,
the LES of the FSL employs Eq. (5), which yields the smallest DyðyÞ at
y¼ 0. The turbulent shear layer develops in the y direction with time
and reaches jy=h0j � 15 at the end of the simulation of the FSL. The
inset in Fig. 2(a) shows DyðyÞ for jy=h0j. 15, where DyðyÞ � 0:1
hardly varies with y. On the other hand, a high resolution is also
required near the boundaries for the WSL because of the development
of wall turbulence. Therefore, the LES of WSL employs Eq. (6), for
which DyðyÞ becomes small near the walls. Here, DyðyÞ near the walls
is small enough to resolve the viscous sublayers on the walls. This will
be confirmed in Sec. III, where the mean velocity profile near the wall
is presented. Inside the shear layers, the spatial resolution should be

determined based on the Kolmogorov scale g ¼ ð�3=eÞ1=4, where e is
the turbulent kinetic energy dissipation rate. DNS of the FSL with
the same Re as in the present LES was reported in Refs. 21 and 24,
where the smallest value of g is about 0:02h0 at t=tr ¼ 90. The FSL
and WSL develop similarly before the entire computational
domain between the walls is occupied by turbulence in the WSL.
The turbulent shear layer in the WSL has not reached the walls
at t=tr ¼ 90, and the smallest g in the WSL is also close to 0:02h0.
In this study, the FSL and WSL are simulated with ðDx;Dy;DzÞ
¼ ð0:15h0; 0:096h0; 0:15h0Þ and ð0:15h0; 0:12h0; 0:15h0Þ, respec-
tively, where Dy is evaluated at y¼ 0. Thus, the grid spacing is
smaller than 10g, and most length scales are well resolved in the
LES. The present LES code with Di � 10g can accurately simulate
turbulent shear flows and wall turbulence.24,42

III. RESULTS AND DISCUSSION
A. Development of turbulent shear layers

Figure 3 visualizes the development of the FSL with the instan-
taneous streamwise velocity profiles on an x–y plane at t=tr ¼ 60,

FIG. 2. Vertical distribution of grid spacing
in the y direction in the LES of (a) the FSL
and (b) the WSL.

FIG. 3. Instantaneous streamwise velocity
on an x–y plane in the FSL at (a) t=tr ¼ 60,
(b) t=tr ¼ 180, and (c) t=tr ¼ 300. The
visualized region in the vertical direction is a
half of the domain height Ly.
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180, and 300. The range of the color contours is determined based on
the maximum and minimum values of u=U0. Although u=U0 at t¼ 0
ranges between –0.5 and 0.5, an instantaneous velocity can exceed this
range because large-scale vortices locally accelerate or deaccelerate the
flow. This influence can be explained by a pressure gradient induced
by the vortices.46 A similar fluid acceleration by vortices arising from
shear instability has also been reported for a turbulent jet, where an
instantaneous velocity exceeds the jet velocity at a nozzle exit.47,48 The
shear layer has already become turbulent at t=tr ¼ 60 as a result of
Kelvin–Helmholtz instability. The turbulent shear layer develops with
time in the y direction. The results for the WSL are shown in Fig. 4,
where u is shown either in the entire computational domain or in a
small domain with a streamwise length of 114h0 (a rectangular box
outlined with dashed lines). At t=tr ¼ 60, the velocity fluctuations in
the turbulent shear layer are found near the center of the layer,
although the turbulent region of the layer does not reach the walls. At
t=tr ¼ 180 and 300, the turbulent shear layer has developed in the
entire computational domain, and the flow evolution is expected to be
strongly influenced by the walls.

Figure 5(a) shows the vertical profiles of the mean streamwise
velocity �u in the FSL. Here, y is normalized by the momentum thick-
ness dm ¼ 1

4

Ð ðU0 � 2�uÞðU0 þ 2�uÞ dy. The mean velocity profile plot-
ted with y=dm hardly varies with time as expected for a self-similar
regime. Figure 5(b) compares the rms fluctuations of u, urms, with pre-
vious experiments and numerical simulations of turbulent shear
layers.49,50 From t=tr ¼ 60 to 140, urms decreases slightly with time. In
a self-similar turbulent shear layer, urms at y¼ 0 does not change with
the development of the shear layer.51 This tendency is also seen after
t=tr ¼ 140 in the present LES. Furthermore, the LES results agree well

with previous studies, and the development of the turbulent shear
layer is accurately predicted by the LES.

Figure 6(a) shows the mean velocity profile �u in the WSL. At
t=tr ¼ 60; �u has a similar profile in the FSL and WSL, and the mean
velocity gradient @�u=@y is close to 0 for large jyj. At this time, the tur-
bulent shear layer has not yet reached the walls. However, @�u=@y at
y=H ¼ 60:5 becomes large at later times in the WSL once the turbu-
lent shear layer has developed in the entire computational domain.
Figures 6(b)–6(d) show the vertical profiles of urms; vrms, and wrms.
The velocity fluctuations become small near the walls, and the rms
velocity fluctuations decrease to zero toward y=H ¼ 60:5. The shape
of the rms velocity profiles changes with time. As the turbulent shear
layer develops toward the walls from t=tr ¼ 60, the rms velocity fluc-
tuations near the walls increase with time. At t=tr ¼ 300; urms has
peaks near the walls at y=H � 60:49. Compared with urms and
wrms; vrms is small near the walls (jy=HjZ0:3), because of the sup-
pression of vertical velocity fluctuations.

In the case of the WSL, the flow approaches a fully developed
Couette flow with time. The present study considers the influence of the
walls on the development of the shear layer, which is not directly related
to the Couette flow generated by the walls. Therefore, the WSL and FSL
should be compared for the time before wall turbulence has fully devel-
oped in the WSL. This time interval can be determined by comparing
the velocity statistics near the walls in the WSL with those in canonical
wall-bounded turbulent flows. Figure 7 shows a comparison of mean
and rms fluctuations of streamwise velocity between the WSL and
wall turbulence. Here, the results for theWSL are plotted against the dis-
tance from the bottom wall, yw ¼ y þ H=2. The variables are normal-
ized by viscous units as yþ ¼ ðy þ H=2Þ=ð�=usÞ; uþ ¼ �u=us, and

FIG. 4. Instantaneous streamwise velocity
on an x–y plane in the WSL at (a) t=tr ¼60,
(b) t=tr ¼180, and (c) t=tr ¼300. In each
panel, the upper FIG shows the entire com-
putational domain, while the black dashed
rectangle outlines a partial domain that is
visualized in the lower FIG.
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uþrms ¼ urms=us, where us ¼
ffiffiffiffiffiffiffiffiffiffiffi
sW=q

p
is the friction velocity defined

with the wall shear stress sW ¼ q�@�u=@y. In Fig. 7(a), the mean veloc-
ity profiles are compared with the profiles in the viscous sublayer
uþ¼yþ and the logarithmic layer uþ¼ð1=jÞlnðyþÞþA with j¼0:41
and A¼ 5.1. For yþ.6, the mean velocity profile in the WSL follows
uþ ¼ yþ. The logarithmic law is expected to be observed for yþZ30
in fully developed wall turbulence.51 However, the WSL has uþ

smaller than the logarithmic law, although the mean velocity profile
becomes closer to the logarithmic law with time. Therefore, the
logarithmic layer has not yet fully formed in the WSL, even at
t=tr ¼ 340. Figure 7(b) compares the vertical profile of uþrms between
the WSL and turbulent Couette flows.52,53 The profile of uþrms
approaches those in fully developed turbulent Couette flows with
time. However, the difference between the WSL and the turbulent
Couette flows is still large at t=tr ¼ 340, and the WSL has not yet
developed into turbulent Couette flow. The temporal variations of
uþ and uþrms suggest that the wall turbulence is still under develop-
ment even at t=tr ¼ 340. Therefore, the present LES results for
t=tr � 340 are suitable for the investigation of the influence of the
walls on the turbulent shear layer.

The dissipation of turbulent kinetic energy is caused by the grid-
scale velocity fluctuations and the SGS model in the LES. The dissipa-
tion rate e can be expressed as the sum of the contributions from the
grid scales and the model as e ¼ eG þ eS, where eG and eS for the
implicit SGS model can be written as

eG ¼ �
@u0i
@xj

@u0i
@xj

; eS ¼ �u0iFðu0iÞ: (7)

The implicit LES can accurately evaluate the energy dissipation rate
with Eq. (7).24,48 Figure 8 shows the temporal evolution of e at the cen-
ter of the WSL and FSL. Once the turbulent shear layer develops, e
decays with time. The decay is faster in the WSL than in the FSL. The
self-similar assumption for a temporally developing shear layer yields
a power law of e 	 t�1. This power law is observed after t=tr � 180 in
the FSL.

Figure 8(b) shows the evolution of the turbulent Reynolds num-
ber on the centerline, Rek ¼ u0k=�, which is defined with the rms
velocity fluctuation u0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðhu02i þ hv02i þ hw02iÞ=3p
and the Taylor

microscale k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15�u20=e

p
. The turbulence generated by the instabil-

ity has Rek � 200 at t=tr ¼ 60. Then, Rek in the FSL becomes large
with time because of an increase in k. However, Rek in the WSL
decreases because of the decay of u0, which is shown in Fig. 6.

B. Length scales of large-scale velocity fluctuations

The characteristic length scales of the flow are compared between
the FSL and WSL. One of the vertical length scales is the shear layer
thickness du, which is defined with the mean velocity profile as the dis-
tance between two vertical positions with �u=U0 ¼ 60:45. Figure 9
shows the temporal evolution of du normalized by h0. Figure 9 also
includes data for a SSSL,24 which is discussed in Sec. IIID. As also
reported in previous studies of freely developing turbulent shear layers,
du in the FSL increases continuously with time. The rate of increase in
du becomes slightly lower at a late time, which is in a self-similar
regime of the turbulent shear layer. This tendency is also consistent
with previous studies.46,54 The initial increase in du is similar in the
FSL and WSL until t=tr � 100. The thickness of the WSL is restricted
to du=h0 � 10 by the walls, and du � 10h0 is constant after
t=tr ¼ 100. The constant value of du suggests that the vertical turbu-
lent motions are strongly influenced by the walls for t=trZ100.

Figures 10 and 11 visualize the instantaneous streamwise velocity
u on the x–z plane at y¼ 0, which is the center of the shear layer. The
arrows near the top left of each panel depict the length of du, which is
visibly compared with horizontal length scales of the flows. The length
scale of u becomes large with time in both the FSL and WSL. In the
FSL, du also increases with time. Therefore, the length scale of u,
roughly estimated as the size of each region with u> 0 or u< 0, is
close to du in Fig. 10. The results for the WSL suggest that the stream-
wise length scale of u also increases from t=tr ¼ 60 to 300, while the
vertical length du does not grow after t=tr � 100. Therefore, the
length-scale ratio of u between the streamwise and vertical directions

FIG. 5. Vertical profiles of (a) mean
streamwise velocity �u and (b) rms fluctua-
tions of u, urms, in the FSL. The vertical
position y is normalized by the momentum
thickness dm. The results of experiment49

and DNS50 are shown for comparison.
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FIG. 7. Vertical profiles of (a) mean streamwise velocity uþ ¼ �u=us and (b) rms fluctuations of streamwise velocity uþrms ¼ urms=us normalized by the friction velocity us near
the bottom wall of the computational domain. The vertical distance from the wall, yw ¼ y þ H=2, is normalized by �=us as yþ ¼ ðy þ H=2Þ=ð�=usÞ. The mean velocity pro-
file in (a) is compared with the profiles in the viscous sublayer (uþ ¼ yþ) and the logarithmic layer [uþ ¼ ð1=jÞ ln yþ þ A with j ¼ 0:41 and A¼ 5.1] of wall turbulence. In
(b), the present results are compared with experiments and DNS of turbulent Couette flows by Tillmark52 and Tsukahara et al.53

FIG. 6. (a) Vertical profile of mean
streamwise velocity �u. (b), (c), and (d)
Vertical profiles of rms fluctuations of
streamwise, vertical, and spanwise veloc-
ity components, respectively, in the WSL.
The vertical position y is normalized by
the distance H between the walls.
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increases with time in the WSL. If turbulent structures are defined
based on the horizontal profiles of u in Fig. 11(c), one can identify
ELSS, which are longer in the x direction than du. As discussed in Sec.
IIID, similar structures were observed in SSSLs, where the vertical
development of the shear layer is also inhibited by the stable stratifica-
tion.21 The anisotropic velocity fluctuations of the ELSS do not grow
in the FSL, because both the horizontal and vertical length scales of u
increase with time. The streamwise lengths of regions with u< 0 and
u> 0 are larger than their spanwise lengths, even in the FSL. This is
due to the difference in longitudinal and transverse length scales of
turbulence. The longitudinal integral scale is defined with the autocor-
relation function of u at two points separated in the x direction, while
the transverse integral scale of u is defined for the separation distance
taken in the y or z direction. Even in homogeneous isotropic turbu-
lence, the longitudinal integral scale is twice as large as the transverse
scale.32 This explains why the streamwise length scale of u is larger
than the spanwise one when these scales are estimated from Fig. 10.

FIG. 10. Instantaneous streamwise velocity
profiles on the x–z plane at the center of the
shear layer (y¼ 0) in the FSL at (a)
t=tr ¼60, (b) t=tr ¼180, and (c) t=tr ¼300.

FIG. 9. Temporal evolution of the shear layer thickness du. The LES result for a
SSSL24 is shown for comparison.

FIG. 8. Temporal evolutions of (a) the tur-
bulent kinetic energy dissipation rate e
and (b) the turbulent Reynolds number
Rek on the centerline of the shear layers.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 055129 (2022); doi: 10.1063/5.0090686 34, 055129-8

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


The scale dependence of velocity fluctuations is investigated with
a one-dimensional energy spectrum of u. Here, the energy spectrum
Eu is calculated using the Fourier transform in the x or z direction.
The Fourier transform of uðx; y; z; tÞ in the x direction is denoted by
ûðkx; y; z; tÞ, where kx is the streamwise wavenumber. The fast
Fourier transform is employed for converting u to û. The energy spec-
trum of u is defined with the complex conjugate of û; û�ðkx; y; z; tÞ,
as Euðkx; y; tÞ ¼ Reðûû�Þ, where Reðf Þ represents a real part of a
complex variable f. The average ûû� is evaluated with the spatial aver-
age in the z direction and the ensemble average of simulations. The
energy spectrum for the spanwise wavenumber kz is similarly defined
with the Fourier transform of u in the z direction, ûðx; y; kz; tÞ, for
which the spatial average of ûû� is taken in the x direction. The energy
spectra are presented as function of the streamwise and spanwise
wavelength, kx ¼ 2p=kx and kz ¼ 2p=kz .

Figure 12 shows kxEu as a function of ðkx; yÞ at t=tr ¼ 60, 180,
and 300, where panels (a)–(c) and (d)–(f) present the results for the
FSL and WSL, respectively. Because of the symmetry of the flow with
respect to y¼ 0, the results are shown for y 
 0. The horizontal axis
displays kx ¼ 2p=kx on a logarithmic scale. Therefore, the spectrum
premultiplied by kx, kxEu, is shown instead of Eu to assess the contri-
bution to the velocity variance at each height. Because of the relations
kxdð log10kxÞ ¼ dkx and log10kx / �log10kx; kxEu represents the
contribution to u2rms at the scale of kx on the logarithmic coordinate.
For this reason, the spectra premultiplied by kx have been widely
used to investigate the scale dependence of velocity fluctuations in
turbulence.26,46,55,56 Both horizontal and vertical axes of Fig. 12
are nondimensionalized by du. At each y position, kxEu in the FSL

[Figs. 12(a)–12(c)] has a peak at kx=du � 3, and the spectral shape
hardly varies with time. Furthermore, kxEu decreases with y, because
the outside of the turbulent shear layer has smaller velocity fluctua-
tions than the inside. By contrast, kxEu in the WSL depends strongly
on time in Figs. 12(d)–12(f). A wavelength range with large kxEu
extends to larger scales with time in the WSL, and the velocity fluctua-
tions are dominated by streamwise length scales much larger than du.
This change in the dominant length scale is associated with the forma-
tion of ELSS visualized in Fig. 11. Furthermore, the y dependence of
kxEu is similar between the FSL andWSL at t=tr ¼ 60, which is before
the turbulent shear layer reaches the walls in the WSL. However, the
wavenumber dependence of kxEu at t=tr ¼ 180 and 300 is different in
these flows at y=du � 0:5. At this height, kxEu in the FSL becomes
small as kx decreases from kx=du � 3, while kxEu in the WSL is mod-
erately large for 0:2. kx=du . 2. Thus, small-scale turbulent motions
are negligible at large y in the FSL, while they are active in the WSL
even at y=du � 0:5. This difference is explained by the outer intermit-
tency of the FSL: the turbulent fluid coexists with the nonturbulent
fluid at large y, where small-scale fluctuations are absent in the nontur-
bulent region.39,41 On the other hand, the entire flow region between
the walls is occupied by turbulence arising from the shear instability
after t=tr � 100 in the WSL. Therefore, the energy of velocity fluctua-
tions is also possessed by small scales of 0:2. kx=du . 2 in the WSL.

Figures 13(a) and 13(b) show kxEu=ðkxEuÞmax at y¼ 0 in the FSL
and WSL for detailed comparisons between these flows. At t=tr ¼ 60,
the shape of kxEu, including the peak wavelength kx=du � 3, is similar
for the FSL and WSL because the WSL has not yet reached the walls.
The normalized peak wavelength in the FSL hardly varies with time

FIG. 11. The same as in Fig. 10, but for
the WSL. (a) t=tr ¼ 60, (b) t=tr ¼ 180,
and (c) t=tr ¼ 300.
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from kx=du � 3, although the peak wavelength is shifted to larger
scales in the WSL. Figure 14 shows the spanwise energy spectrum cal-
culated with the Fourier transform in the z direction. The spanwise
spectrum EuðkzÞ is premultiplied by kz and is plotted against kz. The
peak of kzEuðkzÞ appears for 1. kz=du . 2 in both flows. Compared
with the energy spectrum plotted with kx, the wavelength of the maxi-
mum kzEuðkzÞ slowly increases with time in the WSL.

The temporal variation of the length scales is investigated with
the peak wavelengths of kxEuðkxÞ and kzEuðkzÞ, which are denoted
by Kx and Kz, respectively. The peak wavelength represents the

energy-containing length scale in each direction. Figure 15 shows the
temporal variations of Kx and Kz, which are calculated from the spec-
tra between t=tr ¼ 60 and 340. Figure 15(a) also shows LES results for
a SSSL,24 which are compared with the FSL and WSL in Sec. IIID. In
Fig. 15(a), both the FSL and WSL have Kx=du � 3 until t=tr ¼ 100.
However,Kx=du in the WSL begins to increase from t=tr ¼ 120, while
Kx=du � 3 does not vary with time in the FSL. The increase in Kx=du
in the WSL is approximated well by a power law in t, and a least
squares method yields Kx=du ¼ 0:117ðt=trÞ0:72. Similarly, Kz=du
slowly increases with time in the WSL, while Kz=du � 1 does not

FIG. 12. Premultiplied energy spectra of streamwise velocity, kxEuðkxÞ, plotted as a function of streamwise wavelength kx and vertical location y in (a)–(c) the FSL and (d)–(f)
the WSL: (a) and (d) t=tr ¼ 60; (b) and (e) t=tr ¼ 180; (c) and (f) t=tr ¼ 300. The color contours are adjusted with the maximum value of kxEu at each time to compare the
energy distribution at different times.

FIG. 13. Premultiplied streamwise-wavenumber
spectra of streamwise velocity, kxEuðkxÞ, at the
center of the shear layer (y¼ 0) at t=tr ¼ 60,
180, and 300 in (a) the FSL and (b) the WSL.
Here, kxEu is normalized by its maximum value
½kxEu�max at each time.
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increase in the FSL. From Fig. 15(b), Kz=du 	 ðt=trÞ0:43 is obtained
for the WSL after t=tr ¼ 120. Therefore, Kx increases faster than Kz,
suggesting that the velocity field becomes more anisotropic with time
in the WSL. The wavelengths Kx and Kz are related to the longitudinal
and transverse integral scales of u, respectively. As discussed above,
the length-scale ratio between the longitudinal and transverse integral
scales is 2 in homogeneous isotropic turbulence. The faster growth of
Kx compared with Kz results in an increase in Kx=Kz in the WSL, and
the length-scale ratio in theWSL becomes much larger than the isotro-
pic value of 2.

C. Proper orthogonal decomposition (POD)

The influence of the wall on the turbulent shear layer allows the
growth of ELSS, which can be defined as energetic turbulent motions
with a streamwise length much larger than the shear layer thickness.

The existence of ELSS is evident from the energy spectrum presented
above. However, their various characteristics are not clear from the
conventional statistics. Therefore, a proper orthogonal decomposition
(POD) is employed to extract and analyze the velocity fluctuations
associated with the ELSS. The POD is one of the most widely used
tools for extracting energetic turbulent structures from a flow.57–61

The detail of the POD analysis is presented in the Appendix. Here, the
POD is applied to the instantaneous velocity vector on the x–z plane,
uðx; y ¼ 0; zÞ ¼ ðu; v;wÞ, at a given time step, and u is decomposed
into many modes. The first mode represents the mode that makes the
largest contribution to the turbulent kinetic energy, and the modes are
arranged in descending order of energy content.

Figure 16(a) presents the cumulative energy content, F(N) in
Eq. (A6), from the first to the Nth mode as a function of N while
Fig. 16(b) shows the energy content of each mode (Nth mode from
N¼ 1 to 51), which is also defined in the Appendix. The results are

FIG. 14. Premultiplied spanwise-wavenumber
spectra kzEuðkzÞ in (a) the FSL and (b) the
WSL. The same normalization as in Fig. 13 is
adapted in this FIG.

FIG. 15. Temporal variations of (a) Kx

and (b) Kz at y¼ 0 in the FSL and WSL,
where Kx and Kz are the peak wave-
lengths of kxEuðkxÞ and kzEuðkzÞ, respec-
tively. The black solid lines indicate power
laws that approximate the data for t=tr

 120 in the WSL. The LES results for a
SSSL24 are shown in (a) for comparison.

FIG. 16. POD analysis at the center of
the WSL: (a) cumulative energy content
with first N modes; (b) energy content of
each mode N.
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obtained at t=tr ¼ 60, 180, and 300 in the WSL. In Fig. 16(a), the
cumulative energy increases rapidly from N¼ 1 to about 20. At
t=tr ¼ 300, 50% of the energy is possessed by 18 modes. A compari-
son between different time instances in Fig. 16(b) suggests that the
energy content for N . 15 and NZ15 increases and decreases with
time, respectively. Thus, a large amount of the energy is occupied by
fewer modes at a later time. This suggests that energetic flow structures
are described by a small number of modes after the ELSS grows.

The velocity field is decomposed with the POD into two compo-
nents. Here, a coherent component uðcÞ is defined as the velocity con-
sisting of the POD modes from N¼ 1 to NthðkthÞ, where NthðkthÞ
indicates that 100kth % of the total energy is contained in the first to
the NthðkthÞ th modes. A similar decomposition with the threshold of
cumulative energy has been widely applied in previous studies.46,62

The remaining mode corresponds to an incoherent component
uðiÞ ¼ u� uðcÞ. Here, we use “incoherent” simply as a counterpart of
“coherent” and do not intend to claim that uðiÞ is structureless. Most
results presented below are obtained with kth � 0:5 because the results
are not qualitatively sensitive to a small change in kth.

Figure 17 visualizes uðcÞ and uðiÞ on the center plane of the WSL
at t=tr ¼ 300. The velocity fluctuations with large streamwise length
scales are captured well by the uðcÞ extracted by the POD. The remain-
ing component uðiÞ has a smaller characteristic length scale than uðcÞ.
These results suggest that the POD is useful to extract the ELSS devel-
oping in turbulent shear layers.

Figure 18 shows the streamwise-wavenumber spectra of u, uðcÞ,
and uðiÞ, which are denoted by EuðkxÞ; EðcÞ

u ðkxÞ, and EðiÞ
u ðkxÞ, respec-

tively. The POD results are compared between different thresholds kth.

The peak of kxEu at kx=du � 7 is observed for Eu and EðcÞ
u , while EðiÞ

u

at this wavelength is small. Thus, the velocity fluctuations of ELSS are

successfully extracted by the POD. On the other hand, EðiÞ
u peaks at

kx=du � 100. One of the characteristic length scales of large-scale
motions in the turbulent shear layer is du. Therefore, turbulent
motions at this length are expressed by the PODmodes corresponding

to uðiÞ. At still smaller scales, EðiÞ
u is close to Eu, and small-scale fluctua-

tions are dominated by uðiÞ.

The Reynolds stress u0v0 can also be decomposed with u0 ¼ u0ðcÞ

þu0ðiÞ and v0 ¼ v0ðcÞ þ v0ðiÞ as u0v0 ¼ u0ðcÞv0ðcÞ þ u0ðiÞv0ðiÞ because of
the orthogonality of the decomposition. The scale dependence of the
Reynolds stress is examined with the cospectra of ðu0; v0Þ, ðu0ðcÞ; v0ðcÞÞ,
and ðu0ðiÞ; v0ðiÞÞ, which are denoted by Cuv, C

ðcÞ
uv , and CðiÞ

uv , respectively.

Figure 19 compares kxCuvðkxÞ; kxCðcÞ
uv ðkxÞ, and kxC

ðiÞ
uv ðkxÞ at t=tr ¼

80 and 300. In the turbulent shear layer, negative u0v0 contributes to
the production of turbulent kinetic energy. Negative peaks of kxCuv

and kxC
ðcÞ
uv appear at kx=du � 2 for t=tr ¼ 80 and at kx=du � 7 for

t=tr ¼ 300. Thus, the turbulent kinetic energy production at late times
is dominated by the velocity fluctuations of the ELSS with kx=du � 1.
The energy production by the ELSS is captured well by the coherent

component extracted by the POD. On the other hand, kxC
ðiÞ
uv has a

negative peak at kx=du � 1, while this peak is smaller than that of

kxC
ðcÞ
uv . The cospectrum becomes positive for 0:1. kx=du . 0:2 at

t=tr ¼ 300, while positive kxC
ðiÞ
uv is not noticeable at t=tr ¼ 80. The

integral of Cuv is equal to u0v0 , which is the vertical turbulent flux of

streamwise momentum. Positive kxC
ðiÞ
uv at small scales indicates that

FIG. 17. Instantaneous streamwise veloc-
ity decomposed by the POD into (a) a
coherent component uðcÞ and (b) an inco-
herent (remaining) component uðiÞ at
t=tr ¼ 300 in the WSL. The results are
shown on the x–z plane at y¼ 0. Here,
the coherent component contains 50% of
the total energy (kth ¼ 0:5).

FIG. 18. Premultiplied energy spectra of streamwise velocity decomposed by the
POD at y¼ 0 and t=tr ¼ 300 in the WSL. Eu, E

ðcÞ
u , and EðiÞ

u are the energy spectra
of u, uðcÞ, and uðiÞ, respectively. The spectra obtained with different thresholds kth
of the POD are shown to examine the threshold dependence.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 055129 (2022); doi: 10.1063/5.0090686 34, 055129-12

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


the momentum transport occurs in the counter-gradient direction.
Similar counter-gradient momentum transport at small scales has also
been reported in channel flows and stably stratified turbulent shear
layers,24,31 where the wavenumber dependence of kxCuv is qualitatively
similar to that in the WSL.

The effects of ELSS on the large-scale isotropy of the flow are
investigated with the POD. Large-scale isotropy in turbulent flows is
often evaluated with the normalized anisotropy tensor

bij ¼ Rij

Rkk
� 1
3
dij; (8)

where Rij ¼ u0 iu0 j is the Reynolds stress tensor. The invariants of bij
are defined as gb ¼ ðbijbji=6Þ1=2 and nb ¼ ðbijbjkbki=6Þ1=3. Plots of
ðnb; gbÞ are often called the Lumley triangle, which is used to investi-
gate the degree of anisotropy of Rij.

51 We consider ðnb; gbÞ defined

with the Reynolds stress tensor decomposed by the POD as RðcÞ
ij

¼ u0 iðcÞu0 jðcÞ and RðiÞ
ij ¼ u0iðiÞu0 jðiÞ . Figure 20 presents the trajectory of

ðnb; gbÞ from t=tr ¼ 100 to 340 at y¼ 0. The present results are com-
pared with numerical simulations of a freely developing turbulent
shear layer46 and a SSSL.24 The three dashed lines represent special
states of Rij.

51 An axisymmetric state with one large eigenvalue is
expressed by gb ¼ nb. This relation is observed for the Reynolds stress
in turbulent boundary layers except for viscous sublayers. Another axi-
symmetric state with one small eigenvalue is given by gb ¼ �nb. An
example of turbulent flows with gb ¼ �nb is a turbulent mixing layer.

The curve that connects the lines of gb ¼ nb and gb ¼ �nb is given by

gb ¼ ð1=27þ 2n3bÞ1=2, which corresponds to a two-dimensional state
of Rij. This relation is found in the viscous sublayers of wall turbulence.
Rij hardly varies with flow development in the freely developing turbu-
lent shear layer, for which ðnb; gbÞ taken at a specific streamwise loca-
tion is plotted in the figure. On the other hand, ðnb; gbÞ varies with
time in the temporally developing SSSL. Therefore, ðnb; gbÞ from
t=tr ¼ 100 to 340 is plotted for this flow. The WSL reaches the walls
at t=tr � 100, and the flow development is influenced by the walls for
t=trZ100. At t=tr ¼ 100; ðnb; gbÞ defined with Rij in the WSL is close
to the line gb ¼ �nb and the data of the freely developing turbulent
shear layer. However, nb increases with time, and ðnb; gbÞ approaches
gb ¼ nb. The plot of ðnb; gbÞ for Rij at t=tr ¼ 180 is close to that of the
SSSL. Thus, the degree of isotropy changes when the shear layer devel-
opment is confined by the walls. For the Reynolds stress decomposed

by the POD, ðnb; gbÞ of RðiÞ
ij hardly depends on time and is close to the

isotropic state with ðnb; gbÞ ¼ ð0; 0Þ. Therefore, the temporal variation

of ðnb; gbÞ of Rij is attributed to that of RðcÞ
ij , for which ðnb; gbÞ is also

shifted from gb ¼ �nb toward gb ¼ nb.

D. Comparison of FSL, WSL, and SSSL

Comparisons of the FSL and WSL confirm that anisotropic
velocity fluctuations grow in the turbulent shear layer confined by hor-
izontal walls. The horizontal scale of the velocity fluctuations becomes
much larger than the vertical length scale defined with the shear layer

FIG. 19. Premultiplied cospectrum of stream-
wise and vertical velocity fluctuations kxCuv

at y¼ 0: (a) t=tr ¼ 80; (b) t=tr ¼ 300. The

cospectra decomposed by the POD, CðcÞ
uv and

CðiÞ
uv , are also shown for comparison

(kth ¼ 0:5).

FIG. 20. Temporal variations of nb and gb
at y¼ 0 from t=tr ¼ 100 to 340 in the
WSL. The invariants (nb, gb) of Eq. (8) are
evaluated with Rij, RðcÞ

ij , and RðiÞ
ij , for

which the POD is used with kth ¼ 0:5.
FIG also shows data of DNS for a freely
developing turbulent shear layer,46 LES
for a SSSL,24 and rapid distortion theory
(RDT) for initially isotropic turbulence sub-
ject to simple shear.51 The results for the
SSSL are shown for 100 � t=tr � 340.
The three dashed lines correspond to an
axisymmetric state with one large eigen-
value gb ¼ nb or one small eigenvalue
gb ¼ �nb and to a two-dimensional state
gb ¼ ð1=27þ 2n3bÞ1=2.
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thickness. Interestingly, the flow development of the WSL observed in
this study is qualitatively similar to that of a stably stratified turbulent
shear layer15,17,19,63–69 in many aspects, as discussed below.

The stably stratified turbulent shear layer develops under the
influence of the buoyancy force, which generally suppresses the verti-
cal motions at large scales. The WSL is compared with LES results for
a SSSL at Re¼ 2000 and Ri¼ 0.06,24 where Ri is the Richardson num-
ber defined with the initial profiles of velocity and density. The size of
the computational domain, the number of grid points, the initial con-
ditions, and the Reynolds number of the LES are the same as those
used for the FSL in this study. The differences are in the governing
equations, which are the Navier–Stokes equations with the Boussinesq
approximation for the SSSL. Figure 9 compares the shear layer thick-
ness du between the WSL and the SSSL. Until t=tr � 150, du in the
stratified shear layer increases rapidly with time because of turbulent
mixing caused by the instability. However, du does not grow to be
greater than about 9h0. The thickness of the WSL also cannot be larger
than 10h0, because of the wall confinement. In the stratified shear
layer, the layer growth is inhibited by the suppression of vertical
motions by buoyancy. In both flows, the vertical length scale is fixed to
be du=h0 � 10, which hardly increases with time.

The growth of highly anisotropic velocity fluctuations is also
observed in the SSSL. The wavelength Kx at which the energy spec-
trum kxEuðkxÞ reaches the local maximum is compared between the
two flows in Fig. 15(a). As also found for the WSL, Kx normalized by
du increases with time in the SSSL, and the horizontal scale of large-
scale velocity fluctuations becomes much larger than the vertical scale.
This increase in the horizontal scale results in the emergence of ELSS

identified in the velocity profile on the horizontal plane. When the
stratification effect is weak, the growth of the shear layer thickness
continues even at a late time. In this case, ELSS are not observed in the
flow, and the peak of the energy spectrum does not appear for
Kx=du � 1.24 The ELSS in the WSL and the SSSL are generated when
the growth of du is inhibited by the walls or by buoyancy. Therefore,
this implies that the vertical confinement on the turbulent shear layer
is related to the growth of ELSS.

In Fig. 20, ðnb; gbÞ of the WSL and the SSSL appear near the line
gb ¼ nb, for which the Reynolds stress tensor is in an axisymmetric
state with one large eigenvalue. However, ðnb; gbÞ in these flows is
very different from that in the freely developing turbulent shear layer.
These comparisons also suggest that the vertical confinement by the
walls in the WSL and the buoyancy in the SSSL have a qualitatively
similar influence on the isotropy of the Reynolds stress. One noticeable
difference in ðnb; gbÞ between these flows is in its long-time evolution:
ðnb; gbÞ � ð0:07; 0:1Þ hardly varies after t=tr ¼ 180 in the WSL, while
nb and gb increase along the line gb ¼ nb in the SSSL. The stable strati-
fication results in a faster decay of Rij in the SSSL than in the WSL.
This difference can be related to different values of ðnb; gbÞ at large t,
although both flows have nb � gb.

Figure 21(a) visualizes the instantaneous streamwise velocity u on
the horizontal plane at the center of the SSSL.24 Here, the POD used for
theWSL in Fig. 17 is applied to the velocity field in the SSSL. The coher-
ent and incoherent components of u are visualized in Figs. 21(b) and
21(c), respectively. The velocity profile of uðcÞ is similar to that in the
WSL shown in Fig. 17(a), and the large-scale velocity field is dominated
by the anisotropic flow structures, whose streamwise length is much

FIG. 21. POD analysis of the instanta-
neous streamwise velocity profile on the
horizontal center plane of a SSSL at
t=tr ¼ 300: (a) instantaneous streamwise
velocity u; (b) coherent component uðcÞ;
(c) incoherent component uðiÞ. Here, the
coherent component contains 50% of the
total energy (kth ¼ 0:5).
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larger than the length scales in the other directions. Thus, the POD is
going to be a useful tool to investigate ELSS in SSSLs.

E. Effects of mean shear on the development of ELSS

A possible reason for the growth of ELSS in theWSL and SSSL is a
high shear rate in these flows as also pointed out for the SSSL in Ref. 21.
One of the dominant parameters of turbulent shear flows is a timescale
ratio between mean shear and large-scale turbulent motions.70–72 This
ratio is also called a shear parameter. We define a bulk shear timescale
of the turbulent shear layer as sSB ¼ du=U0. This definition ignores the
spatial distribution of mean shear, whose influence is discussed below. A
characteristic timescale of large-scale turbulent motions can be defined
as sL ¼ Kx=q with a velocity scale q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2rms þ v2rms þ w2
rms

p
and the

peak wavelength of kxEuðkxÞ, Kx. A bulk shear parameter is defined as
S�B ¼ sL=sSB . Large values of S

�
B indicate strong influences of the mean

shear on large-scale turbulent motions. Figure 22(a) shows the temporal
evolutions of sSB and sL, the latter of which is evaluated at the center of
the shear layers. In most turbulent flows, the length scales of velocity
fluctuations increase as the flow evolves. This is confirmed by the
increase in Kx in the WSL and FSL in Fig. 15. As also shown in Figs. 5
and 6, q slowly decays in the WSL while it hardly varies with time in the
FSL. Therefore, sL increases with time in both flows. The temporal evo-
lution of sL is also similar in the SSSL, where Kx and q become large
and small with time, respectively.24 The bulk shear timescale sSB varies
differently between the WSL and FSL. As the shear layer thickness du
monotonically increases in the FSL, sSB increases with time. However,
sSB in the WSL hardly varies with time after t=tr � 100 because the
growth of du is inhibited by the walls. The stably stratification also
results in almost constant sSB for the same reason. Figure 22(b) com-
pares the temporal evolution of S�B in the WSL, FSL, and SSSL. Because
of the continuous growth of sSB in the FSL, the FSL has smaller S�B than
the WSL and SSSL, after t=tr � 100. Large S�B in the WSL and SSSL
indicates strong influences of the mean shear on the flow development
at large scales, compared with the FSL.

The mean shear causes deformation of fluid element, whose
influence on turbulence is often studied with rapid distortion theory
(RDT).73 The RDT relies on linearized Navier–Stokes equations and
has been applied to elucidate the effects of mean shear on turbulent
flows.74 Lee et al.75 investigated homogeneous turbulent flows subject
to mean shear with DNS and RDT, which explain well the behaviors

of the WSL and SSSL as discussed here. Their visualization with DNS
indicates that elongated structures with streaky velocity patterns are
generated for a high shear rate, i.e., a large shear parameter, while they
are absent for a low shear rate. The RDT has also predicted the genera-
tion of similar streaky structures at a large shear parameter. Their
comparison between the DNS and RDT suggests that the deformation
by shear, described by the linear theory, is essential for the formation
of the streaky structures. Consistently, both DNS and RDT indicate
that the longitudinal integral length scale of streamwise velocity mono-
tonically increases with time under the influence of strong shear. The
length scale ratio between the streamwise and spanwise integral scales
also increases with time if the shear rate is high, implying that large-
scale structures are elongated in the streamwise direction and become
anisotropic by the mean shear effects. The different behaviors of the
WSL, FSL, and SSSL are well explained with the dependence on the
shear parameter observed in the DNS and RDT of turbulent shear
flows. The streaky patterns of the ELSS are found in the WSL and
SSSL with large S�B while the ELSS are absent in the FSL with small S�B
(Figs. 10, 11, and 21). As expected from the RDT, the strong shear
effects in the WSL and SSSL can also cause an increase in the stream-
wise length scale, which becomes much larger than the scales in the
other directions (Fig. 15).

The RDT has also been used to examine the response of initially
isotropic turbulence which is suddenly subject to rapid distortion.51,76

Figure 20 includes ðnb; gbÞ obtained by a numerical analysis with the
RDT for the case of simple shear.51 Isotropic turbulence has
ðnb; gbÞ ¼ ð0; 0Þ, which is the initial condition of the analysis. Once
the flow is subject to the shear, the flow evolves on the plane of
ðnb; gbÞ to the upper left of the triangle along the line of gb ¼ �nb.
Then, nb increases toward nb > 0. The trajectory from negative to pos-
itive nb is similar in the RDT and the coherent component RðcÞ

ij , which
is related to the ELSS in the WSL. Thus, the isotropy state of the WSL
behaves similarly to the solution of the RDT. The Richardson-number
(Ri) dependence of the development of ELSS has been investigated for
the SSSL in Ref. 24. The ELSS does not develop in the SSSL when Ri is
not large enough to suppress the growth of du. In this case, the shear
timescale sSB monotonically increases as also observed for the FSL in
Fig. 22(a). DNS and RDT of homogeneous shear flow also suggest that
elongated flow structures do not appear when the mean shear is not
strong.75 Thus, the absence of the ELSS for low Ri cases is explained by

FIG. 22. Temporal evolutions of (a) the
bulk shear timescale sSB and timescale of
large-scale turbulent motions sL and (b)
the bulk shear parameter S�B. Here, sL is
evaluated at y¼ 0. The results for the
SSSL are also shown for comparison.24
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the relatively weak shear with a small shear parameter. These compari-
sons with RDT suggest that the evolution of large-scale turbulent
motions in the WSL and SSSL is dominated by the deformation due to
mean shear.

The spatial profile of the mean shear is different in the WSL and
SSSL even though they have large values of the bulk shear parameter.
The mean velocity profile of the SSSL is similar to that of the FSL and
the mean shear is the strongest at the center of the shear layer.24

However, Fig. 6(a) shows that the shear in the WSL becomes strong
away from the centerline after the walls begin to suppress the shear
layer growth. This tendency is more prominent at a later time, and the
strong shear is concentrated for jyj=HZ0:4. Despite the weaker mean
shear near the center of the WSL, the ELSS appears at all vertical loca-
tions. Figure 23 visualizes the instantaneous streamwise velocity profile
on a y–z plane at t=tr ¼ 180 for the WSL. The ELSS is developing at
this time as confirmed by the increase in the peak wavelength in
Fig. 15(a). The distribution of regions with u> 0 and u< 0 indicates
that the velocity profile has a correlation between the center and the
near-wall region of the shear layer and implies that the vertical size of
the ELSS is of the order of the shear layer thickness du. The large-scale
turbulent motions in the shear layer are strongly deformed by the
mean shear in the near-wall region. However, this influence can pre-
vail at the center of the shear layer because the vertical length scale of
turbulence is about du. This is also explained by the cospectrum of u
and v in Fig. 19, which indicates active turbulent mixing in the vertical
direction at the length scales of ELSS: a fluid parcel that is significantly
deformed by the shear near the walls can be advected toward the cen-
ter of the shear layer. This is contrary to the ELSS in the SSSL, in which
the vertical turbulent mixing associated with the ELSS is not signifi-
cant.24 The strong influence of mean shear is observed near the center
of the SSSL, where the ELSS develops due to the large mean velocity
gradient, while the ELSS is absent near the edge of the SSSL because
the ELSS generated at the center is hardly advected in the vertical
direction. Therefore, the stable stratification significantly affects the
vertical distribution of the ELSS.

The ELSS has been observed in the SSSL where the density gradi-
ent is locally large inside the shear layer and the ambient fluid has a
constant density.21,24 SSSLs in a uniformly stratified fluid have also
been studied in previous studies.19,63,69,77,78 When a shear layer devel-
ops in a uniformly stratified fluid, internal gravity waves are excited
outside the shear layer. Previous DNS studies of the SSSLs with uni-
form stratification have used small computational domains which can-
not contain the ELSS. Therefore, it is not clear if the ELSS also
develops in SSSLs with uniform stratification. The SSSLs with these
density distributions were compared in Refs. 19 and 69. For a certain
range of an initial Richardson number, a long-time behavior of du is
similar for both density profiles. The above discussion suggests that
the suppression of the increase in du is a key for the development of

ELSS. Therefore, it is implied that the ELSS may also develop in SSSLs
with uniform stratification when the stratification is strong enough to
suppress the increase in du and weak enough for the shear instability
to generate turbulence. DNS or LES with a very large computational
domain will be useful to clarify the existence of ELSS in a uniformly
stratified fluid in future studies.

IV. CONCLUSION

Large-eddy simulations (LES) have been performed for a
freely developing shear layer (FSL) and for a wall-confined shear
layer (WSL) that develops between two horizontal walls. Both
flows become turbulent as a result of shear instability and develop
in the vertical direction. The shear layer thickness du in the FSL
increases continuously with time. However, du in the WSL cannot
grow larger than the distance between the walls. The effect of wall
confinement on the turbulent shear layer has been investigated by
comparing these flows.

Highly anisotropic velocity fluctuations are generated after the
confinement effect begins to prevent the growth of the shear layer
thickness in the WSL. In the velocity field, these velocity fluctuations
are recognized as elongated large-scale structures (ELSS), whose
streamwise length scales are much larger than the scales in the other
directions, such as the shear layer thickness and the spanwise length of
ELSS. The emergence of ELSS also affects the shape of the energy spec-
trum. The premultiplied energy spectrum kxEu peaks at an energy-
containing length scale. The peak wavelengths in the streamwise and
spanwise directions (Kx and Kz, respectively) normalized by du do not
vary with time in the FSL. Therefore, the length-scale ratios of large-
scale velocity fluctuations, Kx=du and Kx=Kz , are almost constant in
the FSL. However, Kx=du increases with time in the WSL, indicating
that the streamwise length scale becomes much larger than the vertical
length scale. AlthoughKz also slowly increases in theWSL, the stream-
wise length scale becomes much larger than the spanwise scale because
of the different growth rates ofKx andKz.

The present LES results also suggest that a proper orthogonal
decomposition (POD) is useful to extract the velocity fluctuations
associated with the ELSS. POD analysis shows that the ELSS dominate
the vertical momentum transport in the WSL. The isotropy of the
Reynolds stress tensor Rij has been evaluated by the Lumley triangle,
calculated using the velocity components decomposed by the POD.
Before the ELSS develop, the state of the isotropy is similar between
the WSL and the freely developing turbulent shear layer. The
Reynolds stress related to the ELSS is as anisotropic as the SSSL. The
emergence of the ELSS changes the overall isotropy of Rij, because
the ELSS make a dominant contribution to the Reynolds stress and
the turbulent kinetic energy.

These behaviors of the WSL are consistent with those of stably
stratified turbulent shear layers with moderately large Richardson

FIG. 23. Instantaneous streamwise veloc-
ity u on a y–z plane in the WSL at
t=tr ¼ 180.
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numbers. We have compared the flow development between the WSL
and a SSSL.21,24 Because of the suppression of vertical turbulent
motions by buoyancy, the thickness of the SSSL hardly grows with
time. The wall confinement in the WSL has a similar effect on the
growth of the layer thickness. In both flows, anisotropic velocity fluc-
tuations of ELSS are generated after the shear layer thickness becomes
almost constant. Consequently, an increase in Kx due to the growth of
the ELSS is observed in the WSL and the SSSL.

The temporal evolution of the bulk shear parameter suggests that
the effects of mean shear become significant when the growth of the
shear layer thickness is inhibited in the WSL and SSSL. The flow
behavior in these flows is qualitatively consistent with DNS and RDT
for homogeneous shear flows,51,75 which indicate that elongated flow
structures with streaky patterns are formed when the turbulent flow is
subject to strong mean shear. Consequently, the streamwise integral
scale becomes greater than the spanwise one by deformation due to
the shear. The change of the isotropy state on the Lumley triangle
associated with the ELSS also agrees with the flow response to the
mean shear predicted by the RDT. These comparisons suggest the
strong mean shear is a key to the formation of ELSS in the WSL and
SSSL. The spatial distribution of mean shear is different between the
WSL and SSSL. The WSL has stronger mean shear away from the cen-
ter of the shear layer. However, the vertical scale of large-scale velocity
fluctuations is as large as the shear layer thickness and the vertical tur-
bulent mixing is active at the large scales. Therefore, the mean shear
away from the center can affect the flow structures in the entire flow
field, and the ELSS is still observed at the center of the WSL. On the
other hand, the SSSL has the strongest mean shear at the center and
the vertical turbulent mixing is not active at the streamwise scale of the
ELSS. This explains why the ELSS is observed only near the center of
the SSSL.24 Thus, the stable stratification is related to different vertical
distributions of the ELSS in these flows. These comparisons suggest
that the vertical confinement of the shear layer results in the strong
mean shear effects, which cause the development of anisotropic veloc-
ity fluctuations with very large streamwise length scales. The confine-
ment effects arise from different physical mechanisms in the WSL and
SSSL, implying that the flow behavior related to the ELSS can be uni-
versal for turbulent shear layers with a fixed vertical length scale.
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APPENDIX: PROPER ORTHOGONAL DECOMPOSITION

This appendix describes the procedure to apply the proper
orthogonal decomposition (POD) to horizontal profiles of velocity
vectors. A snapshot POD is often applied to time series data of fluc-
tuating components of flow variables when a flow is statistically sta-
tionary and the fluctuations are defined with time averages.57,58,61,79

The temporally developing turbulent shear layers are statistically
homogeneous in the streamwise (x) and spanwise (z) directions and
are not statistically stationary. Therefore, the POD is applied to
fluctuations from a spatial average, which is evaluated with the
average in the x direction as explained below. The procedure given
here can be derived by replacing t in that for statistically stationary
flows with x. In this appendix, the summation rule for repeated
indices is not applied and is explicitly written with R. In addition,
vector quantities are expressed with bold italic (e.g., q and /) while
bold-sloping sans serif is used for matrices (e.g., R). Components of
vectors and matrices are written with light italic with subscripts (e.
g., /i and Rij).

We consider a flow field at given time and vertical location
ðt; yÞ ¼ ðt0; y0Þ, for which variables are expressed as functions of
(x, z). The profile of velocity vectors is written as (uki; vki;wkiÞ,
where the integers, k ¼ 1;…;Nz and i ¼ 1;…;Nx , represent the
grid location in the z and x directions, respectively. An average of fki
is taken in the x direction on the plane of y¼ y0 and is given as a
function of z by ~f k ¼ ð1=NxÞ

PNx
i¼1 fki. Fluctuating velocity vectors

are defined as ðu0ki; v0ki;w0
kiÞ ¼ ðuki � ~uk; vki � ~vk;wki � ~wkÞ,

which are rearranged in the following matrix form:

Q ¼

u011 � � � u01i � � � u01Nx

..

. . .
. ..

.

u0k1 u0ki u0kNx

..

. . .
. ..

.

u0Nz1 � � � u0Nzi � � � u0NzNx

v011 � � � v01i � � � v01Nx

..

. . .
. ..

.

v0k1 v0ki v0kNx

..

. . .
. ..

.

v0Nz1 � � � v0Nzi � � � v0NzNx

w0
11 � � � w0

1i � � � w0
1Nx

..

. . .
. ..

.

w0
k1 w0

ki w0
kNx

..

. . .
. ..

.

w0
Nz1 � � � w0

Nzi � � � w0
NzNx

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

2 R3Nz�Nx : (A1)

This matrix is also written with the combination of vectors qi
¼ ðu1i;…; uNzi; v1i;…; vNzi; w1i;…;wNziÞT with i ¼ 1;…;Nx as

Q ¼ ð q1 … qi … qNx
Þ: (A2)
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The POD applies the following decomposition of qi:

qi ¼
XNmod

n¼1

aðnÞi /ðnÞ; (A3)

where Nmod ¼ Nx is the number of modes, /ðnÞ is the nth-mode vec-

tor, and aðnÞi is the coefficient for the nth mode, which depends on

i ¼ 1;…;Nx . A component of /ðnÞ 2 R3Nz is denoted by /ðnÞ
m with

m ¼ 1;…; 3Nz . In practice, /ðnÞ
m and aðnÞi can be obtained from the

eigenvalues kðnÞ and eigenvectors wðnÞ 2 RNx of R, which is defined as
R ¼ QTQ 2 RNx�Nx , or equivalently as Rmamb ¼

P3Nz
i¼1 QimaQimb for

ma;mb ¼ 1;…;Nx . Here, the eigenvalues are arranged in the descend-

ing order as kð1Þ 
 kð2Þ 
 … 
 kðNxÞ. In this study, kðnÞ and wðnÞ are
calculated from R with the eigs function of MATLAB. The coefficients

and mode vectors, aðnÞi and /ðnÞ, in Eq. (A3) are calculated as

/ðnÞ ¼ 1ffiffiffiffiffiffiffiffi
kðnÞ

p QwðnÞ or /ðnÞ
m ¼ 1ffiffiffiffiffiffiffiffi

kðnÞ
p XNx

mb¼1

Qmmbw
ðnÞ
mb

with m ¼ 1;…; 3Nz; (A4)

aðnÞi ¼ qi � /ðnÞ: (A5)

Velocity vectors for the nth mode are calculated as qðnÞi

¼ aðnÞi /ðnÞ for i ¼ 1;…;Nx . The fractional energy content of Nth

mode is kðnÞ=
PNmod

n¼1 kðnÞ. The cumulative energy contained from
the 1st to Nth mode is given by

FðNÞ ¼
PN
n¼1

kðnÞ

PNmod

n¼1
kðnÞ

: (A6)

We define NthðkthÞ as the minimum number of modes for which F
exceeds a threshold kth. By specifying kth, the velocity vectors of

coherent components are obtained from qðcÞi calculated as

qðcÞi ¼
XNthðkthÞ

n¼1

qðnÞi ¼
XNthðkthÞ

n¼1

aðnÞi /ðnÞ (A7)

for i ¼ 1;…;Nx . Then, the velocity vectors of incoherent compo-
nents are obtained by subtracting the coherent velocity vectors
from the full velocity vectors.
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