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Abstract

Direct numerical simulations (DNS) are conducted to investigate the effects of spanwise domain size on stably
stratified turbulent shear layers. The focus is on the formation and spatial organization of elongated large-scale
structures (ELSS), which emerge following the transition from Kelvin—Helmholtz instability and characterized
by streamwise extents far exceeding the shear layer’s thickness. Simulations are conducted for a temporally
developing shear layer under stable density stratification. The spanwise extent is varied, while the streamwise
and vertical domain sizes are fixed. Flow visualizations, one-point statistics, energy spectra, and two-point
correlation functions are used to assess the influence of spanwise confinement on the transition process and late-
time turbulence characteristics. The results show that when the spanwise domain size is very small, the transition
process is altered and ELSS fail to develop properly. For intermediate domain sizes, the streamwise elongation
of ELSS is captured, but their meandering and spatial repetition are suppressed. Statistical analysis reveals that
while the meandering of ELSS contributes to large-scale structure, the presence of multiple alternating ELSS in
the spanwise direction is more critical to the overall flow statistics. These findings emphasize the importance of
spanwise configurations of ELSS in the dynamics and energetics of stably stratified shear layers.

Keywords : Turbulent shear layer, Stably stratified turbulence, Direct numerical simulation

1. Introduction

Turbulence with thermal stratification is widely observed in environmental and engineering contexts. In particular,
temperature variations induce buoyancy effects on turbulence. When the density field is stably stratified, buoyancy
suppresses vertical turbulent motions. Nevertheless, even in stably stratified fluids, mean shear often generates turbulence
via Kelvin—Helmholtz (KH) instability (Smyth and Moum, 2000, 2012). At large values of Prandtl numbers, defined as
the ratio of kinematic viscosity to thermal diffusivity, Holmboe instabilities can also initiate turbulence (Smyth and
Winters, 2003; Smyth et al., 2007; Salehipour et al., 2016). Turbulence plays a critical role in momentum and heat
transport, influencing the development of the flow itself. Since turbulent shear layers in stably stratified fluids are
commonly encountered in practical environmental and engineering applications, they have attracted significant attention
in previous studies.

Direct numerical simulations (DNS) have been employed to investigate stably stratified turbulent shear layers,
revealing various flow characteristics. Some studies have examined the KH instability process, which begins with the
formation of spanwise vortices and evolves through secondary instabilities into fully three-dimensional turbulence
(Mashayek and Peltier, 2012a, 2012b; Watanabe and Nagata, 2021; Fritts et al., 2022). Other studies have focused on the
turbulent structures in the fully developed turbulent shear layer, confirming the presence of highly elongated large-scale
structures (ELSS) (Watanabe et al., 2019a). These ELSS are characterized by streamwise lengths much larger than the
vertical thickness of the shear layer and carry a significant portion—approximately 50%—of the total turbulent kinetic
energy, thereby influencing the flow energetics (Watanabe and Nagata, 2021).

The ELSS manifest as alternating long patterns of positive and negative velocity fluctuations in the horizontal plane.
These velocity patterns, appearing alternately in the spanwise direction, dominate the large-scale spanwise velocity
fluctuations. The spanwise organization of ELSS is expected to be therefore crucial to the development of the flow. The
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Fig. 1 A schematic of the computational domain and the stably stratified shear layer.

Table 1 Computational parameters.

Case Ly/ho Ly/hg L,/hy N, N, N, N,
Lz07 448 80 7 7776 700 128 23
Lz14 448 80 14 7776 700 243 12
Lz28 448 80 28 7776 700 486 6
Lz42 448 80 42 7776 700 729 4
Lz56 448 80 56 7776 700 972 3
Lz84 448 80 84 7776 700 1458 2
Lz14f 448 80 14 9332 840 293 1

present study employs DNS to investigate the spanwise organization of ELSS and its influence on the statistical properties
of stably stratified shear layers. Specifically, DNS is conducted with varying spanwise domain sizes. When the domain
size is too small, the spanwise organization of the ELSS is significantly altered. Comparisons among different spanwise
domain sizes reveal confinement effects in the spanwise direction, elucidating the role of ELSS organization in flow
evolution. While such effects observed in small domains with periodic boundaries are often referred to as “confinement
effects” in the turbulence literature (Gualtieri and Meneveau, 2010; Zhai and Yeung, 2018; McMullan et al., 2024), we
note that, from the perspective of numerical simulations, they originate from artificial effects of finite domain sizes. The
present approach, which involves artificially modifying flow fields, has been widely used in previous turbulence studies.
For instance, the origin of large-scale vortices in turbulent wakes was examined by suppressing Karman vortices using
porous structures (Cimbala et al., 1988). The role of internal shear instability in small-scale turbulence was studied using
DNS of turbulence with artificially imposed velocity perturbations to trigger small-scale shear instability (Watanabe,
2024; Watanabe and Nagata, 2025). Similarly, the role of large-scale motions in wall turbulence was investigated using
simulations with small computational domains (Jiménez and Moin, 1991). In the present study, we demonstrate that the
spanwise distribution of ELSS plays a critical role in the temporal evolution of velocity statistics.

2. Direct numerical simulations
Direct numerical simulations (DNS) are performed for a temporally developing shear layer under stable density

stratification. The governing equations are the incompressible Navier—Stokes equations with the Boussinesq
approximation, given as follows:
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where the subscripts i,j = 1,2,3 correspond to the x, y, and z directions, respectively. Here, t denotes time, p is
pressure, Vv is the kinematic viscosity, k is the diffusivity coefficient for density, p, is the reference density, and g is
the gravitational acceleration. The gravitational force acts in the negative y direction and is represented using the
Kronecker delta §;;. In the present Boussinesq formulation, Eq. (3) describes the advection—diffusion of the density
fluctuation. For thermally stratified flows under a linear equation of state, this equation is equivalent to the temperature
transport equation derived from the internal-energy balance, with the density fluctuation related to the temperature
fluctuation via the thermal expansion coefficient (Smyth and Moum, 2000; Onishi and Komori, 2006; Watanabe et al.,
2016). For solutal (e.g., salt) stratification, Eq. (3) corresponds to the concentration transport equation (Okino et al.,
2021).

The simulations are performed using an in-house DNS code based on a fractional step method and finite difference
schemes. Fully conservative finite difference schemes are employed for spatial discretization, with fourth-order accuracy
in the horizontal directions and second-order accuracy in the vertical direction. Time integration is carried out using a
third-order Runge—Kutta method, while the pressure Poisson equation is solved using the biconjugate gradient stabilized
method. The present DNS code has been extensively validated in our previous studies of canonical turbulent flows,
including jets (Hayashi et al., 2021a, 2021b), mixing layers (Watanabe and Nagata, 2017b), boundary layers (Watanabe
et al., 2018c; Zhang et al., 2023), and grid turbulence (Watanabe and Nagata, 2018b; Watanabe et al., 2022; Nakamura
et al., 2023). In these studies, detailed comparisons with experimental measurements demonstrated that the simulations
accurately reproduced the flow behaviour, including statistics of velocity and passive scalars (temperature or species
concentration) as well as the characteristic turbulent structures. A grid-dependence assessment of the numerical schemes
employed here was presented in Watanabe et al. (2018a), where examinations of the enstrophy spectrum confirmed that
small-scale turbulent motions are well resolved when the grid spacing is smaller than 27 with 7 denoting the
Kolmogorov scale.

Figure 1 illustrates an overview of the computational domain, along with the mean profiles of streamwise velocity
and density. This flow setup has widely been considered in previous studies (Smyth and Moum, 2000; Rahmani et al.,
2014; Watanabe et al., 2019a). The computational domain size is defined as L, X L,, X L,. The streamwise, vertical, and
spanwise directions are denoted by x, y, and z, and the corresponding velocity components are u, v, and w,
respectively. The flow is statistically homogeneous in the horizontal directions and develops with time. Therefore,
statistical quantities are defined as averages taken over horizontal planes and expressed as functions of y and time. The
average of a variable f is denoted by (f), and the fluctuating component is defined as f' = f — (f). The root-mean-
square value is defined by fims = (f'?)"/? . The initial mean streamwise velocity is prescribed as (u) =
0.5U, tanh(y/hy), where U, isthe mean velocity jump across the shear layer and h, is the initial shear layer thickness.
The initial mean velocities in the vertical and spanwise directions are set to zero. The initial density profile is given by
p = —0.5p, tanh(y/hy), where p, is the density jump across the shear layer. The initial velocity field is constructed by
superimposing perturbations onto the mean streamwise velocity, resulting in (u,v,w) = ((u) + u’,v’,w’). These
perturbations are generated using random numbers with prescribed spatial correlations, following the procedure described
in a previous study (Watanabe et al., 2019b). The perturbation length scale is 0.34h, and root-mean-square (rms)
velocity is 0.025U,. The shear layer evolves over time and remains statistically homogeneous in the streamwise and
spanwise directions due to periodic boundary conditions imposed in both directions. Free-slip boundary conditions are
applied at the upper and lower boundaries.

The Reynolds number Re = Uyh, /v, Prandtl number Pr = v/k, and Richardson number Ri = gpohy/paUé are
setto Re = 1200, Ri = 0.06, and Pr = 1, respectively. The dependence of the stably stratified shear layers with ELSS
on Re and Ri has been investigated in prior studies (Watanabe et al., 2019a; Watanabe and Nagata, 2021). These
studies showed that the ELSS formation is observed even at higher Re, and occurs when Ri = 0.06. The statistical
features of stably stratified shear layers with ELSS were found to be similar across different values of Re and Ri,
indicating that the current results are applicable for other parameter sets. Note that this study focuses on turbulent shear
layers arising from KH instability. As Pr > 1 often leads to transition via Holmboe instability, high Prandtl number
regimes are not considered here.

DNS is conducted for different L, values to investigate the effects of the finite domain size. The details of the DNS
parameters are shown in Tab. 1. The domain sizes in the x and y directions are kept constant across all cases. Both L,
and L, are sufficiently large so as not to influence the flow evolution. The flow transitions into a turbulent state over
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Fig. 2 Streamwise velocity profiles on an xy plane at (a) t/t, = 120 and (b) t/t, = 320 for L, = 7h,.
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Fig.3 The same as Fig. 2 but for L, = 84h,.

time. In each case, the simulation is advanced until t = 320¢t,., where the reference time scale is defined as t, = hy/U,.
The number of grid points (N, Ny, N,) is chosen such that the grid spacings remain smaller than twice the Kolmogorov
length scale throughout the simulation. For the case with L, = 14h,, an additional DNS is performed with an increased
number of grid points to examine grid dependence. The grid size is uniform in the x and z directions and non-uniform
in the y direction. The y-direction grid is constructed using a hyperbolic tangent distribution, providing the finest
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Fig. 4 Streamwise velocity profiles on the xz plane at the shear layer center (y = 0) at (a) t/t, = 120 and (b) t/t, =
320 for L, = 7hy.
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Fig.5 The same as Fig. 4 but for L, = 14h,.
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Fig. 6 The same as Fig. 4 but for L, = 84h,.

resolution at the center of the domain to accurately resolve the evolution of KH instability and the subsequent turbulent
development, as discussed in previous studies (Watanabe et al., 2018a; Akao et al., 2022). The time increments are set to
0.0083¢, in case Lz14f and 0.01¢t, in the other cases. Each simulation is repeated N, times with different initial
random velocity fluctuations. Statistical quantities are evaluated using ensemble averages over the N, simulations in
addition to spatial averaging on horizontal planes. The values of N, for each case are also listed in Tab. 1. More
simulations are performed for smaller domains since the statistical samples within a single simulation decrease as L,
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becomes smaller.

3. Results and discussion
3.1 Instantaneous flow fields

Figures 2 and 3 visualize instantaneous velocity profiles on an xy plane at t = 120t and 320¢,, for cases Lz07
and Lz84. The initial mean shear induces the KH instability, resulting in the formation of large-scale spanwise vortices,
examples of which are marked as ‘V’ in each figure. These vortices subsequently collapse, leading to the development
of fully three-dimensional turbulence, which decays over time. This transition process, as visualized on the xy plane, is
similar for both cases. The detailed mechanisms of transition initiated by the KH instability have been documented in
previous studies (Watanabe and Nagata, 2021; Fritts et al., 2024).

Figures 4, 5, and 6 show the streamwise velocity on horizontal planes at the center of the shear layer (y = 0) for
cases Lz07, Lz14, and Lz84. The differences among the cases with different L, values are clearly observed on the
horizontal plane. At t = 120t,, alternating bands of positive and negative velocity appear without small-scale
fluctuations in cases Lz07 and Lz14, as marked by ‘V’. These patterns are associated with spanwise vortices originating
from KH instability. When L, is small, these vortices persist for extended periods without breaking down into small-
scale turbulence. In contrast, when the spanwise domain is sufficiently large, many KH vortices exhibit a meandering
behavior, with their axes misaligned from the spanwise direction. This misalignment promotes interactions between
neighboring vortices, accelerating their collapse and the onset of small-scale turbulence. As a result, Fig. 6(a) shows that
small-scale velocity fluctuations are distributed across the entire horizontal plane, and the imprint of the initial KH
vortices has disappeared. When L, is small, confinement effects force each vortex to connect with itself via the periodic
boundary. This suppressed misalignment inhibits vortex interaction, thereby delaying or preventing the generation of
three-dimensional turbulence. This confinement effect during the transition is consistent with that reported for non-
stratified shear layers (McMullan, 2015).

At t = 320t,, the velocity distribution differs significantly from that at earlier times. In Fig. 6(b), for case Lz84,
regions of positive and negative velocity are markedly elongated in the streamwise (x) direction. This anisotropic velocity
pattern is associated with ELSS, whose streamwise length is much greater than those in the other directions. ELSS
structures with positive and negative velocity appear alternately in the spanwise direction. A previous study demonstrated
that the ELSS formation is driven by the mean shear effect enhanced by stable stratification (Akao et al., 2022). As L,
decreases, the spanwise arrangement of ELSS is altered because the distance between adjacent structures exceeds the
spanwise domain size. In case Lz84, the streamwise length of ELSS reaches approximately 80h,, as estimated from the
visible patterns of positive and negative velocity regions. Such elongated patterns are no longer observed in Lz07. In case
Lz14, the spanwise organization of ELSS seen in Lz84 is not clearly captured, since the spanwise domain size is
comparable to the width of a single ELSS structure.

In a stably stratified fluid, large-scale vertical motions are suppressed by buoyancy. Spanwise vortices, characterised
by such vertical motions at their peripheries, are generated during the transition from the initial KH instability. Their
presence is visible at t = 120t,. in Figs. 2(a) and 5(a), but they weaken as the flow evolves due to buoyancy suppression
(Smyth and Moum, 2000; Salehipour et al. 2015). When the spanwise domain size is large, interactions between
neighbouring spanwise vortices rapidly lead to their breakdown at early times, although this interaction is inhibited by
the finite-domain-size effect (Fritts et al., 2021; Watanabe and Nagata, 2021). For this reason, in Lz84 the spanwise
vortices are already absent at ¢ = 120¢,. in Figs. 2(b) and 5(b). Consequently, in the fully developed turbulent regime,
large-scale spanwise vortices are not visible in the flow visualisations or in the correlation profile of Fig. 13.

For the same flow configuration examined here, vortex identification using the @ criterion was tested in our
previous studies (Watanabe et al., 2016, 2019a). Vortices identified by the Q criterion are known to be nearly identical
to those obtained with the 1, method (Kolaf and Sistek, 2015). These schemes were found to be effective for visualizing
small-scale vortices but do not reveal information on large-scale structures such as the ELSS. Large-scale features are
more effectively examined using the velocity field, as velocity distributions are dominated by large-scale turbulent
motions rather than by vortical motions. For this reason, velocity contours are used in the present study to characterize
the spatial organization of ELSS. It should be noted that turbulent structures are not necessarily equivalent to vortices,
and the ELSS discussed here are not characterized by strong vortical motions.
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Fig. 7 Vertical profiles of mean streamwise velocity (u): (a) temporal evolution in Lz04; (b), (¢) L, dependence at (b)
t/t, =80 and (c) t/t, = 320.
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Fig. 8 Vertical profiles of mean density (p): (a) temporal evolution in Lz04; (b), (c) L, dependence at (b) t/t, = 80
and (¢) t/t, = 320.

3.2 One-point statistics of velocity and density

Flow visualizations have confirmed that spanwise confinement at small L, alters the transition process and ELSS
formation. The onset of these effects on the statistical behavior is examined below, beginning with one-point statistics of
velocity and density, followed by spectral and spatial correlation analyses in the next subsection.

Figure 7(a) shows the temporal variation of the vertical distribution of the mean streamwise velocity (u) in case
Lz07. Initially, the mean velocity varies within a thin shear layer of thickness h. As the turbulent shear layer develops,
vertical momentum transport causes the mean velocity distribution to broaden. Since turbulent transport is more active
at earlier times, the mean velocity shows minimal variation at later times as turbulence decays. This evolution of the
mean velocity profile is consistent with previous studies on stably stratified shear layers (Smyth and Moum, 2000;
Watanabe et al., 2016). Figures 7(b) and (c) compare the mean velocity profiles at t = 80t,, and 320¢, for different
L, cases. At early times, the mean velocity profile is largely insensitive to L,. However, at later times, the profiles in
cases Lz07 and Lz14 exhibit noticeable deviations from those in cases with larger L,, although the differences are
relatively small and remain within the magnitude of the corresponding turbulent fluctuations discussed below.

Figure 8 provides similar comparisons for the mean density profiles. Figure 8(a) shows the temporal variation in case
Lz07. Initially, the shear layer exhibits a distinct density jump at y = 0. As the turbulent shear layer develops, the mean
density profile broadens. Similar to the mean velocity, the mean density profile shows little temporal variation at later
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Fig. 10 Temporal variations of the dissipation rates in turbulent kinetic energy and density variance at the shear layer

center (y = 0).

times due to the decay of turbulence. Figures 8(b) and (c) indicate that the mean density profiles in cases Lz07 and Lz14
deviate from those observed in cases with larger L,.

Figure 9 compares the temporal variations of root-mean-squared (rms) velocity and density fluctuations. Until t =
100¢t,, the fluctuations increase due to turbulence generation by KH instability, and subsequently decrease as turbulence
decays. As observed in the mean velocity and density profiles, cases Lz07 and Lz14 exhibit different fluctuation behaviors
compared to larger L, cases. Specifically, the spanwise rms velocity fluctuation wy.,s is notably smaller in Lz07 during
the transition phase (t < 100t,). This is attributed to the sustained KH vortices discussed earlier, which are quasi-two-
dimensional and lack significant spanwise velocity fluctuations. In contrast, larger L, values allow for the rapid
breakdown of vortices, leading to the development of three-dimensional turbulence with larger w;.,,s. Correspondingly,
the vertical rms velocity fluctuation v, is larger in Lz07 during the transition phase, as the KH vortices with strong
vertical velocity components persist for a longer time. While Lz14 also shows deviations from larger L, cases, the
differences are less pronounced in the transitional regime (t < 100t,), and the transition process is not entirely altered
by spanwise confinement. Instead, the differences become more evident in the decay regime following the transition (¢t >
100¢,).

Figure 10 compares the dissipation rates of turbulent kinetic energy and density variance, defined respectively as
e = v{(0u;/ ax]-)Z) and y = x((dp’/ axj)Z). Both Lz07 and Lz14 exhibit notable differences from the larger L, cases.
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Fig. 11 Comparisons of (a) rms velocity fluctuations and (b) the turbulent kinetic energy dissipation rate between Lz14
and Lz14f.

These dissipation rates are determined by the velocity and density gradients, which are governed by small-scale turbulent
motions. The delayed formation of three-dimensional small-scale turbulence in cases with small L, leads to reduced
dissipation rates during the transition phase.

The comparisons of one-point statistics reveal that spanwise confinement affects flow evolution for L, < 14h,. More
specifically, L, = 7h, is insufficient to resolve the initial transition process, and the rms fluctuations in the spanwise and
vertical velocities are significantly altered by confinement effects. For L, = 14h,, the transition process remains similar
to that in large L, cases; however, the late-time behavior after the transition is still influenced by the limited domain size.

Figure 11 compares the rms velocity fluctuations and the turbulent kinetic energy dissipation rate between cases
Lz14 and Lz14f. The results are presented for a single DNS run without ensemble averaging, and both cases utilise the
same random number set to generate initial velocity fluctuations. These two cases employ computational grids with
different spatial resolutions. The results indicate that resolution has little influence on the temporal variations of these
quantities. This is because the grid size in Lz14 is already sufficient to resolve the small-scale velocity and density
fluctuations, as confirmed by the grid-dependence tests of the present numerical schemes (Watanabe et al., 2018a).

3.3 Energy spectra and auto-correlation functions

The relevance of spanwise domain size to flow behavior is further explored through analyses of energy spectra and
auto-correlation functions. This study focuses on confinement effects after the transition, which are likely related to the
formation of ELSS. The spectra and correlations are evaluated for the streamwise velocity, as its spatial distribution
characterizes the organization of ELSS.

We denote the Fourier transform of u in the streamwise direction as #i(k,,y, z,t), and its complex conjugate as
1*, where k, is the streamwise wavenumber. The energy spectrum of u is defined as E,,(k,,y,t) = R((@iii*)), where
R(f) denotes the real part of the complex variable f. The average (fifi*) is computed using spanwise averaging and
ensemble averages over repeated simulations.

This study considers the correlation of u between two points separated on a horizontal plane. The two-point
correlation function is defined as

c (u'(x,y,z,)u’(x + 1, ¥,z + 1, t))
e Us (¥, )

(4)

Previous studies have shown that ELSS structures develop near the center of the shear layer and do not extend into the
intermittent region (Watanabe et al., 2019a), where turbulent and non-turbulent fluids coexist and are separated by an
interface (Watanabe et al., 2017a; Neamtu-Halic et al., 2019). Therefore, the energy spectrum and correlation function
are evaluated at the center of the shear layer.

Figure 12 presents the energy spectra at different time instances for all simulation cases. The spectra are plotted
against the streamwise wavelength A, = 2m/k,, and are premultiplied by k,. When shown on a logarithmic scale, the
premultiplied spectrum is useful because the area under the curve visually represents the energy contribution from a
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Fig. 13 Comparisons of the premultipled spectra k,E, normalized by rms velocity fluctuations, s, between stably-
stratified shear layer (Lz84) and non-stratified shear layer with Ri = 0 (Watanabe and Nagata, 2021). The

spectra evaluated at y = 0 and ¢ = 320t, are plotted against wavelength (1, = 2m/k,) normalized by the
shear layer thickness §,,.

specific wavelength range in the logarithmic axis. This is evident when the relation u?,,; = [ 000 E,dk, isrewritten as

Ul = f kyEyd(loghky) = (log 2m) j ke Eyd(log 1,). )
0 0

The temporal evolution of the spectrum in Lz84 is consistent with previous studies of ELSS (Watanabe and Nagata,
2021). At t = 120¢t, in Fig. 12(a), the spectrum exhibits a single peak at 1,/hy = 20. By t = 240¢t, in Fig. 12(b),
this peak shifts to a smaller wavelength, 4,/h, = 10. Subsequently, a secondary peak emerges at a much larger scale,
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around A, /hy =~ 102, which begins to dominate at ¢ = 280t,. in Fig. 12(c), and surpasses the smaller-wavelength peak
by t = 320t, in Fig. 12(d). This large-wavelength peak is associated with ELSS formation, as visually observed in the
streamwise velocity distributions in Fig. 6(b). By t = 320¢t,, the formation of the large-scale peak at 4, /h, = 102 is
complete in cases Lz42, Lz56, and Lz84. In smaller L, cases, however, this secondary peak remains weak even at t =
320t,. Notably, the spectral shape in Lz07 and Lz14 differs significantly from early times. Despite all simulations using
the same streamwise domain size L, = 448h,, differences in L, lead to substantial variations in the streamwise
velocity distribution.
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Fig. 14 Two-dimensional auto-correlation functions of streamwise velocity, Ry, (7, 75, ¥, t), at y = 0 in Lz84: (a)
t =160t,; (b) t = 200t,; (c) t = 240¢t,; (d) t = 280¢,; (e) t = 320t,. The white lines indicate the isovalue

contours of R,,, = 0.
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Figure 13 compares the streamwise energy spectra for the present stably stratified case and a non-stratified case
(Ri = 0) from Watanabe and Nagata (2021). The spectra are plotted against the streamwise wavelength normalized by
the shear layer thickness &, which is defined as the distance between two locations of (u)/U, = +0.49. In the non-
stratified case, the spectrum exhibits a single peak at a wavelength comparable to the shear layer thickness, corresponding
to the characteristic large-scale structures whose size scales with the layer thickness. In contrast, the stably stratified case
shows two distinct peaks: the shorter peak wavelength is again close to the shear layer thickness, while the longer
wavelength—about times larger—is associated with the ELSS described in this study. The absence of the spectral peak
at A,/6, = 20 in the constant-density case indicates that ELSS do not form without stable stratification. This behaviour
is consistent with the understanding that ELSS formation occurs when the vertical growth of the turbulent shear layer is
inhibited by buoyancy effects (Akao et al., 2022).

Figure 14 presents the temporal variations of the two-point correlation function R,,,(7,1,) aty = 0 for case Lz84.
By definition, the correlation satisfies R, (1y,7;) =1 at (r,7;) = (0,0) and decreases as 7, and 7, increase. The
correlation distribution on the (7, ;) plane reflects the shape and configuration of turbulent structures. At early times,
large correlation values are concentrated near the origin. As time progresses, the correlation pattern extends in the
1, direction, corresponding to the formation of ELSS, which contributes to long-range correlations in the streamwise
direction. At t = 160t,, the isoline of R,,, = 0 reflects statistical oscillations around zero at large 1, and 7,
exhibiting no coherent pattern. At later times, the isoline becomes more distinct, indicating the establishment of large-
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Fig. 15 Two-dimensional auto-correlation functions of streamwise velocity, Ry, (7,17, V., t),at y =0 and t = 320¢,,
for (a) Lz07, (b) Lz14, (c) Lz28, (d) Lz42, (e) Lz56, and (f) Lz84.
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scale correlations due to ELSS formation. The ELSS organize the correlation structure over large 7, and 7, distances.
At t = 320t,, the positive correlation near the origin exhibits an “X” pattern, reflecting the meandering nature of ELSS,
which are not perfectly aligned with the streamwise direction. A similar correlation pattern was also reported in wall
turbulence, where turbulent structures similar to ELSS also develop near the wall (Hutchins and Marusic, 2007). This
meandering leads to the slanted correlation structure. Along the 7, axis at r, = 0, the correlation function oscillates
around zero: R,,, decreases to zero at 7, = 8h,, reaches a minimum at 1, & 12h,, and attains a local maximum at
1, = 25hy. This oscillation arises from multiple ELSS with alternating signs of streamwise velocity appearing in the
spanwise direction. The visualization in Fig. 6(b) confirms this configuration, showing elongated regions of u > 0 and
u < 0 alternating along the z axis. This characteristic ELSS structure is well captured in the correlation profile. The
correlation profiles show no evidence of spanwise vortical structures, indicating that such structures formed during the
initial transition phase do not influence the subsequent ELSS evolution.

Figure 15 compares the two-point correlation function at y =0 and t = 320¢t, for different L, cases. The
characteristic “X” pattern observed in the correlation function disappears when L, < 28h,. In case Lz28, negative R,
values are observed at 1, = 10h, and 7, = 0, indicating that ELSS with opposite signs of streamwise velocity
alternatively appear in the spanwise direction. The large positive correlation is distributed around (7, 17,;) = (0,0) over
a similar range of r, asin larger L, cases, suggesting that ELSS with long streamwise extent still form. However, in
Lz28, the positive correlation extends only along the 7, axis at r, = 0, lacking the “X” pattern. This implies that the
meandering feature of ELSS is no longer present. Further reduction in L,, as in cases Lz07 and Lz14, causes the region
of large positive correlation to become confined to small |r|. Thus, ELSS fail to develop when L, < 14h,, even though
the streamwise extent of the computational domain is much larger than the typical ELSS size.

The spanwise domain size significantly influences the one-point velocity and density statistics when L, is smaller
than 14h,, as shown in Sec. 3.2. While the Lz28 case fails to capture the meandering feature of ELSS, the spanwise
distribution of multiple ELSS is similar to that in larger L, cases, as evidenced by the two-point correlation function.
Nevertheless, Lz28 produces variations in one-point statistics that are comparable to those in larger L, cases. This
suggests that, although the meandering feature is a prominent characteristic of ELSS, it is not the dominant factor
governing flow statistics. Instead, the presence of multiple ELSS with alternating positive and negative streamwise
velocity fluctuations in the spanwise direction plays a more critical role. This interpretation is further supported by the
differences between Lz14 and larger L, cases, as the Lz14 case fails to reproduce multiple rows of ELSS in the spanwise
direction.

4. Conclusion

This study investigated the effects of spanwise domain size on the development and statistical properties of stably
stratified turbulent shear layers using direct numerical simulations. Special attention was given to the formation and
organization of elongated large-scale structures (ELSS), which are known to dominate the streamwise velocity field in
such flows. Flow visualizations, one-point statistics, energy spectra, and two-point correlation functions demonstrated
that the spanwise confinement significantly alters the transition process and ELSS formation when L, < 14h,. In
particular, the case with L, = 7h, failed to capture the transition to fully developed turbulence, and exhibited
suppressed spanwise velocity fluctuations during the transition. The L, = 14h, case reproduced the transition process
but deviated from larger L, cases in the decay regime. The analysis of energy spectra revealed that the emergence of a
secondary spectral peak at long wavelengths, associated with ELSS formation, requires a sufficiently large spanwise
domain. Correlation analyses confirmed that meandering ELSS contribute to long-range spatial organization in the
streamwise and spanwise directions. However, simulations with limited L,, such as Lz28, indicated that the meandering
of ELSS is not essential to capturing the bulk flow statistics, provided that multiple ELSS can still be represented across
the span. While the meandering feature of ELSS influences the flow structure, the presence of multiple alternating ELSS
in the spanwise direction plays a more decisive role in determining the statistical behavior of the flow.
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