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We quantify the nondimensional turbulent kinetic energy dissipation rate, Cε, in

compressible homogeneous isotropic turbulence using a direct numerical simulation

(DNS) database sustained by solenoidal linear forcing. Integral-scale Reynolds num-

bers are ReL0 = 140, 350, and 900, corresponding to Taylor–microscale Reynolds

numbers Reλ ≃ 40–150, and the turbulent Mach number spans MT0 = 0.3–0.9 in each

set. The velocity field is decomposed into solenoidal and dilatational components via

the Helmholtz decomposition, and dissipation measures are evaluated consistently for

each component. Global statistics of the nondimensional dissipation rate generally

agree with those reported in previous studies. A subdomain-based analysis provides

a local characterization of dissipation scaling in compressible isotropic turbulence.

When conditioned on locally evaluated Reλ, conditional averages of Cε collapse across

all cases and follow nonequilibrium scaling, Cε ∼ Re−1
λ , and the solenoidal contribu-

tion obeys the same scaling, Cεs ∼ Re−1
λ . In contrast, the dilatational contribution

is only weakly dependent on local Reλ and instead correlates with local compress-

ibility, increasing monotonically with the dilatational turbulent Mach number. These

results demonstrate that nonequilibrium dissipation is fundamentally local and that

compressibility enters primarily through intermittent dilatational dynamics.

a)Author to whom correspondence should be addressed: nagata.koji.2y@kyoto-u.ac.jp
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

I. INTRODUCTION

The dissipation rate of turbulent kinetic energy, ε, is a central quantity in turbulence and

underpins modeling and prediction across a wide range of flows.1 Under the equilibrium as-

sumption that the interscale energy flux balances viscous dissipation, Kolmogorov2–4 showed

that the nondimensional dissipation rate,

Cε =
εL

u3
rms

, (1)

approaches a constant, where urms is the root-mean-square (r.m.s.) velocity fluctuation and

L is a characteristic large-eddy length scale, typically the integral length scale. Consis-

tently, many studies report that Cε becomes approximately independent of the turbulent

Reynolds number Reλ = urmsλ/ν at sufficiently high Reynolds numbers,1,5–9 where λ is the

Taylor microscale and ν is the kinematic viscosity. In contrast, nonequilibrium dissipation

(Cε ̸= const.) has also been observed,1,10–13 motivating empirical and theoretical descriptions

of nonequilibrium scaling.1,11,14 More recently, Kitamura et al.15 derived an exact relation be-

tween Cε and an integrated form of the Kármán–Howarth equation for forced and decaying

homogeneous isotropic turbulence (HIT), providing a rigorous framework for interpreting

observed scalings.

While most evidence for nonequilibrium dissipation has been obtained in incompress-

ible flows, compressibility introduces additional dynamics that can alter dissipation path-

ways. In compressible turbulence, velocity fluctuations can be decomposed into solenoidal

(divergence-free) and dilatational (curl-free) components, and both contribute to kinetic-

energy dissipation. John et al.16 examined the corresponding nondimensional dissipation

rates and showed that the solenoidal contribution behaves similarly to its incompressible

counterpart: it tends toward an approximately constant value at sufficiently high Reλ (with

an improved collapse when a solenoidal Reynolds number is used), whereas a stronger Reλ

dependence remains at lower Reλ. In contrast, the dilatational contribution does not exhibit

a systematic collapse when plotted against Reλ alone and becomes approximately constant

only when the characteristic time scales of solenoidal and dilatational motions are com-

parable. From a scale-transfer perspective, Aluie17 showed that interscale transfer of mean

kinetic energy in compressible turbulence is dominated by scale-local interactions and, under

an additional assumption on pressure dilatation, supports an inertial-range cascade with an
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

approximately constant mean kinetic-energy flux despite density fluctuations and compres-

sion/expansion effects. Consistent with this picture, Pearson et al.18 demonstrated that in

statistically stationary, isotropic box turbulence with random transverse (solenoidal) forcing

and weak compressibility, the nondimensional dissipation rate based on the total velocity

field approaches an approximately constant value at sufficiently high Reλ. Moreover, Jagan-

nathan and Donzis19 reported a critical turbulent Mach number of Mt ≈ 0.3 that separates

two regimes and showed that the dilatational contribution to the normalized dissipation in-

creases markedly (in relative importance) for Mt ≳ 0.3, highlighting compressibility effects

beyond Reynolds-number dependence.

A key limitation of existing studies of compressible turbulence is that they primarily rely

on global statistics, which can mask strong spatio-temporal intermittency. In incompress-

ible grid turbulence, Zheng et al.20,21 demonstrated that a local nondimensional dissipation

rate (based on short-time averages) can follow nonequilibrium scaling even when the cor-

responding global value (based on long-time averages) is nearly Reλ-independent. These

results suggest that nonequilibrium behavior is fundamentally local and may not be de-

tectable from global averages alone. Motivated by this insight, the present work provides, to

our knowledge, the first local characterization of nondimensional dissipation in compressible

turbulence. Using a direct numerical simulation (DNS) database of compressible HIT, we

quantify Cε for the total velocity field and for its solenoidal and dilatational components,

both globally and locally. For the local analysis, the computational domain is partitioned

into cubic subdomains with side length on the order of the integral length scale, and subdo-

main statistics are used to assess local dissipation scaling and its dependence on Reynolds

number and turbulent Mach number. This local framework allows us to isolate how com-

pressibility enters the dissipation dynamics and to determine whether nonequilibrium scaling

persists at spatially local scales in compressible turbulence. Beyond the present dataset, this

subdomain-based conditional framework is broadly applicable to turbulent flows in which

strong spatio-temporal intermittency compromises the interpretability of long-time, whole-

domain averages. By conditioning dissipation measures on the instantaneous local flow state,

the approach (i) reduces scatter induced by global mixing of disparate local regimes, (ii) en-

ables separate assessment of Reynolds-number and compressibility (Mach-number) effects

within a unified similarity framework, and (iii) provides a practical route for comparing sim-

ulations and experiments on a common local basis. More generally, the same methodology
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

𝑙, 𝑁𝑙, 𝑁
𝑙, 𝑁

𝑥𝑦𝑧
FIG. 1: Triply periodic computational domain and coordinate system.

can be used to interrogate scaling laws, quantify intermittency, and benchmark turbulence

models whenever sufficiently resolved fields (or local measurements) are available.

The remainder of the paper is organized as follows: Sec. II describes the DNS database and

the analysis procedure; Sec. III presents the results; and Sec. IV summarizes the conclusions.

II. DNS DATABASE AND ANALYSIS

A. DNS database of compressible HIT

This section summarizes the DNS database of compressible HIT sustained by solenoidal

linear forcing; details of the numerical method and forcing strategy are provided in Refs. 22

and 23. Figure 1 shows the triply periodic cubic domain and the coordinate system used in

the present work.

Statistical stationarity is achieved by applying linear forcing to the solenoidal component

of the velocity field. In practice, additional forcing and cooling terms are included in the

momentum and energy equations to maintain a statistically steady state. The governing

equations are the nondimensional compressible Navier–Stokes equations with the perfect-

gas equation of state:

∂ρ

∂t
+

∂ρuj

∂xj

= 0, (2)
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

∂ρui

∂t
+

∂ρuiuj

∂xj

= −∂P

∂xi

+
1

Re

∂τij
∂xj

+ fi, (3)

∂ρT

∂t
+

∂ρTuj

∂xj

= −(γ − 1)P
∂uj

∂xj

+
γ

RePr

∂

∂xj

(

κ
∂T

∂xj

)

+
γ − 1

Re
τij

∂ui

∂xj

+ fe, (4)

P = ρT, (5)

where t is time, xi is the ith spatial coordinate, ρ is density, ui is the ith velocity component,

P is pressure, T is temperature, γ = 1.4 is the ratio of specific heats, κ is the thermal

conductivity, and τij is the viscous stress tensor, given by

τij = µ

(

∂ui

∂xj

+
∂uj

∂xi

− 2

3
δij

∂uk

∂xk

)

, (6)

where µ is the dynamic viscosity computed using Sutherland’s law and δij is the Kronecker

delta. Repeated indices imply summation. The terms fi and fe represent the forcing and

cooling contributions in the momentum and energy equations, respectively. The nondimen-

sional control parameters are the Reynolds number Re = ρrurlr/µr and the Prandtl number

Pr = µ̃cp/κ̃ = 0.71. Here, cp is the specific heat capacity at constant pressure and ·̃ de-
notes a dimensional quantity and the subscript r indicates the reference values used for

nondimensionalization.

The turbulent state is prescribed by four target parameters: the integral-scale Reynolds

number ReL0, the turbulent Mach number MT0, and the mean thermodynamic quantities

P0 and T0. Here, the subscript 0 denotes the target value in the statistically steady state.

The parameters ReL0 and MT0 are defined as

ReL0 =
ρ0u0L0

µ0

; MT0 =

√
3u0

a0
, (7)

with u0 the root-mean-square velocity fluctuation, L0 = u3
0/ε0 the integral length scale

(ε0 is the dissipation rate per unit mass), and a0 =
√
γRT0 the sound speed (R is the

gas constant). The reference quantities used for normalization in Eqs. (2)–(5) are lr = L0,

ur = u0, ρr = ρ0 = P0/RT0, µr = µ0 = µ̃(T0), κr = µ0cp/Pr.

Table I summarizes the flow conditions, the domain side length, and the grid resolution

N3. Three Reynolds numbers, ReL0 = 140, 350, and 900, are considered. For each ReL0, the

turbulent Mach number is set to MT0 = 0.3, 0.5, 0.7, 0.8, and 0.9. The domain size is fixed

at l = 5.5L0 for all cases. We emphasize that L0 is defined using the target dissipation rate

per unit mass, ε0, rather than the a posteriori dissipation rate obtained from the DNS. The
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

TABLE I: Flow parameters and numerical resolution for the DNS database of compressible

HIT.22,23

ReL0 MT0 l N
3

140 0.3, 0.5, 0.7, 0.8, 0.9 5.5L0 3853

350 0.3, 0.5, 0.7, 0.8, 0.9 5.5L0 7693

900 0.3, 0.5, 0.7, 0.8, 0.9 5.5L0 15373

target velocity scale u0 (and hence L0) is determined a priori from the input parameters

(T0, P0,MT0, ReL0) and the equation of state. The computational domain size is then set

before running the DNS. Hereafter, figure captions specify the flow conditions using ReL

and Mt. For example, “ReL900Mt0.9” indicates the case with ReL0 = 900 and MT0 = 0.9.

This simplified notation is appropriate because, in the statistically steady state, the attained

values satisfy ReL ≈ ReL0 and Mt ≈ MT0.
22

B. Helmholtz decomposition

We apply the Helmholtz decomposition to the velocity field u, writing it as the sum of

a solenoidal component us and a dilatational (irrotational) component ud. That is, u =

us + ud, with ∇ · us = 0 and ∇× ud = 0.

Because ud is irrotational, it can be expressed as the gradient of a scalar potential ϕ, i.e.,

ud = ∇ϕ. Taking the divergence of u = us + ud and using ∇ · us = 0 yields the Poisson

equation

∇2ϕ = ∇ · u. (8)

Thus, ϕ is obtained by solving ∇2ϕ = ∇·u (with the zero-mean mode set to ensure unique-

ness in a periodic domain).

The solenoidal component can be represented using a vector potential A as us = ∇×A.

Introducing the vorticity ω = ∇× u and using ∇× ud = 0 give

∇× us = ∇× u = ω. (9)

With the Coulomb gauge ∇ ·A = 0, we obtain ∇× (∇×A) = −∇2
A = ω, leading to the
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

Poisson equation

∇2
A = −ω. (10)

In the triply periodic domain, the Poisson equations for ϕ and A are solved efficiently in

Fourier space (with the zero-wavenumber mode handled to fix the arbitrary constant/gauge).

The decomposed fields are then obtained as

ud = ∇ϕ, us = ∇×A. (11)

C. Global and local scale analysis

To quantify dissipation scaling at spatially local scales—a central contribution of the

present work—we perform a subdomain-based analysis of the DNS fields. For each (ReL0,MT0)

case, the triply periodic computational domain is partitioned into non-overlapping cubic

subdomains whose side length is set equal to the integral length scale L evaluated from

statistics over the full domain. The subdomain side length is chosen to be of the order of

the integral length scale, ℓlocal ≃ L, because L characterizes the energy-containing eddies.

This choice provides a practical balance between spatial locality and statistical reliability:

overly large subdomains smear out local variability of large-scale motions and approach

global statistics, whereas overly small subdomains can suffer from insufficient convergence

and may introduce artifacts. To assess sensitivity to the subdomain size, we note that in our

previous grid-turbulence studies the main local scaling behavior was found to be essentially

insensitive to ℓlocal over broad ranges: 0.3L ≤ ℓlocal ≤ 5L in wind-tunnel experiments20 and

0.5L ≤ ℓlocal ≤ 2L in DNS.24 Accordingly, the choice ℓlocal ≃ L adopted here is expected

to be robust, at least for nearly homogeneous isotropic turbulence where L provides a nat-

ural outer scale for local averaging. Within each subdomain, we compute local statistics,

including the nondimensional dissipation rate Cε, the turbulent Reynolds number Reλ, and

the turbulent Mach number Mt. We then evaluate conditional averages of these quantities

conditioned on the local value of Reλ, which enables us to assess whether global scalings

persist locally and to isolate the effects of intermittency. In practice, to ensure adequate

sampling for conditional averaging, the range between the minimum and maximum local

values of Reλ in each case is divided into 25 logarithmically spaced bins, and ensemble

averages are computed within each bin. A bin is retained only if it contains at least 1/100
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

of the total number of subdomains; bins with fewer samples are excluded from the plots to

reduce statistical uncertainty. Throughout this paper, statistics computed over the entire

domain are referred to as “global”, whereas those computed within subdomains are referred

to as “local”.

Following Watanabe et al.,25 we define the integral length scale L from the second-order

structure function using the area-preserving representation of its gradient. We adopt this

definition instead of the more conventional integral length scale obtained from the integral

of the longitudinal two-point autocorrelation function, because in some of our cases the

autocorrelation does not decay to (or sufficiently close to) zero even at large r. In such situ-

ations, the correlation-based integral length scale becomes sensitive to finite-domain effects

and the choice of integration cutoff, and can therefore be ill-defined or poorly converged. In

practice, we evaluate the longitudinal second-order structure functions along the x, y, and

z directions using the corresponding velocity components,

⟨

(∆ruj)
2
⟩

=
⟨

(uj(x+ rej)− uj(x))
2⟩ , (ux, uy, uz) = (u, v, w), j ∈ {x, y, z}, (12)

where r is the separation distance, ej is the unit vector in direction j, and ⟨·⟩ denotes an

ensemble average. We then compute the derivative d⟨(∆ruj)
2⟩/dr and determine the integral

length as the values of r at which the area-preserving form

r
d

dr

⟨

(∆ruj)
2
⟩

(13)

attains its maximum when plotted against log r (i.e., in semi-log coordinates). The integral

length scale is then defined as the average

L =
1

3
(Lx + Ly + Lz) , (14)

where Lj denotes the integral length scale computed with the structure function of uj. The

solenoidal and dilatational integral length scales, Ls and Ld, are defined analogously using

the corresponding solenoidal and dilatational velocity components.

The Taylor microscale is calculated as

λj =
uj,rms

√

⟨

(∂uj/∂xj)
2⟩

(no summation over j), (ux,rms, uy,rms, uz,rms) = (urms, vrms, wrms),

(15)

λ =
1

3
(λx + λy + λz) . (16)
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

Here, the r.m.s. value of a quantity f is computed as frms =
√

⟨f 2⟩ − ⟨f⟩2.
The global length scales are computed in the same manner. We, however, restrict the

evaluation of the integral length scales in the global scale to the y and z directions (i.e.,

L = (Ly+Lz)/2) for computational convenience: in our MPI implementation, the domain is

decomposed along x. We confirmed that, at the global scale, Ly/Lz ∼ Lsy/Lsz ∼ Ldy/Ldz ∼
1.0, where Lsy and Lsz (Ldy and Ldz) denote the solenoidal (dilatational) integral length

scales in the y and z directions, respectively.

The mean dissipation rate per unit mass is computed as

ε = ⟨τijsij/Re⟩ / ⟨ρ⟩ , (17)

where sij =
1
2
(∂ui/∂xj + ∂uj/∂xi) is the strain-rate tensor. Then, Cε is computed by

Cε =
εL

u3
k,rms

, (18)

where uk,rms is the r.m.s. velocity defined with

uk,rms =

√

1

3
(u2

rms + v2rms + w2
rms). (19)

The turbulent Reynolds number is calculated by

Reλ =
⟨ρ⟩uk,rmsλ

⟨µ⟩ Re, (20)

and the turbulent Mach number by

Mt =

√
3uk,rms

√

γ⟨T ⟩
. (21)

III. RESULTS AND DISCUSSION

A. Global Statistics

1. Energy spectrum

Figure 2 shows the one-dimensional (longitudinal) energy spectrum of the z-velocity com-

ponent, w, denoted by Eww(kz). Here, η = (ν3/ε)
1/4

and uη = (ν ε)1/4 are the Kolmogorov

length and velocity scales, respectively, and kz is the z component of the wavenumber vec-

tor. In HIT, spectra are often reported as the isotropically averaged three-dimensional spec-

trum E(k) with k =
√

k2
x + k2

y + k2
z (kx, ky, and kz are the x, y, and z components of

9
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FIG. 2: One-dimensional longitudinal energy spectrum of the z-velocity component, w,

nondimensionalized using the Kolmogorov length and velocity scales, η and uη. For

reference, the figure also includes one-dimensional spectra of incompressible flows from

DNS of HIT26 and experiments of a boundary layer27,28 and grid turbulence.29

the wavenumber vector, respectively.). Here, we instead present one-dimensional longitudi-

nal spectra, such as Eww(kz), because this representation is commonly used in experiments

and allows direct comparison with available laboratory reference data in the same format.

Owing to statistical isotropy, the one-dimensional longitudinal spectra along different Carte-

sian directions are equivalent up to statistical uncertainty, and the use of (w, kz) is adopted

as a representative choice. Accordingly, comparing DNS and experimental spectra on the

same one-dimensional basis provides a consistent benchmark for assessing inertial-range-like

behavior and high-wavenumber trends across datasets. The corresponding spectra of the

solenoidal and dilatational components, Eww,s(kz) and Eww,d(kz), are shown in Fig. 3. For

consistency, η and uη computed from the total velocity field are used to nondimensionalize

all spectra.

The spectra of the total velocity and the solenoidal component exhibit a slope close to

−5/3 at low wavenumbers, consistent with inertial-range behavior and with the reference

one-dimensional spectra of incompressible flows from DNS of HIT26 and experiments of a

boundary layer27,28 and grid turbulence.29 At high wavenumbers, the total spectrum increases

with increasing MT0. This trend is primarily due to the dilatational component: Eww,d(kz)

is enhanced at high wavenumbers as MT0 increases, which elevates the total spectrum in

that range. These observations are consistent with previous results for stationary compress-
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FIG. 3: One-dimensional longitudinal energy spectra of (a) the solenoidal and (b) the

dilatational components of the velocity field, nondimensionalized using η and uη. The

reference spectra and plotting conventions are the same as in Fig. 2. The line styles are

also the same as in Fig. 2.

ible isotropic turbulence.19,30 Having characterized how compressibility redistributes kinetic

energy across scales, we now examine how these changes manifest in the nondimensional

dissipation rate and its solenoidal and dilatational contributions.

2. Nondimensional dissipation rate

To quantify the sampling used for the global statistics, we compute each global quan-

tity from a full-domain spatial average and then perform an ensemble average over five

snapshots. Using the integral time scale defined from the target values, T0 = L0/u0, the

spacing between consecutive snapshots is approximately 0.45T0 and the total sampling win-

dow spans about 1.85T0. While this time record is not long enough to assess convergence

by long-time averaging, the statistics at each snapshot are supported by full-domain spatial

averaging over a large number of grid points in a triply periodic domain. As an uncertainty

indicator, the snapshot-to-snapshot variability can be used to estimate the standard error of

the global averages based on the five realizations. For the local conditional statistics, parti-

tioning the domain into many subdomains provides a large number of local realizations for

the conditioning/binned averages, thereby improving the robustness of the inferred scaling
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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Bos et al. 

Goto and Vassilicos

Jagannathan and Donzis

(𝑀𝑡 = 0.1–0.6)

John et al. (𝑀𝑡 = 0.04–0.8)

Sakurai and Ishihara

FIG. 4: Global nondimensional dissipation rate Cε as a function of the turbulent Reynolds

number Reλ. The present DNS results are compared with reference data.16,19,31,32 Error

bars indicate the standard error estimated from the snapshot-to-snapshot variability

among the five sampled times (ensemble average of five full-domain spatial averages).

trends, even though each subdomain average involves fewer grid points than the full-domain

average.

Figure 4 shows the global nondimensional dissipation rate Cε as a function of the tur-

bulent Reynolds number Reλ, together with reference data from previous studies.16,19,31,32

For ReL0 = 140 and 350, the present results show that Cε is nearly independent of Reλ,

consistent with the reference trends. In contrast, for ReL0 = 900, Cε generally attains larger

values and exhibits relatively large scatter. As shown later, however, this potential lack of

convergence does not affect the local analysis, which is the primary focus of this study.

Next, we examine dissipation associated with the solenoidal and dilatational velocity

components. We first consider the one-point solenoidal and dilatational dissipation rates,

εs(x) and εd(x). Here and in what follows, (x) denotes a one-point (local) quantity, whereas

the same symbol without (x) denotes the corresponding ensemble average. The solenoidal

dissipation is computed analogously to the total dissipation, ε(x) = τijsij/(ρRe), as

εs(x) =
1

ρRe
τsijssij. (22)

Here, τsij and ssij are the viscous stress tensor and the strain-rate tensor, respectively, com-

puted using the solenoidal velocity component. For the dilatational component, we compute
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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FIG. 5: Probability density functions of the solenoidal and dilatational dissipation rates,

εs(x) and εd(x) for the case ReL0 = 900 and MT0 = 0.9. Dotted curves show Gaussian

distributions with the same mean and variance as the corresponding data.

the compressive (bulk) contribution as

εd(x) =
4

3

µ

ρRe

(

∂uj

∂xj

)2

. (23)

Note that a strict solenoidal–dilatational decomposition of viscous dissipation in compress-

ible turbulence may involve cross terms, so that ε(x) = εs(x) + εd(x) does not necessarily

hold pointwise. Here, Eq. (23) is used as a practical measure of the bulk (dilatational) con-

tribution associated with velocity divergence, rather than as an exact energetic partition

of ε(x). Cross terms that may arise in a strict solenoidal–dilatational decomposition can,

in principle, modify the quantitative partitioning between εs and εd and thus affect the

absolute level of Cεd. Nevertheless, the scaling tendencies emphasized in the present study

are expected to be insensitive to this approximation, because Eq. (23) is directly controlled

by (∇·u)2 and therefore captures the intermittent compressive events that dominate the

strongest dilatational activity in our DNS. Accordingly, our main interpretation of the di-

latational contribution focuses on the roles of local compressibility measures (e.g., Mt and

Mtd) and on the localization of large εd(x) in strongly compressive regions, rather than on

an exact energetic identity ε = εs+εd at the pointwise level. A fully exact energetic partition

including possible cross terms would be an interesting topic for future work, but is beyond

the scope of the present analysis.
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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FIG. 6: Visualization of (a) total, (b) solenoidal, and (c) dilatational dissipation rates on a

yz plane for the case ReL0 = 900 and MT0 = 0.9.
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FIG. 7: Visualization of (a) the local turbulent Mach number Mt(x) and (b) the local

velocity divergence ∇·u(x) on a yz plane for the case ReL0 = 900 and MT0 = 0.9.

Figure 5 shows probability density functions (PDFs) of the one-point solenoidal and

dilatational dissipation rates, εs(x) and εd(x). In Fig. 5, the dotted curves indicate Gaussian

distributions with the same mean and variance as the corresponding data. The PDF of

εd(x) exhibits a heavier tail toward large values than that of εs(x), indicating that the

dilatational dissipation is more intermittent and can attain much larger local magnitudes

than the solenoidal dissipation.

Figure 6 visualizes the dissipation fields on a yz plane for the case ReL0 = 900 and
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

MT0 = 0.9. The solenoidal dissipation εs(x) exhibits spatial features similar to those of the

total dissipation ε(x), whereas the dilatational dissipation εd(x) forms more localized and

intense structures. This observation is consistent with the PDFs in Fig. 5, which show a

heavier tail for εd(x). Figure 7 shows the corresponding fields of the local turbulent Mach

numberMt(x) and the velocity divergence ∇·u(x) on the same yz plane. The local turbulent

Mach number is defined analogously to Eq. (7), but using one-point quantities based on

the three-component velocity fluctuations. Comparing Figs. 6 and 7, regions of large εd(x)

tend to coincide with elevated Mt(x) and with strongly compressive events (large negative

∇·u(x)), suggesting that dilatational dissipation is amplified by compressibility and is

associated with shocklet-like structures.

These localized coincidences between large εd(x), elevated Mt(x), and strong negative

∇·u(x) are consistent with the interpretation that intermittent compressive events pro-

duce sharp gradients and thereby activate compressible dissipation pathways. In particular,

because εd(x) ∝ (∇·u)2, shocklet-like compressive events with large |∇·u| directly yield

intense, spatially localized dilatational dissipation. Such a gradient-driven intensification of

nonequilibrium activity around mesoscale interfaces/structures has been emphasized, for

example, in discrete Boltzmann studies of compressible Rayleigh–Taylor instability, where

nonequilibrium measures peak near interfaces with strong macroscopic gradients and are

generally enhanced as compressibility increases.33,34 More broadly, multiscale discrete Boltz-

mann modeling of high-speed compressible flows shows that strong nonequilibrium effects

become prominent around shock-related mesoscale structures, reflecting the role of rapid

compression/expansion in amplifying transport and dissipation contributions.35 Note that

the term “nonequilibrium” in Refs. 33–35 refers to thermodynamic/kinetic nonequilibrium

in the discrete-Boltzmann sense, which is distinct from the “nonequilibrium dissipation” ter-

minology used here for the Reynolds-number dependence of Cε. While the present HIT does

not contain a persistent mean shock, the observed shocklet-like events play an analogous

role by locally intensifying dilatational motions and hence the dilatational contribution to

dissipation.

The solenoidal and dilatational dissipation coefficients, Cεs and Cεd, are defined analo-

gously to Cε but are evaluated using the corresponding velocity component (solenoidal or
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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FIG. 8: Global nondimensional dissipation rates of (a) the solenoidal component Cεs and

(b) the dilatational component Cεd as functions of Reλ. The symbols are the same as in

Fig. 4. Error bars indicate the standard error estimated from the snapshot-to-snapshot

variability among the five sampled times.

dilatational) together with its associated integral length scale and dissipation rate, i.e.,

Cεs =
εsLs

u3
sk,rms

, Cεd =
εdLd

u3
dk,rms

. (24)

Here, usk,rms and udk,rms denote the solenoidal and dilatational r.m.s. velocities, respectively,

defined analogously to Eq. (19) using the solenoidal and dilatational velocity components.

Comparing Fig. 4 (total) and Fig. 8(a) (solenoidal component) shows that the Reλ de-

pendence of Cεs closely mirrors that of the total Cε. Figure 8(b) shows the corresponding

dilatational coefficient Cεd as a function of Reλ. When plotted against Reλ, Cεd exhibits large

scatter [Fig. 8(b)], a feature also reported by John et al.16 As shown later, this scatter is

markedly reduced in the local analysis, where conditioning on the local flow state decreases

variability. Despite the scatter, Cεd shows an overall decreasing trend with increasing Reλ.

To examine Reynolds-number measures appropriate for each component, we plot Cεs

against the solenoidal turbulent Reynolds number Reλs and Cεd against the correspond-

ing dilatational value Reλd in Figs. 9(a) and (b), respectively. Here, Reλs and Reλd are

defined in the same manner as Reλ, but are evaluated using the corresponding velocity

component (solenoidal or dilatational) and its associated Taylor microscale, i.e., Reλs =

⟨ρ⟩usk,rmsλsRe/⟨µ⟩ and Reλd = ⟨ρ⟩udk,rmsλdRe/⟨µ⟩. Figure 9(a) shows that the trend of Cεs
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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FIG. 9: Global nondimensional dissipation rates plotted against component-based

turbulent Reynolds numbers: (a) Cεs vs. Reλs and (b) Cεd vs. Reλd. The symbols are the

same as in Fig. 4. Error bars indicate the standard error estimated from the

snapshot-to-snapshot variability among the five sampled times.
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FIG. 10: Global nondimensional dissipation rate Cε as a function of the turbulent Mach

number Mt. The symbols are the same as in Fig. 4. Error bars indicate the standard error

estimated from the snapshot-to-snapshot variability among the five sampled times.

with Reλs is similar to that with Reλ. In contrast, Fig. 9(b) indicates that Cεd collapses

better when plotted against Reλd than against Reλ [cf. Fig. 8(b)]. Specifically, Cεd decreases

with increasing Reλd and tends toward an approximately constant value at sufficiently large

Reλd.
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence
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FIG. 11: Global dilatational dissipation measure C ′

εd = εdL/u
3
rms plotted against (a) Mt

and (b) the dilatational turbulent Mach number Mtd. The symbols are the same as in

Fig. 4. Error bars indicate the standard error estimated from the snapshot-to-snapshot

variability among the five sampled times.

Compressibility may influence the nondimensional dissipation rate through the dilata-

tional contribution, and therefore through the turbulent Mach number Mt. Figure 10 shows

Cε as a function of Mt. Overall, Cε exhibits only a weak dependence on Mt, and the variation

becomes particularly small at larger Mt. The present results are consistent with previously

reported trends. The scatter seen in global statistics is markedly reduced in the local analy-

sis, as shown later. To isolate the Mach-number dependence of the dilatational dissipation,

we also examine the normalization introduced by Jagannathan and Donzis19:

C ′

εd =
εdL

u3
rms

, (25)

where L and urms are based on the total velocity fluctuations. Figure 11(a) shows that

C ′

εd increases with increasing Mt, consistent with Ref. 19. Figure 11(b) plots C ′

εd against

Mtd. Here, the dilatational turbulent Mach number Mtd is defined analogously to Eq. (21),

but using the r.m.s. dilatational velocity fluctuations. A similar increasing trend is observed,

reflecting the growth of dilatational motions with increasing compressibility. As shown later,

however, the corresponding local relationships differ substantially from these global trends.
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FIG. 12: Conditional averages of Cε as a function of the locally evaluated Reλ for all cases.

The dotted line indicates a slope of −1. The symbols are the same as in Fig. 4.
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FIG. 13: Conditional averages of (a) Cεs and (b) Cεd as functions of the locally evaluated

Reλ for all cases. The dotted line in (a) indicates a slope of −1. The symbols are the same

as in Fig. 4.

B. Local-scale statistics

Figure 12 shows conditional averages of Cε as a function of the locally evaluated Reλ for

all cases. All data collapse onto an approximately single straight line on the log–log plot

with a slope close to −1, providing clear evidence of nonequilibrium scaling, Cε ∼ Re−1
λ ,

at spatially local scales. We note that the global-to-local difference does not imply that
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FIG. 14: Conditional averages of (a) Cεs conditioned on Reλs and (b) Cεd conditioned on

Reλd for all cases. The dotted lines indicate a slope of −1. The symbols are the same as in

Fig. 4.

Reλ is irrelevant. Rather, global averaging can mask local dependences in the presence of

strong spatio-temporal intermittency. To clarify the role of Reλ as a governing parameter,

we emphasize that the local and global dissipation coefficients are defined through different

averaging operations. The global coefficient is evaluated from globally averaged quantities,

whereas the local coefficient is formed within each subdomain using local velocity and length

scales and is then averaged or conditionally averaged. Because the normalization involves

nonlinear combinations of fluctuating quantities, averaging and normalization are not com-

mutative in general, and therefore an average (or spatial integration) of the locally defined

Cε is not expected to exactly recover the global value in principle. In this context, Reλ is

used as an effective similarity parameter for organizing the local dissipation statistics, partic-

ularly for the solenoidal (vortical) contribution, while compressibility effects are expected to

enter primarily through dilatational dynamics and are better characterized by Mach-number

measures, as examined below.

Figure 13 shows the corresponding conditional averages of the solenoidal and dilatational

contributions, Cεs and Cεd. As in the global statistics, the profiles of Cε and Cεs are similar,

whereas Cεd is nearly independent of the local Reλ. Figure 14(a) shows Cεs conditioned on

the solenoidal turbulent Reynolds number Reλs. The resulting profiles are very similar to

those obtained when conditioning on Reλ, indicating that the solenoidal scaling is insensitive
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FIG. 15: Conditional averages of Cε as a function of the locally evaluated Mt for all cases.

The dotted line indicates a slope of −2. The symbols are the same as in Fig. 4.

10
-1

10
0

10
-4

10
-3

10
-2

10
-1

10
0

𝑀𝑡

𝜀 𝑑

FIG. 16: Conditional averages of εd as a function of the locally evaluated Mt for all cases.

The symbols are the same as in Fig. 4.

to the specific Reynolds-number definition used here. In contrast, Fig. 14(b) shows that

the dilatational dissipation collapses when conditioned on Reλd and follows a clear scaling,

Cεd ∼ Re−1
λd .

We next examine the dependence on the local Mach number. Figure 15 shows conditional

averages of Cε as a function of the locally evaluated Mt for all cases. Overall, Cε decreases

with increasingMt and approximately follows a slope close to −2. Unlike the Reλ dependence

in Fig. 12, however, the data do not collapse. This lack of collapse suggests that Mt alone

is not an appropriate similarity parameter for the total dissipation. Instead, compressibility
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FIG. 17: Conditional averages of C ′

εd = εdL/u
3
rms as a function of the locally evaluated Mtd

for all cases. The symbols are the same as in Fig. 4.

effects are expected to enter primarily through the dilatational dissipation, which should

correlate more directly with Mt. This expectation is supported by Fig. 16, which shows the

conditional averages of εd as a function of Mt. Motivated by the global analysis in Fig. 11, we

therefore examine the dilatational dissipation measure C ′

εd as a function of the dilatational

turbulent Mach number Mtd. Figure 17 shows that C ′

εd increases monotonically with Mtd in

the local analysis. This trend is consistent with the corresponding global relationship and

contrasts with the Reynolds-number dependence, which differs markedly between global and

local statistics.

IV. CONCLUSIONS

We investigated nonequilibrium dissipation scaling in compressible HIT using a direct

numerical simulation database sustained by solenoidal linear forcing. The integral-scale

Reynolds numbers were ReL0 = 140, 350, and 900, and the turbulent Mach number spanned

MT0 = 0.3–0.9 in each Reynolds-number set. To isolate compressibility effects, we decom-

posed the velocity field into solenoidal and dilatational components via the Helmholtz de-

composition and evaluated the corresponding dissipation measures both globally and locally.

For the local analysis, the triply periodic domain was partitioned into non-overlapping cu-

bic subdomains with side length of the order of the integral length scale, and conditional

averages were computed using locally evaluated flow quantities.
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

Energy spectra confirmed inertial-range-like behavior for the total and solenoidal velocity

fields, with a slope close to −5/3 at low wavenumbers. At high wavenumbers, the total spec-

trum increased with increasing MT0 at fixed ReL0, primarily due to an enhancement of the

dilatational spectrum. The one-point statistics further showed that the dilatational dissipa-

tion exhibits stronger intermittency than the solenoidal dissipation, with intense localized

events associated with large negative velocity divergence and elevated local turbulent Mach

number.

Global statistics showed that Cε is nearly independent of Reλ at ReL0 = 140 and 350, con-

sistent with reference trends, although Cε at ReL0 = 900 generally attains larger values and

exhibits relatively large scatter. The solenoidal dissipation coefficient Cεs closely mirrored

the behavior of the total Cε when plotted against Reλ, whereas the dilatational coefficient

Cεd displayed substantial scatter in global plots. When plotted against component-based

Reynolds numbers, Cεd collapsed more clearly with Reλd and tended toward an approx-

imately constant value at sufficiently large Reλd. Consistent with previous work, the di-

latational dissipation measure C ′

εd increased with increasing Mt and with the dilatational

turbulent Mach number Mtd.

The central result of this work is obtained from the local-scale analysis. Because the

aforementioned global trends can be obscured by spatio-temporal intermittency, we therefore

focus on subdomain-based local statistics that condition on the instantaneous local flow

state. Conditional averages of the local dissipation coefficient collapsed across all cases when

plotted against the local Taylor–microscale Reynolds number, yielding a clear nonequilibrium

scaling, Cε ∼ Re−1
λ . The solenoidal contribution exhibited the same nonequilibrium scaling,

Cεs ∼ Re−1
λ , and this result was insensitive to whether conditioning was performed using

Reλ or Reλs. In contrast, the dilatational contribution was nearly independent of the local

Reλ when conditioned on Reλ, indicating that Reynolds number alone does not control the

dilatational dissipation at local scales. However, the dilatational dissipation collapsed when

conditioned on Reλd and followed Cεd ∼ Re−1
λd .

Local conditioning on Mach number revealed a qualitatively different behavior from

Reynolds-number conditioning. Although Cε decreased with increasing local Mt, the data

did not collapse, suggesting that Mt alone is not an appropriate similarity parameter for the

total dissipation. By contrast, the dilatational dissipation correlated strongly with compress-

ibility: the conditional averages of εd increased with local Mt, and the dilatational dissipation
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

measure C ′

εd increased monotonically with Mtd in the local analysis. These results indicate

that compressibility effects enter the dissipation dynamics primarily through dilatational

motions and that the associated contribution is better characterized by local Mach-number

measures than by Reλ alone.

Overall, our findings demonstrate that nonequilibrium dissipation scaling is fundamen-

tally local in compressible HIT and persists robustly in the total and solenoidal dissipation

coefficients. At the same time, compressibility manifests itself mainly through intermittent,

localized dilatational dissipation that is controlled by local compressibility measures rather

than by the global Reynolds number. The present local framework provides a useful route

for separating Reynolds-number and Mach-number effects and for interpreting dissipation

scaling in compressible turbulence.

In summary, the present local results suggest that Reynolds-number effects primarily

organize the solenoidal dissipation dynamics, whereas Mach-number effects enter predomi-

nantly through intermittent dilatational activity. We note that the present Reynolds- versus

Mach-number role separation has been established within the parameter range explored here

(ReL ≃ 140–900 and Mt ≃ 0.3–0.9) and for the present solenoidal linear forcing with cool-

ing. Several promising directions would be valuable for further confirmation and broader

applicability, including extension to higher Reynolds numbers, an expanded Mach-number

range (especially at higher compressibility where shocklets become more prominent), and al-

ternative forcing strategies or flow configurations (e.g., shear and wall-bounded compressible

turbulence). In addition, applying the same local, state-conditioned diagnostics to assess and

guide turbulence-model development (e.g., LES/RANS closures) is a promising avenue en-

abled by the present framework. Such extensions would help assess the robustness of the local

nonequilibrium scaling and further clarify the respective roles of Reynolds number and Mach

number in other turbulent flows whenever sufficiently resolved local statistics are available.

Importantly, while the present approach of local, state-conditioned statistics is transferable

in spirit, its implementation in non-homogeneous flows requires appropriate adaptations,

for example by using position-dependent reference scales and analysis volumes aligned with

the relevant outer scales (e.g., wall distance or shear/shock length scales), rather than a

uniform partition with a single global L. Moreover, in more realistic compressible turbulent

flows, additional mechanisms—such as mean-shear production and anisotropy, wall friction

and heat transfer, strong thermodynamic property variations, and persistent shock-induced
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Local nonequilibrium dissipation scaling in compressible homogeneous isotropic turbulence

large gradients—may modify the quantitative scaling trends and the relative importance

of solenoidal versus dilatational contributions. Accordingly, the present results should be

viewed as a baseline established in solenoidally forced compressible HIT, and extensions to

such flows would be valuable to assess how these additional effects reshape local dissipation

scaling.
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