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Streamwise confinement effects in a temporally developing stably stratified shear1
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Direct numerical simulations are conducted to investigate the large-scale features8

of a stably stratified shear layer. The fully-developed turbulent shear layer exhibits9

two distinct large-scale structures: one is a typical large-scale structure (LSS) with a10

scale proportional to the shear layer thickness, and the other is an elongated large-11

scale structure (ELSS) with a streamwise length much greater than that of the LSS.12

Simulations employ computational domains with varying streamwise lengths. Auto-13

correlation functions of velocity reveal that the ELSS meanders in the horizontal14

plane. This meandering is altered in smaller domains, where confinement effects even-15

tually suppress ELSS growth. Comparisons across domain sizes highlight the role of16

the ELSS in flow evolution. The mean and root-mean-square fluctuations of velocity17

and density remain unaffected by the growth of the ELSS. The LSS length scale18

consistently scales with the shear layer thickness and is not influenced by the ELSS.19

The behavior of the dissipation coefficient indicates that energy transfer from large20

to small scales is predominantly driven by the LSS rather than the ELSS. Counter-21

gradient diffusion of momentum and density is known to occur at scales between22

the LSS and ELSS; this feature is shown to be linked to the development of the23

ELSS. The results indicate that the ELSS has minimal influence on flow properties24

at scales smaller than the LSS, which govern the averages and variances of velocity25

and density, while it plays a significant role at scales larger than the LSS.26

a)Author to whom correspondence should be addressed: watanabe.tomoaki.8x@kyoto-u.ac.jp
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Streamwise confinement effects in a stably stratified shear layer

I. INTRODUCTION27

Turbulence in a stably stratified fluid is commonly observed in the ocean and atmo-28

sphere.1–3 One important mechanism of turbulence generation in natural environments is29

instability arising from shear currents.4 Shear can lead to the Kelvin–Helmholtz (KH) insta-30

bility, which induces intense turbulent motions and enhances the transport of momentum31

and scalars in the flow.5,6 The process of turbulence generation via KH instability under32

stable stratification has received significant attention in previous studies. A representative33

laboratory example is the formation of a stably stratified shear layer between two parallel34

flows with different velocities and densities.7,8 This flow configuration has also been exam-35

ined using direct numerical simulations and large-eddy simulations.9,10 It has been reported36

that the vertical density profiles of stably stratified shear layers resemble those observed37

in turbulent patches in the oceanic thermocline.9 At high Prandtl numbers, the density in-38

terface can become thinner than the shear layer, giving rise to Holmboe instability, which39

also leads to turbulence generation.11,12 Turbulent shear layers driven by Holmboe insta-40

bility have been investigated through both experiments and numerical simulations.12–18 In41

contrast, the present study focuses on turbulence generated by KH instability.42

Several studies have focused on the transition process triggered by KH instability. The43

KH instability initially generates large-scale roller vortices aligned in the spanwise direction.44

Subsequently, depending on the flow conditions, various types of secondary instabilities or45

vortex interactions occur following the formation of the primary vortices, leading to the46

development of three-dimensional turbulence.19–22In the absence of stable stratification, tur-47

bulence in a shear layer is maintained by the production mechanism associated with the48

mean shear.23,24 In contrast, buoyancy forces in a stably stratified fluid suppress vertical49

turbulent motions and promote decay of the turbulent shear layer. This decay process has50

been analyzed using the budget equations of turbulent kinetic energy and potential en-51

ergy.10,25 Other studies have quantified parameters characterizing turbulent mixing, such as52

mixing efficiency and the turbulent Prandtl number,26–30 which are essential for modeling53

mixing processes in geophysical flows.54

Turbulence is often investigated in terms of coherent structures, which are defined by55

characteristic patterns in flow variables. For example, vortices are commonly described as56

tubular regions of fluid exhibiting intense rotational motion.31 Flow visualizations from nu-57
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Streamwise confinement effects in a stably stratified shear layer

merical simulations have shown that vortices in stably stratified shear layers frequently have58

a hairpin shape.32–35 These hairpin vortices induce velocity fluctuations that contribute to59

vertical turbulent transport. Such vortical structures are typically identified using quantities60

based on velocity gradients and reflect the small-scale features of turbulence. In contrast,61

large-scale flow structures are often identified using velocity or pressure fields.36,3762

Both small- and large-scale structures play important roles in turbulence. Small-scale63

structures are primarily responsible for the dissipation of turbulent kinetic energy and for64

irreversible density mixing through molecular or thermal diffusion. In contrast, momentum65

and density transport by stirring motions predominantly occurs at large scales. In stably66

stratified shear layers, a characteristic length scale for large-scale motions is the shear layer67

thickness. When turbulence develops from KH instability, the shear layer thickness defines68

the typical large-scale structures (LSS), such as roller vortices that remain from the insta-69

bility.38–40 As the turbulent shear layer evolves in a stably stratified fluid, structures with70

much larger scales than the LSS can emerge.25 These very-large-scale structures exhibit71

strong anisotropy, with their streamwise length significantly exceeding their spanwise and72

vertical scales. They are referred to as elongated large-scale structures (ELSS) and are ev-73

ident in the distribution of positive and negative streamwise velocity fluctuations that are74

elongated in the streamwise direction. Similar elongated structures are also observed in wall-75

bounded shear flows.41 The ELSS in stably stratified shear layers develop due to enhanced76

mean shear effects under stable stratification, emerging when the mean shear time scale77

becomes much shorter than the large-eddy turnover time.42 Both LSS and ELSS carry sig-78

nificant turbulent kinetic energy and contribute to density fluctuations. The decomposition79

of velocity fields into LSS and ELSS scales using a low-pass filter suggests that the ELSS80

contains approximately 50% of the turbulent kinetic energy.25 In addition, a proper orthogo-81

nal decomposition (POD) analysis has shown that the ELSS can be well reconstructed using82

the first several POD modes that together capture 50% of the turbulent kinetic energy.4283

These results suggest that the ELSS carry a substantial fraction of the kinetic energy in84

the flow. When the ELSS becomes sufficiently developed, the one-dimensional kinetic en-85

ergy spectrum evaluated with streamwise wavenumber kx follows a k−1
x power law between86

the LSS and ELSS scales.25 This k−1
x law has also been observed in numerical simulations87

modeling KH instability events in polar mesospheric clouds,6,22 suggesting that ELSS may88

influence the characteristics of atmospheric turbulence.89
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Streamwise confinement effects in a stably stratified shear layer

The role of ELSS in the evolution of stably stratified shear layers remains incompletely90

understood, although previous studies have revealed their presence and generation mecha-91

nisms. The present study conducts new direct numerical simulations (DNS) of stably strat-92

ified shear layers to examine how the ELSS influence flow evolution. Several approaches are93

available to investigate how turbulent structures affect flow evolution. One approach is to94

eliminate or modulate specific turbulent structures to assess how their absence alters the95

flow evolution. Using this method, the origin of large-scale roller vortices in turbulent wakes96

was studied by suppressing Kármán vortices with porous structures.43 The role of internal97

shear instability in small-scale turbulence was also studied using this approach.44–46 Artifi-98

cial velocity perturbations that trigger small-scale shear instability were superimposed on99

decaying turbulence to evaluate the effects of the instability. Similarly, the role of large-scale100

motions in wall turbulence was investigated through simulations employing small computa-101

tional domains.47 In such cases, small domains inhibit the growth of large-scale structures,102

and comparisons between different domain sizes reveal how the presence of large-scale struc-103

tures influences small- to moderate-scale turbulent motions. The present study adopts this104

approach to explore the role of ELSS in temporally evolving stably stratified shear layers.105

Specifically, DNS is performed using various streamwise domain sizes. As the streamwise size106

decreases, ELSS development is inhibited by confinement effects. Comparisons among sim-107

ulations with different domain sizes are used to elucidate how ELSS influence the evolution108

of the flow.109

The numerical setup is described in § II. Section III presents the results of the DNS,110

including one- and two-point statistics of velocity and density, as well as spectral analyses.111

Additionally, the correlation analysis reveals the spatial organization of the ELSS, which has112

not been previously discussed. These statistics are also used to evaluate several key param-113

eters relevant to modeling stably stratified shear flows, in order to relate the development114

of ELSS to turbulence dynamics and the mixing process. Finally, the paper is summarized115

in § IV.116
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Streamwise confinement effects in a stably stratified shear layer

Mean velocity Mean density

Initial thickness 

FIG. 1. Computational domain and mean streamwise velocity and density profiles of a stably

stratified shear layer.

II. DIRECT NUMERICAL SIMULATION OF A STABLY STRATIFIED117

SHEAR LAYER118

A. DNS of a stably stratified shear layer119

The present study performs DNS of a temporally evolving stably stratified shear layer120

within a domain that is periodic in the streamwise and spanwise directions. Figure 1 illus-121

trates the numerical setup. The streamwise velocity and density vary within a thin layer,122

which becomes turbulent due to the KH instability. The differences in streamwise velocity123

and density between the upper and lower regions are denoted by U0 and ρ0, respectively. This124

flow configuration has been widely used in numerical studies of stably stratified turbulence.9125

The streamwise, vertical, and spanwise directions are denoted by x, y, and z, respectively,126

with corresponding velocity components u, v, and w. The density field is represented as127

ρa+ρ(x, y, z, t), where ρa is a constant reference density and ρ is the deviation from ρa. The128

governing equations are the Navier–Stokes equations under the Boussinesq approximation129

and are expressed as follows:130

∂uj

∂xj

= 0,

∂ui

∂t
+

∂uiuj

∂xj

= −
1

ρa

∂p

∂xi

+ ν
∂2ui

∂xj∂xj

− g
ρ

ρa
δi2,

∂ρ

∂t
+

∂ujρ

∂xj

= κ
∂2ρ

∂xj∂xj

,

(1)131

5

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
7
7
6
5
2



Streamwise confinement effects in a stably stratified shear layer

where subscripts i, j = 1, 2, 3 correspond to the x, y, and z directions, respectively; t is time;132

p is pressure; ν is the kinematic viscosity; κ is the molecular diffusivity for density; and g133

is the gravitational acceleration. The gravitational force acts in the vertical direction and is134

represented using the Kronecker delta δij.135

The flow is statistically homogeneous in the x and z directions, where periodic bound-136

ary conditions are applied. Free-slip boundary conditions are imposed on the upper and137

lower boundaries in the vertical (y) direction. Statistical quantities are defined using spa-138

tial averages ⟨f⟩ taken over horizontal planes as functions of time and y. The fluctuating139

component is defined as f ′ = f − ⟨f⟩. The initial mean streamwise velocity is specified140

as ⟨u⟩ = 0.5U0 tanh(2y/h0), where h0 denotes the initial shear layer thickness. The initial141

mean velocities in the vertical and spanwise directions are set to zero. The initial veloc-142

ity field is constructed by superimposing velocity fluctuations onto the mean velocity as143

(u, v, w) = (⟨u⟩ + u′, v′, w′). The initial density field is given by ρ = −0.5ρ0 tanh(2y/h0)144

without any fluctuations. The initial velocity fluctuations are generated using spatially cor-145

related random numbers,48 as follows. A characteristic length scale Lf = 0.34h0 and root-146

mean-square (rms) velocity uf are specified, where uf = 0.025U0 for |y|/h0 < 0.7 and zero147

elsewhere. First, a coarse auxiliary grid with resolution ∆f = Lf is constructed, and uniform148

random numbers in the range [−1, 1] are assigned independently to each of the three velocity149

components at every point on this grid. These random fields are then interpolated onto the150

fine DNS grid using trilinear interpolation. Next, on each x–z plane, the interpolated veloc-151

ity fields are normalized to have zero mean and a root-mean-square (rms) value of uf , where152

the statistics of the random velocity are defined using spatial averages in the x–z plane. The153

resulting random velocity field is used as the initial fluctuations. The energy spectra of the154

generated fluctuations have been examined in prior studies,25,48 confirming that the velocity155

fields exhibit an energy-containing scale of Lf and the target rms value uf .156

The flow is characterized by three non-dimensional parameters: the Reynolds num-157

ber Re = U0h0/ν, the Prandtl number Pr = ν/κ, and the Richardson number Ri =158

gρ0h0/(ρaU
2
0 ). Previous studies have examined the dependence of flow characteristics on159

these parameters.9,20,21,25,29 The present study focuses on the development of ELSS, which160

emerge when Ri > 0.06 and Re is sufficiently high for the initial shear layer to develop161

into turbulence.25,35 These prior investigations have shown that the large-scale flow features162

associated with ELSS are largely insensitive to variations in (Re,Ri). A LES study has con-163
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Streamwise confinement effects in a stably stratified shear layer

firmed the ELSS development at Re = 40000 similarly to low Re cases.25,35 The dependence164

on Pr has also been studied in Ref. 29, which reported that the temporal evolution of veloc-165

ity statistics remains similar for Pr values between 1 and 16. Based on these findings, the166

present study adopts Re = 600, 1200, and 1800, with fixed parameters (Ri, Pr) = (0.06, 1).167

Different parameter sets would yield qualitatively similar results, provided that (Re,Ri) sat-168

isfy the conditions necessary for the growth of ELSS, as supported by previous comparisons169

of velocity and density statistics across a range of parameters.170

The present study focues on Pr = 1, and does note explore the Pr effects, which are171

important especially in small-scale density fluctuations and their coupling with the velocity172

field. Understanding this issue requires DNS with different Pr values, as in previous DNS173

studies on this issue.12,15–17 The present study focuses on the ELSS, whose development is174

driven by mean shear rather than direct buoyancy effects.42 In turbulent shear layers with-175

out density stratification, the shear layer thickness grows over time. Stratification suppresses176

this growth, thereby sustaining the mean velocity gradient. The enhanced mean shear re-177

sulting from this suppression promotes the growth of ELSS, consistent with mechanisms of178

anistropic structure growth due to strong mean shear predicted by rapid distortion theory.49179

In this process, the role of buoyancy is indirect, mainly through the modification of the shear180

profile, while direct buoyancy effects such as kinetic-to-potential energy conversion are less181

relevant. For this reason, a non-stratified shear layer also allows the growth of ELSS when182

the vertical layer development is inhibited by walls, while the ELSS does not appear in a183

freely evolving shear layer, where mean shear becomes weak with time.42 This understanding184

has guided our focus on the velocity field and the use of Pr = 1. It is also worth noting185

that ELSS have been reported for turbulent shear layers arising from KH instability. As Pr186

increases, the initial shear layer has a thinner density interface, and Holmboe instabilities187

become dominant in the turbulent transition.11,12 The existence of ELSS in turbulent flows188

triggered by Holmboe waves at high Pr remains unclear. Given that ELSS development is189

attributed to enhanced shear, ELSS is expected to emerge in Holmboe-wave-induced tur-190

bulent shear layers. However, verifying this hypothesis with numerical simulations would191

require DNS with very large domains and high spatial resolution, which become compu-192

tationally prohibitive at high Prandtl numbers. Existing DNS studies with high Pr are193

generally restricted to relatively small computational domains, making it difficult to resolve194

ELSS development under such conditions.12,15–18195
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Streamwise confinement effects in a stably stratified shear layer

TABLE I. Parameters of DNS: the Reynolds number Re, the Richardson number Ri, the Prandtl

number Pr, the domain size (Lx, Ly, Lz), the number of grid points (Nx, Ny, Nz), the time incre-

ment ∆t, and the grid size (∆x,∆y,∆z). Here, ∆y is evaluated at the shear layer center.

Case Re Ri Pr Lx/h0 Ly/h0 Lz/h0 Nx Ny Nz ∆t/tr ∆x/h0 ∆y/h0 ∆z/h0

Re06Lx28 600 0.6 1 28 80 84 324 416 972 0.015 0.087 0.093 0.087

Re06Lx448 600 0.6 1 448 80 84 5184 416 972 0.015 0.087 0.093 0.087

Re12Lx28 1200 0.6 1 28 80 84 486 700 1458 0.01 0.058 0.055 0.058

Re12Lx56 1200 0.6 1 56 80 84 972 700 1458 0.01 0.058 0.055 0.058

Re12Lx112 1200 0.6 1 112 80 84 1944 700 1458 0.01 0.058 0.055 0.058

Re12Lx448 1200 0.6 1 448 80 84 7776 700 1458 0.01 0.058 0.055 0.058

Re18Lx28 1800 0.6 1 28 80 84 648 948 1944 0.0075 0.044 0.041 0.044

Re18Lx448 1800 0.6 1 448 80 84 10368 948 1944 0.0075 0.044 0.041 0.044

B. Numerical methods and parameters196

The governing equations are solved using an in-house DNS code based on a fractional step197

method with finite difference schemes. This code is identical to that used in our previous198

studies,35,45,50–52 where its validity was confirmed through comparisons with experimental199

and numerical results. Spatial derivatives are computed using fully conservative finite differ-200

ence schemes: a fourth-order scheme in the horizontal directions and a second-order scheme201

in the vertical direction.53 Time integration is performed using a third-order Runge–Kutta202

method. The Poisson equation for pressure is solved using the biconjugate gradient stabilized203

(Bi-CGSTAB) method.204

Table I summerizes the computational parameters. The present study investigates how the205

emergence of ELSS alters the statistical behavior of the flow. To this end, DNS is performed206

with different streamwise domain sizes: Lx = 28h0, 56h0, 112h0, and 448h0 for Re = 1200;207

Lx = 28h0 and 448h0 for Re = 600 and 1800. Since ELSS are characterized by a large208

streamwise length scale, their development is inhibited when Lx is not sufficiently large,209

due to confinement effects. Comparing these cases helps to reveal how ELSS influence flow210

evolution. The domain sizes in the other directions are fixed across all cases at (Ly, Lz) =211

(80h0, 84h0). The vertical domain size Ly is much larger than the thickness of the fully212
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Streamwise confinement effects in a stably stratified shear layer

developed turbulent shear layer, which is approximately 10h0 in the present case. Therefore,213

the vertical boundaries do not affect the flow evolution. The spanwise domain size Lz is214

also chosen to ensure that the periodic boundary conditions in the z direction have minimal215

influence on the flow. Previous studies have examined confinement effects in the spanwise216

direction by conducting simulations with various values of Lz.
25,54,55 When Lz is too small,217

the three-dimensionality of roller vortices generated by the KH instability is suppressed. This218

confinement effect delays the generation of three-dimensional velocity fluctuations, because219

the interaction between neighboring roller vortices, that is facilitated by misalignment of220

their axes from the spanwise direction, is restricted under small Lz.
25,56 These previous221

findings suggest that Lz = 84h0 in the present DNS is sufficiently large to ensure that the222

periodic boundary conditions in the spanwise direction have minimal influence.223

The simulations are conducted up to t = 320tr, where tr = h0/U0 is the reference time224

scale of the shear layer. The computational domain is discretized using regular grids. The225

grid spacing is uniform in the x and z directions and non-uniform in the vertical (y) direc-226

tion, where it becomes finer near the center of the shear layer (y = 0). The vertical grid227

refinement follows a hyperbolic tangent distribution, as described in Refs. 42 and 57. The228

numbers of grid points in the three directions are denoted by Nx, Ny, and Nz. Since the229

streamwise domain size varies across cases, Nx is adjusted accordingly. During the transi-230

tional regime, a thin interface of upper and lower fluids appear in braid regions, which are231

resolved with more than 10 grid points in one direction. The grid spacings are always smaller232

than twice the Kolmogorov length scale in the fully-developed three-dimensional turbulence233

regime after the transition, ensuring sufficient resolution to capture small-scale turbulent234

motions using the present central difference schemes, as confirmed by a grid dependence235

test.57 The Kolmogorov scale is widely used in the literature as a characteristic measure236

of the smallest dynamically active scales in turbulence even when the flow is statistically237

ansisotropic and inhomogeneous. Many studies have shown that the diameters of vortex238

tubes and the thicknesses of vortex sheets scale with the Kolmogorov length in both homo-239

geneous isotropic and inhomogeneous anisotropic flows such as jets, wakes, mixing layers,240

and boundary layers (Refs. 31, 58–63 for vortex tubes, Refs. 50, 64–66 for vortex sheets).241

Furthermore, one-dimensional energy spectra in these flows collapse at high wavenumbers242

when normalized by the Kolmogorov scale.67 The radii of vortex tubes in stably stratified243

turbulent shear layers are approximately five times the Kolmogorov scale, in quantitative244
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Streamwise confinement effects in a stably stratified shear layer

agreement with observations from non-stratified flows.35 This consistency further supports245

the validity of using the Kolmogorov scale as a reference for characterizing the smallest246

scales of the turbulent shear layers after the transition.247

For each value of Lx, the simulations are repeated NS times using different initial velocity248

fluctuations. The values of NS for Re = 1200 are 16, 8, 5, and 2 for Lx/h0 = 28, 56, 112, and249

448, respectively. For Re = 600 and 1800, NS is 8 for Lx/h0 = 28 and is 2 for Lx/h0 = 448.250

Flow statistics are defined based on horizontal averages, with the number of available samples251

depending on Lx and Lz. As Lx decreases, fewer samples can be obtained from a single252

simulation. Therefore, a larger NS is used for smaller Lx. All statistical quantities presented253

in this study are evaluated by taking ensemble averages over NS simulations.254

Three-dimensional profiles of flow variables are analyzed using statistics defined by av-255

erages over horizontal planes, evaluated as functions of height y and time. These statistics256

represent the flow state at each height and time. Some previous studies on stratified tur-257

bulent mixing have introduced diagnostic tools for examining bulk properties of the entire258

flow, based on vertical averaging and vertical density profiles.26,68 However, when applied to259

regions near the outer edges of the shear layer, such methods can obscure the local charac-260

teristics of the ELSS, which develop only near the center of the shear layer.25,35 Therefore,261

the present study adopts statistical analyses based on spatial averaging in the homogeneous262

directions, which more effectively capture the flow organization and dynamics associated263

with the ELSS.264

III. RESULTS AND DISCUSSION265

A. Instantaneous flow fields266

The transition process from the initial laminar shear layer to turbulence is visualized267

in Figs. 2 and 3, which show two-dimensional density profiles in Re12Lx448. Each panel268

presents density distributions from t/tr = 30 to 80 on both a vertical (x–y) plane at z = 0269

and a horizontal (x–z) plane at the center of the shear layer (y = 0). For clarity, only a270

portion of the domain is shown in the x and y directions. The development of spanwise271

vortices due to the KH instability is observed in the x–y planes from t/tr = 30 to 50, with272

characteristic vortex structures particularly evident at t/tr = 50 in Fig. 2(c). These vortices273
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Streamwise confinement effects in a stably stratified shear layer

(a) (b) (c)

FIG. 2. Density profiles on the x–y plane at z = 0 and the x–z plane at the shear layer center

(y = 0) in Re12Lx448: (a) t/tr = 30; (b) t/tr = 40; (c) t/tr = 50.

produce alternating strip-like density patterns on the x–z plane. These patterns have a finite274

spanwise length and are slightly inclined with respect to the spanwise direction, indicating275

that the vortices are misaligned rather than perfectly spanwise. This misalignment promotes276

interactions between neighboring vortices, leading to their collapse and the generation of277
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Streamwise confinement effects in a stably stratified shear layer

(a) (b) (c)

FIG. 3. The same as Fig. 2 but for (a) t/tr = 60, (b) t/tr = 70, and (c) t/tr = 80.

small-scale density fluctuations, as seen from t/tr = 60 to 80 in Fig. 3. One example of such278

an interaction is highlighted by white circles in Figs. 2 and 3. These interactions trigger the279

onset of fully three-dimensional turbulence. This transition mechanism via misaligned vortex280

interaction aligns with experimental and numerical observations of both stratified and non-281

stratified shear layers.55,69–73 Similar mechanisms have been documented in atmospheric282
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Streamwise confinement effects in a stably stratified shear layer

observations of KH instability,4,74,75 as summarized in Refs. 22 and 76. Simulations with283

different Re and Ri have consistently observed the transition due to misaligned vortex284

interacton, and this mechanism seems ubiquitous in the KH instability.77285

Each spanwise vortex arising from the KH instability is known to undergo secondary286

instabilities, such as convective instabilities in the vortex core and secondary KH instabili-287

ties in the braid region between vortices.20,70 However, it has been shown that interactions288

between misaligned vortices result in a more rapid onset of intense turbulence than these289

secondary instabilities, and thus play a dominant role in the transition process.22,77 The im-290

portance of domain size has been demonstrated in prior numerical studies of turbulent shear291

layers developing via KH instability.25,54,55,77 In small spanwise domains, periodic boundary292

conditions force each vortex to reconnect with itself via the boundary, resulting in perfectly293

aligned vortices and suppressing their interaction. Under such confinement, the vortices294

remain nearly two-dimensional during the initial stage of the transition, exhibiting much295

weaker spanwise velocity fluctuations than in the streamwise and vertical directions.25 In296

such cases, the transition to turbulence can be dominated by the secondary instabilities of297

each vortex typically observed in two-dimensional simulations and three-dimensional simu-298

lations with a small spanwise domain size.9,20,21,78 This issue has also been pointed out in299

previous numerical simulations of stably stratified shear layers with varying spanwise do-300

main sizes.25,77 McMullan proposed a criterion to prevent spanwise confinement effects in301

simulations of spatially developing non-stratified shear layers.55 The criterion requires the302

ratio of spanwise domain size Lz to the momentum thickness Iu =
∫ Ly/2

−Ly/2
(1− 4⟨u⟩2/U2

0 ) dy303

to exceed 2.5. In the present DNS, this ratio satisfies Lz/Iu > 20 during the transition304

period (t/tr < 100), thus meeting the criterion. Although this threshold was originally de-305

rived for spatially developing non-stratified flows, the significantly larger value in the present306

temporally evolving stratified case strongly suggests that confinement effects are negligible.307

The instantaneous flow fields are compared for different domain sizes using Re12Lx28308

and Re12Lx448, which represent cases with and without streamwise confinement effects,309

respectively. Figures 4, 5, and 6 illustrate the development of the turbulent shear layer,310

showing the streamwise velocity u on an x–y plane at various time instances. Figure 4311

shows the entire streamwise extent of the Re12Lx28 domain, while Fig. 5 displays the full312

streamwise range for Re12Lx448. The white rectangle in Fig. 5 indicates the region visualized313

in Fig. 6. All figures show the vertical extent of |y/h0| ≤ 10, where the turbulent shear layer314
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Streamwise confinement effects in a stably stratified shear layer

𝑢/𝑈0 0.6−0.6
𝑦/ℎ 0 0

10

−10(a) 0 28𝑥/ℎ010 20

𝑦/ℎ 0 0
10

−10 0 28𝑥/ℎ010 20

𝑦/ℎ 0 0
10

−10(c) 0 28𝑥/ℎ010 20
𝑦/ℎ 0 0

10

−10(d) 0 28𝑥/ℎ010 20

(b)

FIG. 4. Instantaneous streamwise velocity on an x–y plane in Re12Lx28 at (a) t/tr = 60, (b)

t/tr = 120, (c) t/tr = 200, and (d) t/tr = 320. A part of the computational domain in the y

direction is shown here.

𝐿𝑦/4 = 20ℎ0
𝐿𝑥 = 448ℎ0 𝑢/𝑈0 0.6−0.6

FIG. 5. Instantaneous streamwise velocity on an x–y plane in Re12Lx448 at t/tr = 120. A part of

the computational domain in the y direction is shown here.

develops. Multiple roller vortices generated by the KH instability are observed in the early315

stages of flow development, specifically at t/tr = 60 in Figs. 4(a) and 6(a). These vortices316

grow and eventually collapse due to interactions with neighboring vortices. After the collapse317

of the vortices, three-dimensional turbulence develops within the shear layer, establishing318

a turbulent state around t/tr = 80. Due to the suppressive effect of buoyancy on vertical319

turbulent diffusion, the vertical growth of the shear layer is limited. As a result, the shear320
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Streamwise confinement effects in a stably stratified shear layer

𝑦/ℎ 0 0
10

−10 0 𝑥/ℎ010 20 30 40 50(a)

𝑢/𝑈0 0.6−0.6

𝑦/ℎ 0 0
10

−10 0 𝑥/ℎ010 20 30 40 50(b)

0
10

−10 0 𝑥/ℎ010 20 30 40 50(c)

0
10

−10 0 𝑥/ℎ010 20 30 40 50(d)

𝑦/ℎ 0
𝑦/ℎ 0

FIG. 6. Instantaneous streamwise velocity in the white box in Fig. 5 in Re12Lx448 at (a) t/tr = 60,

(b) t/tr = 120, (c) t/tr = 200, and (d) t/tr = 320.

layer thickness, approximately corresponding to the region where −0.5 ≲ u/U0 ≲ 0.5, shows321

little variation over the later period, from t/tr = 200 to 320, as seen in Figs. 4(c, d) and 6(c,322

d). The visual patterns on the x–y plane are similar for both cases, indicating that streamwise323
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Streamwise confinement effects in a stably stratified shear layer

𝑧/ℎ 0

010
2030
4050
6070
80

0 28𝑥/ℎ010 20

0.5𝑢/𝑈0−0.5

(a) (b) 0 28𝑥/ℎ010 20

0.3𝑢/𝑈0−0.3

𝑧/ℎ 0
010
2030
4050
6070
80

(c) 0 28𝑥/ℎ010 20

0.1𝑢/𝑈0−0.1

𝑧/ℎ 0

010
2030
4050
6070
80

FIG. 7. Instantaneous streamwise velocity on the x–z plane at the shear layer center, y = 0, in

Re12Lx28 at (a)t/tr = 120, (b)t/tr = 200, and (c)t/tr = 320.

𝑥/ℎ00 50 100(a) (b) (c)

𝑧/ℎ 0

0
5025
75

0.5𝑢/𝑈0−0.5 0.3𝑢/𝑈0−0.3 0.1𝑢/𝑈0−0.1

𝑥/ℎ00 50 100

𝑧/ℎ 0

0
5025
75

𝑥/ℎ00 50 100

𝑧/ℎ 0

0
5025
75

FIG. 8. The same as Fig. 7 but for Re12Lx112.

confinement effects in Re12Lx28 have minimal influence on the initial KH instability and324

the subsequent collapse of vortices.325

Figures 7–9 present horizontal visualizations of the instantaneous streamwise velocity at326

the center of the shear layer for Re12Lx28, Re12Lx112, and Re12Lx448. Each figure shows327

the full horizontal domain. Unlike the x–y plane visualizations, the streamwise velocity dis-328
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Streamwise confinement effects in a stably stratified shear layer

𝑢/𝑈0
0.5
−0.5

𝑧/ℎ 0
0

5025
75

(a)
𝑧/ℎ 0

0
5025
75

(b)

𝑧/ℎ 0

0
5025
75

0 𝑥/ℎ050 100 150 200 250 300 350 400(c)

0 𝑥/ℎ050 100 150 200 250 300 350 400

0 𝑥/ℎ050 100 150 200 250 300 350 400

𝑢/𝑈0
0.3
−0.3

𝑢/𝑈0
0.1
−0.1

FIG. 9. The same as Fig. 7 but for Re12Lx448.

tributions on the horizontal plane exhibit noticeable differences across the different domain329

sizes. Large-scale flow structures can be identified from spatial velocity distributions. In tur-330

bulent shear layers, such structures are often visualized as alternating regions of positive331

and negative streamwise velocity.35,79 In this study, regions with u > 0 and u < 0 are used332

for visual interpretation of large-scale features; however, this qualitative criterion is not em-333

ployed in the statistical analyses that follow. As the flow evolves, the size of the regions with334

positive and negative u increases, indicating the development of larger-scale structures. In335

Re12Lx28 (Fig. 7), the streamwise extent of the structures eventually approaches the domain336

size Lx. At later times, especially around t/tr = 320 in Fig. 7(c), the regions of positive and337

negative u span the entire domain and connect through the periodic boundaries at x = 0338

and x = 28h0. It is well known that periodic boundaries can introduce artificial effects when339

the characteristic scale of the flow structures exceeds half the computational domain size, as340

shown in the behavior of two-point correlation functions.80 Once the size of the large-scale341
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Streamwise confinement effects in a stably stratified shear layer

structures reaches the domain size Lx, these structures effectively become infinitely long due342

to the periodicity. This confinement effect becomes evident after t/tr = 200 in Figs. 7(b, c).343

Figures 8 and 9 show the instantaneous streamwise velocity field for Re12Lx112 and344

Re12Lx448. When the streamwise domain size is large, as in Re12Lx448, artificial effects345

from periodic boundaries do not influence the flow evolution. In Fig. 9, the flow structures346

characterized by regions of u > 0 and u < 0 extend significantly in the x direction at347

t/tr = 320, indicating the development of ELSS. These ELSS differ from the typical large-348

scale structures (LSS) of turbulent shear flows, which exhibit less anisotropy than ELSS.25,35349

The ELSS and LSS are also distinguishable by their streamwise length scales, as revealed350

through spectral analysis below. At t/tr = 320, the regions with u > 0 and u < 0 reach351

lengths of approximately 100h0. However, because the domain size Lx = 448h0 is larger than352

these structures, multiple ELSS with alternating signs of u are observed along the x direction.353

As a result, the periodic boundaries are unlikely to influence the ELSS in Re12Lx448. In354

contrast, for Lx = 112h0 (Fig. 8), the development of ELSS is affected by the domain355

size. Up to t/tr = 200, the velocity distributions for Lx = 112h0 and 448h0 are similar.356

However, at t/tr = 320, the flow structures in Re12Lx112 are noticeably shorter in the x357

direction, indicating that ELSS growth is suppressed. This suppression is expected, as the358

ELSS observed in Re12Lx448 exceed 100h0, which is more than half the domain length in359

Re12Lx112. These comparisons show that ELSS with streamwise lengths on the order of360

O(102h0) do not develop when the domain size is insufficiently large. This allows for a direct361

examination of how ELSS influence flow behavior by comparing cases with and without the362

presence of ELSS.363

B. One-point statistics of velocity and density364

One-point statistics of velocity and density are compared across different Lx cases. Fig-365

ure 10(a) shows the vertical profiles of the mean streamwise velocity ⟨u⟩ for Re12Lx28 at366

several time instances. At t/tr = 30, the mean velocity exhibits a sharp gradient across the367

shear layer. Over time, up to approximately t/tr = 220, the profile gradually becomes more368

diffused due to turbulent mixing of streamwise momentum. From t/tr = 220 to 320, the369

profile remains nearly unchanged, indicating a suppression of vertical momentum transport.370

This evolution of the mean velocity is consistent with previous studies on stably stratified371
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Streamwise confinement effects in a stably stratified shear layer

Re12Lx28

0
2
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𝑦/ℎ 0

0 0.5−0.5 𝑢 /𝑈0

𝑡 = 320𝑡𝑟
0
2
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𝑦/ℎ 0
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0
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𝑦/ℎ 0
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1
−1−2−3(a) (b) (c)
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Re12Lx28
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Re12Lx112
Re12Lx448
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Re12Lx56
Re12Lx112
Re12Lx448

FIG. 10. Vertical profiles of mean streamwise velocity ⟨u⟩: (a) temporal evolution in Re12Lx28;

(b),(c) Lx dependence at (b) t/tr = 80 and (c) t/tr = 320.
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FIG. 11. Vertical profiles of mean density ⟨ρ⟩: (a) temporal evolution in Re12Lx28; (b),(c) Lx

dependence at (b) t/tr = 80 and (c) t/tr = 320.

shear layers.25 Figures 10(b) and (c) compare the mean velocity profiles among the different372

Lx cases with Re = 1200 at t/tr = 80 and 320. These comparisons reveal that the mean373

velocity profiles exhibit no significant variation with changes in the streamwise domain size.374

Figure 11(a) presents mean density profiles for the same time instances and case375

(Re12Lx28) as in Fig. 10(a). The temporal evolution of the mean density profile resem-376

bles that of the mean velocity: as the turbulent shear layer develops, vertical transport of377

density results in a broader distribution. Figures 11(b) and (c) compare the mean density378
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Streamwise confinement effects in a stably stratified shear layer

𝛿/ℎ 0
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2
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100
46
8

Re12Lx28
Re12Lx56
Re12Lx112
Re12Lx448

FIG. 12. Temporal variations of the shear layer thickness δ.

profiles among different Lx cases with Re = 1200 at t/tr = 80 and 320. As with the mean379

velocity, the streamwise domain size has minimal influence on the mean density distribution.380

The shear layer thickness δ is defined from the mean velocity profile ⟨u⟩ as the distance381

between the locations where ⟨u⟩/U0 = −0.45 and 0.45 in Fig. 10. Figure 12 shows the382

temporal evolution of δ, normalized by the initial shear layer thickness h0, for Re = 1200.383

The thickness increases rapidly after t/tr = 50 and continues to grow until around t/tr = 150,384

after which the growth slows. The initial rapid increase corresponds to the development of385

large-scale vortices from the KH instability. Subsequently, buoyancy suppresses large-scale386

vertical motions, thereby limiting further shear layer growth. This trend is consistent with387

previous findings.9 Since the mean velocity profile shows negligible dependence on Lx, the388

shear layer thickness δ is also largely unaffected by the streamwise domain size.389

Figure 13 shows the temporal evolution of root mean square (rms) fluctuations of the390

velocity components (u, v, w) and density ρ at the center of the shear layer for Re = 1200.391

The rms fluctuations are defined as frms =
√

⟨f ′2⟩, where f ′ = f − ⟨f⟩. These rms values392

increase initially as the turbulent shear layer develops, then decrease due to turbulence decay.393

Except for urms in Re12Lx28 after t/tr = 190, the rms values do not show significant variation394

across the different Lx cases. In Re12Lx28, the decline in urms slows after t/tr = 190. This395

behavior corresponds to the point at which the streamwise flow structures grow to the size of396

the domain in the x direction, as discussed further below. The rms values of v, w, and ρ are397

less sensitive to Lx than urms. The streamwise scales of v and w correspond to the transverse398

scales of turbulence, whereas that of u represents the longitudinal scale. At large scales, the399

transverse scales are generally much smaller than the longitudinal scale.35 Therefore, the400
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Streamwise confinement effects in a stably stratified shear layer

𝑢 𝑟𝑚𝑠/𝑈
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0 100

0.20 Re12Lx28 Re12Lx56 Re12Lx112 Re12Lx448

𝜌 𝑟𝑚𝑠/𝜌
0

𝑡/𝑡𝑟200 300
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(a) (b)

(d)(c)
𝑣 𝑟𝑚𝑠/𝑈
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0.20

FIG. 13. Temporal variations of rms fluctuations of velocity and density, (a) urms, (b) vrms, (c)

wrms, and (d) ρrms, at the center of the shear layer, y = 0.

larger characteristic scale of u in the streamwise direction likely leads to the more noticeable401

dependence of urms on Lx.402

Figure 14 presents the vertical profiles of rms streamwise velocity fluctuations at different403

time instances. The fluctuations are highest within the shear layer centered at y = 0 and de-404

crease toward the outer regions. The asymmetry in the statistical profiles between the lower405

and upper edges of the shear layer arises from statistical uncertainty due to the finite num-406

ber of samples. Although ensemble averaging over multiple simulations helps reduce such407

discrepancies, it does not completely eliminate them. At t/tr = 80 in Fig. 14(a), differences408

among the domain sizes are minimal. However, after t/tr = 200, as shown in Figs. 14(b) and409

(c), urms in Re12Lx28 increases relative to the other cases. This increase is confined to the410

inner region |y/h0| < 5 of the turbulent shear layer. The outer region |y/h0| > 5 is intermit-411

tent, meaning that both turbulent and non-turbulent fluid are observed.81 These two regions412

are generally separated by the thin interface, whose properties have been investigated in var-413

ious flows,82–88 including stratified flows.57,81,89–97 Previous DNS studies have shown that the414
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Streamwise confinement effects in a stably stratified shear layer

𝑡 = 80𝑡𝑟
𝑦/ℎ 0
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Re12Lx28 Re12Lx56 Re12Lx112 Re12Lx448

FIG. 14. Vertical profiles of rms fluctuations of u, urms, at (a) t/tr = 80, (b) t/tr = 200, and (c)

t/tr = 320.

0
2
4

−2
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𝑦/ℎ 0

0 0.5−0.5 𝑢 /𝑈0(a)
Re06Lx28

Re06Lx448

𝑡 = 320𝑡𝑟
0
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𝑦/ℎ 0

0 0.5−0.5 𝑢 /𝑈0(b)

𝑡 = 320𝑡𝑟

Re18Lx28

Re18Lx448

FIG. 15. Vertical profiles of mean streamwise velocity ⟨u⟩ at t/tr = 320: (a) Re = 600; (b) Re =

1800.

characteristc length scale decreases in this intermittent region.25,35 Therefore, confinement415

effects in Re12Lx28 have limited impact on urms in the outer region, where the fluctuations416

remain largely unaffected by the domain size. Moreover, turbulence characteristics exhibit417

only a weak dependence on y within the shear layer itself.25,35 As a result, analyses per-418

formed at different vertical positions within the shear layer yield similar outcomes. Hence,419

the following discussion focuses on the center of the shear layer at y = 0.420
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 16. Vertical profiles of rms fluctuations of u, urms, at t/tr = 320: (a) Re = 600; (b) Re = 1800.

𝑅𝑒 𝜆

𝑡/𝑡𝑟0 200 300

150

100

100
50

Re12Lx28
Re12Lx56
Re12Lx112
Re12Lx448 𝑅𝑒 𝜆
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FIG. 17. Temporal variations of the turbulent Reynolds number Reλ, at the center of the shear

layer, y = 0: (a) Lx dependence for Re = 1200; (b) Re dependence for Lx/h0 = 28 and 448.

Figures 15 and 16 compare the vertical profiles of the mean and rms fluctuations of421

streamwise velocity at t/tr = 320 for the other Re cases. The mean velocity profiles show422

minimal dependence on Lx for both Re values. In contrast, the rms velocity fluctuations423

increase at small Lx. This Lx dependence for Re = 600 and 1800 is consistent with that424

observed for Re = 1200 discussed above.425

Figure 17 presents the temporal evolution of the turbulent Reynolds number Reλ =426

urmsλx/ν at the shear layer center, where λx = urms/(∂u/∂x)rms is the Taylor microscale.427

Reλ is commonly used to characterize the scale separation between large and small turbulent428

motions. In Fig. 17(a), results for Re = 1200 are compared across different Lx values, while429

Fig. 17(b) shows results for all Re cases with Lx/h0 = 28 and 448. During the transition430
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Streamwise confinement effects in a stably stratified shear layer

phase, Reλ reaches peak values of approximately 90, 140, and 180 for Re = 600, 1200,431

and 1800, respectively. Afterward, Reλ decreases with time due to turbulence decay. At432

t/tr = 320, the corresponding Reλ values are 22, 29, and 36 for Re = 600, 1200, and 1800433

in the Lx/h0 = 448 cases. As shown in Fig. 17(a), Reλ exhibits sensitivity to Lx when the434

streamwise length is as small as 28h0, primarily due to the increased urms for Lx/h0 = 28435

(see Fig. 14). A similar Lx dependence is observed for other Re values at later times in436

Fig. 17(b).437

C. Spectra and two-point correlations438

The development of ELSS is analyzed using energy spectra. In this study, the Fourier439

transform is applied in the x direction. The Fourier transform of a variable f in the x direction440

is denoted by û(kx, y, z, t), and its complex conjugate by û∗, where kx is the streamwise441

wavenumber. The one-dimensional energy spectrum of u is calculated as442

Eu(kx, y, t) = Re[⟨ûû∗⟩], (2)443

where the average ⟨·⟩ is taken over the z direction, and Re(f) denotes the real part of the444

complex variable f . The spectra are presented as functions of wavelength λx = 2π/kx. To445

assess the contribution of different scales to the total energy, the spectra are premultiplied446

by the wavenumber kx, enabling clearer visualization in semi-logarithmic plots.25,38,98447

Figure 18 presents the streamwise-wavenumber spectrum kxEu(kx) at the center of the448

shear layer for Re = 1200, plotted against the wavelength λx normalized by the initial449

shear layer thickness h0. The range of λx differs for each case, as the maximum resolvable450

wavelength is determined by the domain size Lx. At t/tr = 120 in Fig. 18(a), the spectra451

exhibit similar distributions across all cases, with a dominant peak at λx/h0 ≈ 10–20. This452

wavelength is approximately twice the shear layer thickness δ, and the peak corresponds453

to LSS, the typical large-scale structures in turbulent shear layers. However, for Re12Lx28,454

the peak is reduced compared to the other cases. Since the domain size in Re12Lx28 is455

only slightly larger than the LSS scale, the confinement effect partially suppresses the de-456

velopment of these structures, resulting in a smaller spectral peak. This also leads to the457

different behaviour of urms in Re12Lx28 shown in Fig. 13(a). In contrast, the domain sizes in458

Re12Lx56, Re12Lx112, and Re12Lx448 are sufficiently larger than the LSS scale, and thus459
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Streamwise confinement effects in a stably stratified shear layer

𝑘 𝑥𝐸 𝑢/𝑈
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FIG. 18. Premultiplied streamwise-wavenumber spectra of streamwise velocity kxEu(kx) at the

center of the shear layer (Re = 1200) at (a) t/tr = 120, (b) t/tr = 240, (c) t/tr = 280, and (d)

t/tr = 320. The spectra are plotted against wavelength λx = 2π/kx.

the LSS are unaffected by confinement. As the flow evolves, the spectral shape changes signif-460

icantly. By t/tr = 240 in Fig. 18(b), the energy at large wavelengths (λx/h0 ≳ 30) increases,461

leading to the emergence of a secondary spectral peak at λx/h0 ≈ 50–100 in Figs. 18(c)462

and (d) at t/tr = 280 and 320. This secondary peak is associated with the formation of463

ELSS, as previously discussed in connection with Fig. 9. In Re12Lx448, the ELSS peak is464

clearly captured, while in Re12Lx56 and Re12Lx112, the domain size is insufficient to fully465

resolve this spectral feature, although energy growth at the highest available wavelengths is466

similar among Re12Lx56, Re12Lx112, and Re12Lx448 in Fig. 18(b). Furthermore, the peak467

wavelength associated with ELSS in Re12Lx448 increases over time, reflecting the continued468

growth of these structures, which does not occur in Re12Lx56 and Re12Lx112. These com-469

parisons indicate that the energy distribution across streamwise scales cannot be accurately470

evaluated in Re12Lx28, Re12Lx56, and Re12Lx112 due to the large-scale cutoff imposed by471

the limited domain size, which inhibits the full development of ELSS.472
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 19. Premultiplied streamwise-wavenumber spectra of streamwise velocity kxEu(kx) at the

center of the shear layer at t/tr = 320: (a) Re = 600; (b) Re = 1800.

Figures 19(a) and (b) present the energy spectra at t/tr = 320 for Re = 600 and 1800,473

respectively. Each figure compares the spectra for Lx/h0 = 28 and 448. A bimodal spectral474

shape is observed for Lx/h0 = 448, indicating the presence of ELSS for both Reynolds475

numbers. The spectral energy at small scales (λx/h0 ≲ 5) is higher for the larger Re due to476

increased scale separation between large and small turbulent motions. The peak associated477

with the ELSS, located around λx/h0 ≈ 102, differs slightly between Re = 600 and 1800.478

Such variation in the ELSS peak wavelength with Reynolds number has also been reported in479

previous LES and DNS studies of stably stratified shear layers.25,35 These studies have shown480

that the spectral shape remains qualitatively similar even at Re = 40000. Additionally,481

the Lx dependence observed in Fig. 19 is consistent with the trends discussed earlier for482

Re = 1200.483

The wavelengths of the first and second peaks of the premultiplied energy spectra484

kxEu(kx) at large t in Fig. 18 correspond to LSS and ELSS, respectively. The shorter485

peak wavelength, ΛLSS, located near 10h0, is associated with LSS. The longer peak wave-486

length, detectable only in cases with large Lx, is attributed to ELSS and denoted by ΛELSS.487

Figure 20 shows the temporal evolution of ΛLSS and ΛELSS, normalized by the shear layer488

thickness δ, for Re = 1200. For ΛELSS, data are shown only at time instances where both489

spectral peaks are clearly identifiable. The transition to fully developed turbulence from the490

KH instability is largely complete by t/tr ≈ 100. After this point, the length scale of LSS,491

ΛLSS, increases until approximately t/tr = 160. Beyond this point, as the ELSS begin to492

emerge, the scale separation between the LSS and ELSS increases: the ELSS continue to493
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 20. Temporal variations of the peak wavelengths in energy spectra associated with (a) LSS

(ΛLSS) and (b) ELSS (ΛELSS) for Re = 1200.

grow, while the scale of LSS decreases.25 This interplay gives rise to the observed bump in494

ΛLSS around t/tr = 160. In Re12Lx112 and Re12Lx448, the ELSS-related peak appears after495

t/tr = 200, and in Re12Lx56, it appears after t/tr = 240. In Re12Lx28, the ELSS peak is not496

observed, as Lx is much smaller than the typical ELSS length. As shown in Fig. 20(a), ΛLSS497

gradually decreases after t/tr = 160 and reaches a nearly constant ratio of ΛLSS/δ ≈ 1.5,498

consistent across all cases. This decrease coincides with the onset of ELSS formation and499

suggests a growing scale separation between LSS and ELSS as the latter elongates over time.500

In contrast, the long peak wavelength ΛELSS, shown in Fig. 20(b), is strongly dependent501

on Lx. In Re12Lx448, ΛELSS increases rapidly with time, reflecting the continuous growth502

of ELSS. This growth is increasingly suppressed as Lx decreases, indicating the influence503

of confinement effects on ELSS development. The weak dependence of ΛLSS on Lx suggests504

that LSS, which scale with the shear layer thickness, evolve independently of ELSS. This505

implies limited interaction between structures at the LSS and ELSS scales.506

The time scale of the ELSS based on the streamwise length is estimated as TELSS =507

ΛELSS/urms. At t/tr = 320, this time scale is found to be TELSS/tr = 3.9×103 in Re12Lx448.508

The ELSS exhibits a much larger time scale than the reference time scale of the stably509

stratified shear layer, tr. Owing to its large time scale, the ELSS is continuously distorted510

by the mean shear, whose characteristic time scale, TS = δ/U0 ≈ 9, is much shorter than511

TELSS. This rapid distortion leads to significant increase in the ELSS length scale observed512

in the present study.513
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 21. Temporal variations of ΛLSS and ΛELSS for (a) Re = 600 and (b) Re = 1800.

Figures 21(a) and (b) present the temporal evolution of ΛLSS and ΛELSS for Re = 600 and514

1800, respectively. Each figure compares the results for Lx/h0 = 28 and 448. The spectral515

peak associated with the ELSS emerges at t/tr = 280 and 240 for Re = 600 and 1800,516

respectively. Accordingly, the plots of ΛELSS for Lx/h0 = 448 are shown after these times.517

As observed for the Re = 1200 case, ΛELSS increases with time, whereas ΛLSS exhibits a518

slight decrease. The scale separation between the LSS and ELSS increases over time due to519

the growth of the ELSS. At t/tr = 320, the length scale ratios ΛELSS/ΛLSS are approximately520

7, 12, and 15 for Re = 600, 1200, and 1800, respectively. The larger ratio at higher Re is521

attributed to the faster transition to turbulence, as shown in Fig. 17. At a given time, the522

turbulence in higher-Re cases has evolved for a longer period after the transition, thereby523

experiencing mean shear effects over a longer duration, which leads to greater anisotropy524

and larger values of ΛELSS/ΛLSS.525

In physical space, flow structures are often analyzed using two-point velocity correlation526

functions. This study considers the longitudinal and transverse auto-correlation functions of527

the streamwise velocity u, denoted as Rux and Ruz, respectively. These functions are defined528

as529

Rux(rx, y, t) =
⟨u′(x, y, z, t) u′(x+ rx, y, z, t)⟩

u2
rms(y, t)

,

Ruz(rz, y, t) =
⟨u′(x, y, z, t) u′(x, y, z + rz, t)⟩

u2
rms(y, t)

,

(3)530

where rx and rz are separation distances in the x and z directions, respectively.531

Figure 22 shows the longitudinal auto-correlation function Rux for various Lx cases with532

Re = 1200. The range of rx is limited to 0 ≤ rx ≤ Lx/2, since separations greater than533

Lx/2 are effectively reduced to Lx − rx by the periodic boundary condition.80 The correla-534
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 22. Longitudinal auto-correlation functions of streamwise velocity, Rux(rx, y, t), at y = 0 in

(a) Re12Lx28, (b) Re12Lx56, (c) Re12Lx112, and (d) Re12Lx448.

tion function with large rx increases with time, indicating the growth of the characteristic535

streamwise length scale. In Re12Lx28 and Re12Lx56, shown in Figs. 22(a) and (b), Rux536

does not decay to zero within the available rx range, indicating that the domain size is537

insufficient to accommodate the full extent of large streamwise structures such as ELSS. In538

contrast, Re12Lx448, shown in Fig. 22(d), exhibits well-resolved correlation profiles even at539

later times, confirming that the domain is large enough to contain the elongated structures.540

Figure 23 compares the transverse auto-correlation functions Ruz at the same time in-541

stances as in Fig. 22. Across all cases, the domain size has no significant qualitative effect542

on the transverse correlations. Alternating positive and negative u values due to the ELSS543

in the spanwise direction lead to oscillations of Ruz between positive and negative values at544

larger rz. A similar correlation profile was also reported for a non-stratified turbulent shear545

layer.99 Starting from rz = 0, Ruz decreases from 1 to 0 as rz increases. At t/tr = 320, the546

first zero-crossing occurs at rz/h0 = 9.0 for Re12Lx28 and 8.0 for Re12Lx448. The longer547

spanwise length scale in Re12Lx28 indicates that, in the absence of well-developed ELSS,548
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FIG. 23. Transverse auto-correlation functions of streamwise velocity, Ruz(rz, y, t), at y = 0 in (a)

Re12Lx28, (b) Re12Lx56, (c) Re12Lx112, and (d) Re12Lx448.

the spacing between flow structures increases. Beyond the first zero-crossing, Ruz reaches a549

minimum value, and the location of this minimum corresponds to the typical spanwise sepa-550

ration between adjacent ELSS with opposite signs of u. The minima occur at rz/h0 = 15.0 in551

Re12Lx28 and 12.2 in Re12Lx448. This suggests that the center-to-center spacing between552

alternating positive and negative u structures becomes larger when the ELSS do not fully553

develop, consistent with the visual patterns observed in Figs. 7 and 9.554

To further examine the spatial distribution of ELSS, the two-dimensional auto-correlation555

function is evaluated as556

Ruxz(rx, rz, y, t) =
⟨u′(x, y, z, t) u′(x+ rx, y, z + rz, t)⟩

u2
rms(y, t)

. (4)557

Figure 24 compares this correlation at y = 0 for different Lx cases with Re = 1200. For558

Re12Lx112 and Re12Lx448, the positive correlation near (rx, rz) = (0, 0) exhibits an “X”559

pattern, reflecting the meandering behavior of the ELSS. These structures are slightly in-560

clined from the streamwise (x) direction, as also seen in Fig. 9. This correlation pattern is561

similar to that observed for superstructures in turbulent boundary layers.41 The ridge of562
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FIG. 24. Two-dimensional auto-correlation functions of streamwise velocity, Ruxz(rx, rz, y, t), at

y = 0 and t/tr = 320 in (a) Re12Lx28, (b) Re12Lx56, (c) Re12Lx112, and (d) Re12Lx448.

Ruxz represents the inclination of the ELSS. At rx = 50h0, Ruxz(rz) peaks at rz = 9.3h0563

for Re12Lx448, indicating that the ELSS is inclined at approximately 10 degrees from the564

x-axis. This inclination angle is comparable to that reported for superstructures in turbulent565

boundary layers.41 In contrast, the “X” pattern does not appear in Re12Lx28 and Re12Lx56.566

In these smaller domains, the meandering feature cannot be captured due to confinement,567

and the ELSS are artificially connected across the periodic boundaries.568

The longitudinal and transverse integral scales of the streamwise velocity are defined as569

the integrals of the auto-correlation functions Rux(rx) and Ruz(rz), respectively:570

LIx =

∫ rx0

0

Rux(rx) drx, LIz =

∫ rz0

0

Ruz(rz) drz. (5)571

Because the correlation profiles vary depending on the flow configuration, different methods572

have been used in previous studies to determine the integration limits rx0 and rz0.
100 One573
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FIG. 25. Temporal variations of (a) longitudinal and (b) transverse integral scales of streamwise

velocity for Re = 1200.

common approach is to use the smallest separation distance at which the correlation function574

becomes zero.101,102 However, this method can be sensitive to oscillations that appear in the575

correlation at large separations. To avoid this issue, alternative methods integrate up to a576

fixed threshold value of the correlation function, beyond which the contribution is considered577

insignificant.103,104 In this study, we adopt this second approach and define rx0 and rz0 as578

the separation distances at which Rux = 0.05 and Ruz = 0.05, respectively. If Rux does not579

reach zero due to the limited domain size Lx, the integral is computed up to rx0 = Lx/2.580

While different choices for the integration range can slightly affect the computed integral581

scales, the overall conclusions discussed below remain unaffected.582

Figure 25 shows the temporal evolution of the integral length scales for Re = 1200 after583

t/tr = 80, a period during which three-dimensional turbulence has developed from the584

initial KH instability. The streamwise integral scale LIx, shown in Fig. 25(a), does not vary585

significantly across different Lx cases until t/tr = 200. After approximately t/tr = 200, as586

the ELSS begin to grow, LIx starts to diverge among the cases. Specifically, in simulations587

with smaller Lx, the growth of LIx is suppressed relative to Re12Lx448, due to the inhibition588

of ELSS development by confinement effects. The spanwise integral scale LIz, presented in589

Fig. 25(b), exhibits a different trend. A slight decrease in LIz is observed up to t/tr = 200,590

followed by a gradual increase. This behavior is consistent across all Lx cases. However,591

differences between the cases become more pronounced after t/tr = 200, when the ELSS592

begin to grow. These results indicate that the spanwise organization of very large-scale593
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FIG. 26. Temporal variations of the longitudinal integral scale of streamwise velocity normalized

by (a) ΛLSS and (b) ΛELSS for Re = 1200.

velocity fluctuations is also affected when ELSS development is constrained by the limited594

domain size.595

Figure 26 compares the longitudinal integral scale of the streamwise velocity, LIx, with the596

characteristic wavelengths ΛLSS and ΛELSS by plotting the normalized quantities LIx/ΛLSS597

and LIx/ΛELSS as functions of time. If the integral scale correlates with either of these598

wavelengths, the corresponding normalized value remains approximately constant over time.599

In the early stage, up to t/tr = 160, LIx/ΛLSS remains nearly constant at approximately600

0.18, indicating that the spatial correlation length scales with the size of the LSS. As the601

ELSS begin to develop after this point, LIx/ΛLSS increases rapidly. This increase reflects602

the growing influence of ELSS on the streamwise velocity correlation at large separation603

distances. Since the growth of ELSS is influenced by the domain size, LIx/ΛLSS varies across604

different Lx cases. However, in cases where the ELSS are captured in Re12Lx448, LIx/ΛELSS605

remains approximately between 0.1 and 0.2, while LIx/ΛLSS increases from about 0.2 to 1.2.606

This result indicates that once the ELSS are sufficiently developed, the streamwise integral607

scale becomes correlated with the ELSS length scale rather than that of the LSS.608

D. Parameters characterizing turbulence and mixing609

The above results confirm that a small streamwise domain inhibits the development of610

ELSS, effectively removing these structures and altering the large-scale flow characteristics.611

To further understand the role of ELSS, the present study investigates the energy dissipation612
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Streamwise confinement effects in a stably stratified shear layer

coefficient and mixing parameters, aiming to clarify how the presence or absence of ELSS613

influences the turbulence properties and mixing processes.614

The energy dissipation coefficient is defined by normalizing the turbulent kinetic energy615

dissipation rate ε = ⟨ν(∂u′

i/∂xj)
2⟩ with characteristic velocity and length scales U and L of616

large scales, as617

Cε =
ε

U3/L
. (6)618

In fully developed turbulence under stable stratification, Cε tends to remain approximately619

constant in each flow. In homogeneous turbulence, the physical mechanisms underlying this620

constancy vary with the Reynolds number. At high Reynolds numbers, it is attributed621

to a balance between energy cascade and dissipation.105 At low Reynolds numbers, the622

dominant contribution of vertical gradients of horizontal velocity to dissipation can also623

result in a constant dissipation coefficient.106 In contrast, stably stratified turbulent shear624

layers differ from homogeneous turbulence in that an active energy cascade can occur even625

at low Reynolds numbers.25 The present study investigates how the development of ELSS626

influences the behavior of the dissipation coefficient. Following previous work of turbulent627

shear flows,107 the dissipation coefficient is defined using the streamwise velocity as628

Cε =
ε

u3
rms/LIx

. (7)629

However, unlike in homogeneous turbulence, the stably stratified shear layer contains two630

distinct characteristic length scales, those of the LSS and ELSS, which differ from the integral631

scale LIx. To assess the influence of these structures, the energy dissipation coefficient is also632

computed using the LSS and ELSS length scales:633

C(LSS)
ε =

ε

u3
rms/ΛLSS

, C(ELSS)
ε =

ε

u3
rms/ΛELSS

. (8)634

These definitions allow comparison of how each scale contributes to the overall dissipation635

behavior in the presence or absence of ELSS.636

Figure 27(a) shows the temporal evolution of the dissipation coefficient based on the637

integral length scale, Cε, for different Lx cases with Re = 1200. In all cases, Cε increases638

with time until approximately t/tr = 280, corresponding to the rapid growth of the integral639

length scale, as shown in Fig. 25. For smaller Lx, the values of Cε remain lower due to640

the inhibited growth of the integral scale caused by the confinement effect. Figure 27(b)641

compares the dissipation coefficients defined using the characteristic length scales of ELSS642
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FIG. 27. Temporal variations of the dissipation coefficients defined with (a) the integral length scale

LIx, Cε, and (b) the length scales of LSS and ELSS, denoted respectively by C
(LSS)
ε and C

(ELSS)
ε .

The results are compared for different Lx cases with Re = 1200.
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FIG. 28. Temporal variations of C
(LSS)
ε and C

(ELSS)
ε for (a) Re = 600 and (b) Re = 1800.

and LSS, denoted as C
(ELSS)
ε and C

(LSS)
ε , respectively. The values of C

(ELSS)
ε are shown only643

for time instances where the secondary spectral peak associated with ELSS is identified.644

When Lx is sufficiently large, C
(ELSS)
ε exhibits an increasing trend over time, consistent with645

the late-time behavior of Cε based on the integral scale. In contrast, C
(LSS)
ε remains nearly646

constant at about 2 after the ELSS have formed.647

Figures 28 present the temporal evolution of C
(LSS)
ε and C

(ELSS)
ε for Re = 600 and 1800.648

The results are consistent with those observed for Re = 1200: C
(LSS)
ε shows weak time649

dependence for both Lx/h0 = 28 and 448, even when the ELSS does not develop in the650

smaller domain. As also seen for Re = 1200, C
(ELSS)
ε increases rapidly with time for Re = 600651

and 1800.652
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Streamwise confinement effects in a stably stratified shear layer
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FIG. 29. Temporal variations of (a) eddy diffusivity αT , (b) eddy viscosity νT , and (c) turbulent

Prandtl number PrT for Re = 1200.

The behavior of the dissipation coefficients defined using the three different scales has653

important implications for the energetics of the stably stratified shear layer. When Lx is654

small, the development of ELSS is artificially constrained: the ELSS either do not form or655

their meandering characteristics are not observed. Despite these modifications to the ELSS,656

the dissipation coefficient based on the LSS scale, C
(LSS)
ε , remains nearly constant after the657

ELSS begin to develop. This result suggests that the energy dissipation rate primarily scales658

with the LSS, indicating that the LSS are the dominant structures responsible for interscale659

energy transfer toward the small scales where dissipation occurs.25 The ELSS, by contrast,660

do not play a significant role in this process, as evidenced by the negligible dependence of661

C
(LSS)
ε on the presence or absence of ELSS.662

Another important parameter for modeling turbulent mixing is the turbulent Prandtl663

number, defined as PrT = νT/αT , where νT and αT represent the eddy viscosity and eddy664

diffusivity, respectively. In a stably stratified mixing layer, these quantities are computed as665

νT = −
⟨u′v′⟩

∂⟨u⟩/∂y
, αT = −

⟨ρ′v′⟩

∂⟨ρ⟩/∂y
. (9)666

These parameters are closely related to the flux Richardson number and mixing efficiency,667

and play a critical role in modeling and parameterizing turbulent mixing in stably stratified668

turbulence.108,109669

Figure 29 shows the temporal evolution of νT , αT , and PrT for Re = 1200. Temporal670

variations of the turbulent fluxes ⟨u′v′⟩ and ⟨ρ′v′⟩, as well as their scale dependence based on671

cospectral analysis, have been examined in detail in previous studies of the same flow.25 Both672

νT and αT generally decrease over time due to the decay of turbulence. At t/tr = 80, when673
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Streamwise confinement effects in a stably stratified shear layer

turbulence has fully developed from the initial KH instability, PrT is approximately 0.7. Both674

experiments and numerical simulations of stratified shear flows have reported similar values675

of PrT , supporting the present results.30,110,111 In Re12Lx112 and Re12Lx448, PrT remains676

positive even after the development of ELSS. However, after t/tr > 240, corresponding677

to the ELSS formation, deviations are observed in Re12Lx28 and Re12Lx56, where PrT678

no longer matches the trend in larger Lx cases. At t/tr = 320, both νT and αT become679

negative in Re12Lx112 and Re12Lx448. Classical turbulence models for shear flows typically680

assume that turbulent momentum and density are transported down the respective mean681

gradients, implying νT > 0 and αT > 0. Negative values of νT and αT indicate counter-682

gradient diffusion, where momentum and density are transported in the direction opposite to683

their mean gradients. Previous studies have shown that counter-gradient transport in stably684

stratified shear layers occurs predominantly at intermediate scales between the LSS and685

ELSS.35 The momentum and density fluxes at these intermediate scales drive the negative686

values of νT and αT , and are strongly influenced by the presence of ELSS, as evidenced by687

the contrasting behaviors in small and large Lx cases. Although the magnitudes of turbulent688

momentum and density fluxes decrease over time due to turbulence decay, their relative689

contributions to the turbulent kinetic energy and density variance remain important. These690

contributions possibly continue to influence the long-term evolution of the flow.691

The budget of turbulent kinetic energy in wavenumber space has shown that inverse692

energy transfer toward the ELSS scale occurs for the spanwise velocity component.25 This693

behavior reflects similarities between stably stratified shear layers and the near-wall regions694

of wall-bounded turbulent flows, particularly the buffer and logarithmic layers. In these695

regions, inverse energy transfer in the spanwise velocity component is also observed,112 and696

large-scale elongated structures resembling the ELSS are known to exist.41 Furthermore, the697

stably stratified shear layer exhibits a k−1
x spectral scaling between the LSS and ELSS scales,698

mirroring the well-established k−1
x law in wall-bounded turbulent flows.113 These similarities699

likely arise from mean shear effects under suppression of vertical turbulent motions, either700

by walls or buoyancy. This interpretation is supported by observations in wall-confined701

shear layers, where vertical motions are constrained by parallel walls.42 As discussed in702

detail in Ref. 25, these comparisons suggest that the observed inverse energy transfer is a703

characteristic feature of three-dimensional, shear-driven turbulence.704
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Streamwise confinement effects in a stably stratified shear layer

IV. CONCLUSION705

The present study has conducted DNS of a temporally evolving, stably stratified shear706

layer with various streamwise domain sizes Lx. The fully developed turbulent shear layer fea-707

tures two distinct large-scale length scales: one associated with typical large-scale structures708

(LSS) with a scale comparable to the shear layer thickness, and the other corresponding to709

elongated large-scale structures (ELSS) with streamwise lengths significantly greater than710

those of the LSS. The growth of ELSS is inhibited or modulated when the streamwise do-711

main size is small. By comparing results across different Lx values, the role of ELSS in flow712

evolution is elucidated. The results show that one-point statistics, such as mean and rms713

fluctuations of velocity and density, reflect the properties of LSS. Despite the changes in714

ELSS in the small domains, statistics associated with LSS remain largely unchanged, indi-715

cating that LSS evolution is mostly decoupled from the formation of ELSS. The behaviour716

of dissipation coefficients suggests that energy transfer from large to small scales is primarily717

driven by LSS, with little contribution from ELSS. However, the counter-gradient diffusion718

at large scales, associated with length scales between LSS and ELSS,35 is shown to be re-719

lated to the development of ELSS and is not captured when ELSS growth is suppressed. In720

summary, ELSS play a critical role at scales larger than LSS, influencing large-scale stream-721

wise velocity variations. However, turbulence properties at scales smaller than LSS, which722

dominate energy dissipation, remain largely unaffected by the presence of ELSS.723
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