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The present study experimentally investigates the scale-dependent characteristics of

shear layers in turbulence subject to axisymmetric expansion. Turbulence is generated

by opposed multiple-jet arrays, in which two opposing nearly homogeneous isotropic

turbulent flows collide and form an axisymmetric straining field. Two-dimensional,

two-component particle image velocimetry is used to measure velocity fields, and

shear layers are analyzed with the triple decomposition applied to filtered velocity

gradients with filter sizes on the order of 102 times the Kolmogorov scale. Condi-

tional averaging in a local coordinate aligned with shear layers reveals that intense

shear is concentrated in layer-like regions. The normalized profile of conditionally

averaged shear vorticity is nearly independent of filter size, indicating self-similar

shear layers at different scales. The mean velocity jump across the shear layer in-

creases with shear-layer thickness and follows the scaling predicted by Kolmogorov’s

second similarity hypothesis. The orientation dependence of shear layers is also ex-

amined. Shear layers are less frequently observed with orientations nearly parallel

to the expansion direction than to the compression axis, and this tendency becomes

more pronounced at larger scales. The normalized velocity jump increases as the layer

orientation approaches that parallel to the compression axis, indicating that the ve-

locity fluctuations enhanced by axisymmetric expansion in that direction strengthen

the shear. The aspect ratio becomes larger for layers nearly perpendicular to the

compression axis, suggesting that the imposed strain flattens shear layers depending

on their alignment. These results indicate that the anisotropy of shear-layer charac-

teristics induced by axisymmetric expansion becomes more evident at larger scales.

a)Author to whom correspondence should be addressed: watanabe.tomoaki.8x@kyoto-u.ac.jp
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I. INTRODUCTION

Turbulence subject to fluid deformation caused by mean velocity gradients is an im-

portant topic in fluid mechanics.1,2 Depending on the form of the mean velocity gradient

tensor Aij = ∂⟨ui⟩/∂xj, defined in terms of the mean velocity ⟨ui⟩, turbulence properties

are modified by the deformation. Theoretical studies often consider initially homogeneous

isotropic turbulence subject to specific forms of ∂⟨ui⟩/∂xj, such as mean shear, plane strain,

and axisymmetric expansion or contraction.1,3,4 Turbulent flows encountered in engineering

applications and environmental settings often evolve under the influence of mean velocity

gradients. Large-scale velocity distributions in the ocean and atmosphere generate mean

shear, which contributes to turbulence production.5,6 Flow near the stagnation point around

bodies is strongly influenced by mean strain, making this phenomenon relevant to airfoil

performance.7–9 Understanding the effects of mean deformation on turbulence is crucial for

the further development of turbulence models and theories.

One of the simplest forms of mean deformation is axisymmetric strain, which is described

by

A =











∂⟨u⟩/∂x ∂⟨u⟩/∂y ∂⟨u⟩/∂z
∂⟨v⟩/∂x ∂⟨v⟩/∂y ∂⟨v⟩/∂z
∂⟨w⟩/∂x ∂⟨w⟩/∂y ∂⟨w⟩/∂z











=











−S 0 0

0 S/2 0

0 0 S/2











(1)

where u, v, and w are the velocity components in the x, y, and z directions, respectively.

Axisymmetric expansion and contraction are represented by Eq. (1) with S > 0 and S < 0,

respectively. When initially homogeneous isotropic turbulence is subjected to axisymmetric

expansion or contraction, the flow becomes increasingly anisotropic. For axisymmetric ex-

pansion, the velocity variance in the axial compression direction, ⟨u′2⟩, becomes greater than

those in the other expansion directions, ⟨v′2⟩ and ⟨w′2⟩, where f ′ = f −⟨f⟩ denotes the fluc-
tuating component of f .10–13 In addition, the longitudinal integral scale of u becomes larger

than those of the other components. The opposite trends occur in axisymmetric contrac-

tion.14–20 These changes have been consistently reported in experiments and direct numerical

simulations (DNS). Turbulence subjected to axisymmetric strain has also been studied us-

ing rapid distortion theory (RDT), which assumes that the mean strain acts on a timescale

much shorter than the turbulence timescales.1,4 Even when the strain and turbulence have

comparable timescales, some strain effects observed in experiments and DNS are quali-
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tatively consistent with RDT. However, several important deviations have been reported.

RDT predicts an upper bound for the changes in the velocity variance ratios, ⟨u′2⟩/⟨v′2⟩ and
⟨u′2⟩/⟨w′2⟩.1 Experiments and DNS under slow strain have consistently reported changes in

these ratios that exceed the RDT upper bound.10,11,13 Another important difference appears

in the energy spectrum of velocity fluctuations. At high Reynolds number, RDT predicts

that the −5/3 law in the inertial subrange remains valid even under axisymmetric strain.

However, high-Reynolds-number experiments have shown that the slope of the energy spec-

trum becomes steeper and more gradual than the −5/3 law under axisymmetric expansion

and contraction, respectively.13,16 In addition, the scaling exponent of velocity structure

functions in turbulence subjected to axisymmetric expansion differs from that in other tur-

bulent flows.13 These scale dependencies of turbulent velocity fluctuations in axisymmetric

expansion and contraction exhibit significant differences from those in other turbulent flows

and deserve further investigation.

One important approach to characterizing turbulence is based on its structures, which

appear as characteristic patterns in the distributions of flow variables. Flow structures are

commonly identified using quantities defined from the velocity gradient tensor ∂ui/∂xj.

Previous studies have identified two structures associated with vorticity, depending on the

geometry and origin of the vorticity. One is a vortex tube, in which intense vorticity is

concentrated in a tubular region.21 The vorticity in a vortex tube is attributed to rigid-

body rotation.22 Another is a vortex sheet, which has a layer-like shape.23 A vortex sheet

is characterized by shear, which contributes to the vorticity within it.22,24 Therefore, recent

studies often refer to a vortex sheet simply as a shear layer.25 Early studies of vortical

structures focused mainly on vortex tubes, for which various identification methods have

been proposed, such as the Q-criterion26 and the λ2-criterion
27,28. Observations of flow fields

in coordinates aligned with vortex tubes have revealed various properties, such as their

diameter, azimuthal velocity, and vortex stretching induced by the surrounding strain.29–32

Compared with vortex tubes, shear layers were less investigated in early studies, possibly

because of the difficulty in identifying their location and orientation, both of which are

essential for observing the local flow pattern around them.

A recent development in shear layer identification has led to extensive research on shear

layers in turbulent flows. These studies adopt the triple decomposition of the velocity gra-

dient tensor, which decomposes local fluid motion into three components: elongation, rigid-
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body rotation, and pure shear.33 The shear component of the velocity gradient tensor can

be utilized to identify the location and orientation of shear layers. The mean flow field ob-

served in a local coordinate aligned with the shear layer has shown that the width and

shear-related velocity jump across the shear layer scale with the Kolmogorov length and

velocity scales.25,34,35 Shear layers experience biaxial strain, in which fluid within the shear

layer is compressed in the layer-normal direction and stretched in the vorticity direction.

The interaction between vorticity due to shear and the surrounding strain contributes to

enstrophy production and strain self-amplification, both of which are essential dynamical

properties of turbulence.25 The triple decomposition also splits the vorticity vector into rigid-

body rotation and shear components. The velocity fields induced by these two components

can be reconstructed using the Biot-Savart law applied to the decomposed vorticity vectors.

Analyses based on this velocity decomposition have confirmed that important turbulence

characteristics, such as energy cascade and momentum and scalar transfer, are dominated by

the shear-induced velocity.36 The shear layers can become unstable, leading to vortex for-

mation.23,37–39 This instability process promotes turbulent entrainment and passive-scalar

mixing at small scales.40,41 These analyses of shear layers are based on the triple decom-

position applied to the velocity gradient tensor, which is dominated by small-scale velocity

fluctuations. The decomposition can also be applied to the gradient of spatially filtered ve-

locity to investigate the scale-dependent properties of shear layers. The scale dependence

of shear layers has been investigated using velocity data obtained by two-dimensional, two-

component particle image velocimetry (PIV) in nearly homogeneous isotropic turbulence.42

It was shown that self-similar shear layers exist over a wide range of scales. The velocity

jump across shear layers within the inertial subrange was also shown to be predictable based

on Kolmogorov’s second similarity hypothesis.

Beyond the triple-decomposition-based analyses described above, related approaches have

also been developed to characterize local motions from the velocity-gradient tensor. Ap-

proaches based on the Schur decomposition have separated normal and non-normal contri-

butions to local velocity-gradient dynamics, showing the importance of non-normal, shear-

related motions in homogeneous isotropic turbulence and spatially developing inhomoge-

neous turbulent flows.43,44 The Schur-decomposition framework has also provided a stan-

dardized real Schur-form formulation of the triple decomposition and has been used to char-

acterize shearing, elongating, and rotating motions in turbulent flow fields.45,46 In addition,

4

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
3
3
7
9
2
4



normality-based analyses of filtered velocity gradients using velocity-gradient partitioning

have supported the relevance of shear layers to the energy cascade.47,48

The previous findings show that axisymmetric strain can modify not only one-point veloc-

ity statistics but also scale-dependent velocity fluctuations. These results provide motivation

to examine whether turbulence structures associated with scale-dependent motion are also

affected by axisymmetric strain. The preceding studies show that shear layers identified by

the triple decomposition play an important role in the dynamical properties of turbulence,

including enstrophy production, strain self-amplification, energy cascade, and momentum

and scalar transfer. However, their scale-dependent characteristics have been investigated

mainly in nearly homogeneous isotropic turbulence. It therefore remains unclear whether the

self-similar structure of shear layers and the scaling of the velocity jump across them are pre-

served when turbulence is subjected to mean strain. It is also unknown how the anisotropy

induced by axisymmetric expansion affects the orientation and geometry of shear layers.

The present study addresses this issue by experimentally investigating the scale-dependent

characteristics of shear layers in turbulence subject to axisymmetric expansion generated

by opposed multiple-jet arrays (OMJA). The OMJA facility was developed in our previous

study to experimentally realize turbulence subject to axisymmetric expansion. Each of the

two opposing jet arrays generates nearly homogeneous isotropic turbulence in a duct. The

collision of the two opposing turbulent flows creates an axisymmetric straining field into

which the turbulent flows enter. Using this facility, the present study experimentally investi-

gates the scale-dependent characteristics of shear layers under the influence of axisymmetric

expansion.

The paper is organized as follows. Section II provides an overview of the experimental

setup, including the OMJA facility and measurement details. Section III describes the shear

layer analysis based on the triple decomposition of the filtered velocity gradient tensor.

Section IV presents the characteristics of shear layers at different scales. Finally, the main

findings are summarized in Sec. V.
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Plenum chamber Inner duct Outer duct

300
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M = 12
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O

FIG. 1. Schematic illustration of the opposed multiple-jet arrays (OMJA). All dimensions are given

in mm.

II. VELOCITY MEASUREMENTS OF TURBULENCE GENERATED BY

OPPOSED MULTIPLE-JET ARRAYS

The present study analyzes velocity datasets of turbulence subject to axisymmetric ex-

pansion in the OMJA facility, obtained in our previous study,13 in which measurements were

conducted using two-dimensional, two-component PIV.13 Our previous study presented de-

tails of the facility and the PIV system and revealed anisotropy induced by axisymmetric

expansion through conventional velocity statistics, such as mean velocity, Reynolds stress,

and energy spectra.13 The experiments reported in Ref. 13 are briefly described here. The

present study investigates shear layers across different scales, which could not be assessed

from the results presented in our previous study.13
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A. Opposed multiple-jet arrays

Figure 1 shows a schematic of the OMJA facility.13 It has a symmetric layout with

two multiple-jet generators and a test section consisting of inner and outer ducts. The

x, y, and z directions are aligned with the jet direction, the vertical direction, and the

remaining orthogonal direction, respectively, and the origin is set at the center of the test

section. Each jet generator consists of a plenum chamber and an air supply system. The

chamber has an inner diameter of 155.2 mm and a length of 160 mm. Each plenum chamber

is equipped with Laval nozzles arranged in a 6 × 6 array with a center-to-center spacing

of M = 12 mm. Each nozzle has a throat diameter of 4.12 mm, an outlet diameter of

4.31 mm, and an inlet diameter of 6.3 mm. The nozzle outer diameter is 7.5 mm. Two

400 l air tanks (Anest Iwata, SAT-400C-140) are connected to the plenum chambers via

moisture separators (SMC, AF800-14), pressure regulators (SMC, AR825-14G), and solenoid

valves (SMC, VXP2380-14-5G). Prior to the experiments, compressed air with a gauge

pressure of approximately 0.9 MPa is stored in each tank using oil-free compressors (Anest

Iwata, TFP75CF-10) through refrigerant-type dryers (Orion Machinery, RAX8J-SE-A1).

The compressed air is supplied to the plenum chambers from the backplate when the valves

are opened. The pressure regulators are adjusted to maintain the plenum pressure at 300

kPa in absolute pressure, for which the nozzles are designed to generate fully expanded

supersonic jets with a Mach number of 1.36, corresponding to a jet velocity of 404 m/s.

Unless otherwise noted, pressure values in this paper are given as absolute pressures. The

pressure in the test section is approximately atmospheric; our previous measurement showed

that the mean gauge pressure at the test-section center is approximately 102 PaG, which

is much smaller than atmospheric pressure.13 The jet Mach number was verified using the

Prandtl formula49 applied to schlieren visualizations near the nozzles in our previous study.50

The jet Reynolds number, based on the jet velocity and nozzle outlet diameter, is 1.9× 105.

The inner and outer ducts have square cross sections with internal dimensions of 100 ×
100 mm2 and 200×200 mm2, respectively. The inner ducts are connected to the front of the

plenum chambers. In each inner duct, the interaction of 36 jets generates decaying nearly

homogeneous isotropic turbulence, and its formation process through jet interaction has

been investigated in previous studies.50–53 Two incoming turbulent flows collide between the

ends of the two inner ducts and enter the outer duct while spreading radially. Eventually,
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the flow is ejected from the end of the outer duct. The collision of the opposing flows forms a

stagnation region and thus generates axisymmetric strain, with compression in the jet-flow

direction and expansion in the radial direction. The properties of the strain field and the

incoming turbulent flows depend on the test section geometry. Experiments were conducted

for six different sets of the inner duct length DI and the nozzle-to-nozzle spacing between

the two jet arrays, DN . These two parameters determine the gap between the inner duct

ends, defined as DE = DN − 2DI . These lengths are illustrated in Fig. 1.

Although the ducts and nozzle arrays have square cross sections, the term axisymmet-

ric expansion in this study refers to the measured mean-strain field, rather than to the

exact geometry of the facility. The square nozzle arrangement is used to generate nearly

homogeneous isotropic turbulence through multiple-jet interaction in the inner ducts. The

axisymmetric strain is produced by the collision of the opposed turbulent flows and their

subsequent spreading in the transverse directions from the inner ducts to the outer duct.

In our previous study using the same OMJA facility13, the mean velocity-gradient tensor

was shown to satisfy Axx : Ayy : Azz = −2 : 1 : 1 in the central measurement region, ap-

proximately for |x/M | < 3 and |y/M | < 1.5, where x is the compression axis and the y and

z directions correspond to the expansion directions. The transverse extent of this measure-

ment region is well within the inner-duct cross section of (8.3M)2 and is away from the duct

walls. Although the facility itself is not geometrically axisymmetric, the flow analyzed in the

present study is well approximated by axisymmetric expansion in terms of the mean-strain

field.

B. Velocity measurements

Velocity measurements were conducted using PIV near the center of the test section.

Tracers were seeded into the incoming turbulent flows by ethanol condensation. A small

amount of ethanol was evaporated into the air within the plenum chambers. Fluid expan-

sion in the Laval nozzles leads to ethanol condensation, generating tracer particles. This

seeding technique, based on condensation in nozzles, has been widely used in high-speed

flows because it generates very fine particles with diameters as small as 103 nm.50,54–56 For

turbulence generated with the OMJA facility, the particle Stokes number is small enough

for the particles to act as accurate tracers.13
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As the light source, the present PIV system used a double-pulse Nd:YAG laser (Dantec

Dynamics, Dual Power 65-15). Particle images on the x–y plane at z = 0 were captured

by a high-speed camera (Dantec Dynamics, SpeedSense 9070) equipped with a macro lens

(Nikon, AI AF Micro Nikkor 105 mm F2.8D). The camera has a resolution of 1280 × 800

pixels. The approximate field of view (FOV) of the PIV measurements is indicated by the

green squares in Fig. 1. The laser and camera were controlled with a synchronizer (Dantec

Dynamics, 80N77) via the PIV software (Dantec Dynamics, DynamicStudio). The velocity

measurements were conducted at a sampling frequency of 15 Hz. The particle images were

processed using an adaptive PIV algorithm57 and universal outlier detection58 in the PIV

software to obtain velocity vectors. The minimum and maximum interrogation window sizes

were 16 × 16 and 32 × 32 pixels, respectively. The resulting vector spacing was 8 pixels,

with 50% overlap for the minimum window. More than 1000 velocity fields were obtained

by repeating the experiments.

The interval between two laser pulses was adjusted between 3 and 6 µs depending on

the case to maintain an average particle displacement of about 2–3 pixels. Each laser pulse

had a width of less than 4 ns. The velocity measurements were conducted at a sampling

frequency of 15 Hz. The experiments were repeated 12–13 times for each case, yielding more

than 1000 velocity fields per case.

The duration of one operation of the OMJA facility is limited by the capacity of the air

tanks. The plenum pressure reaches the target value within less than 0.2 s after valve oper-

ation and remains within ±5% of the target value for about 6 s, as reported in our previous

study.13 Schlieren visualization also confirmed that the jets are established by 0.25 s.50 All

PIV measurements were conducted within this period. At the sampling frequency of 15 Hz,

approximately 90 velocity fields were obtained in each operation of the OMJA facility. The

velocity statistics are evaluated using ensemble averages of statistically independent veloc-

ity fields, rather than time averages from a single run. The sampling interval of the PIV

measurements was 0.067 s, whereas the characteristic time scale of large-scale turbulent mo-

tions, estimated from the ratio of the integral length scale to the rms velocity fluctuation,

was about 0.002 s. Therefore, velocity fields obtained from consecutive particle-image pairs

are considered statistically independent. Because the present PIV measurements are not

time-resolved, the present study does not discuss the temporal evolution of turbulence, such

as spectral evolution and phase information.59
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TABLE I. Experimental parameters and turbulence properties.

Case 1 2 3 4 5 6

DN (mm) 930 930 930 725 725 725

DE (mm) 80 100 120 80 100 120

DI (mm) 425.0 415.0 405.0 322.5 312.5 302.5

Axx (1/s) −7.2× 102 −6.4× 102 −6.0× 102 −8.3× 102 −7.0× 102 −7.3× 102

Ayy (1/s) 3.5× 102 3.2× 102 3.0× 102 4.1× 102 3.5× 102 3.6× 102

Ayy/|Axx| 0.49 0.50 0.50 0.49 0.50 0.49

urms (m/s) 16.6 18.4 19.5 28.1 27.6 29.5

vrms (m/s) 11.4 12.3 12.4 17.8 17.3 17.9

urms/vrms 1.5 1.5 1.6 1.6 1.6 1.7

Lu (mm) 27.6 30.0 34.8 28.8 33.6 34.8

Lv (mm) 22.8 20.4 19.2 19.2 18.0 16.8

Lu/Lv 1.2 1.5 1.8 1.6 1.9 2.0

ST 1.2 1.0 1.0 0.84 0.76 0.76

Lu/η 2.0× 103 2.5× 103 2.9× 103 3.2× 103 3.6× 103 3.9× 103

Reλ 5.7× 102 6.0× 102 6.3× 102 7.1× 102 7.2× 102 7.3× 102

Velocity statistics are evaluated using ensemble averages, denoted by ⟨f⟩, as functions

of (x, y). The rms values of fluctuating quantities f ′ are evaluated as frms = ⟨f ′2⟩1/2. In
addition, spatial averages are taken when bulk flow properties are examined. Statistical

errors are estimated by evaluating velocity statistics using reduced samples. Specifically,

the velocity datasets are divided into two sets, and the differences between the statistics

obtained from each set are presented as error bars.

C. Experimental conditions and basic flow properties

In the inner ducts, nearly homogeneous isotropic turbulence decays with distance from

the jet nozzles. Therefore, DN is relevant to the properties of the incoming turbulent flows

that enter the strain region. From the end of the inner duct, the mean velocity decreases

to zero at the stagnation point. Therefore, the mean velocity gradient, which measures the
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strength of the axisymmetric strain, varies with the gap DE = DN − 2DI . Based on these

considerations, the experiments were conducted for six cases with different sets of DI and

DN , as summarized in Tab. I. Table I also presents the basic flow properties based on PIV

measurements reported in Ref. 13. Our previous studies have also presented other statistics

in the OMJA facility, such as spatial distributions of velocity statistics and energy spectra,

as well as the decay characteristics of turbulence in the inner duct.13,50

The development of turbulence downstream of the nozzles was examined in our previous

study using the same multiple-jet generator.13,42,50 The vertical profiles of rms velocity fluc-

tuations at 24M and 33M downstream of the nozzles, slightly upstream of the inner-duct

ends in the present OMJA experiments, were shown to be almost uniform. In addition, the

ratio between the streamwise and vertical rms velocity fluctuations in the incoming duct flow

was about 1.1–1.2, which is close to the values typically reported for turbulence generated

by grids and jet interactions.52,53,60–63 Thus, the turbulence generated by each jet array has

already reached a nearly homogeneous and approximately isotropic state before entering the

mean-strain region. In the present OMJA facility, the inner-duct length DI is larger than

25M for all cases. Therefore, the turbulent flow generated by each jet array has sufficiently

developed before reaching the inner-duct exit.

The mean velocity gradients Axx = ∂⟨u⟩/∂x and Ayy = ∂⟨v⟩/∂y are negative and positive,

respectively, representing compression in the x direction and expansion in the y direction.

Axisymmetric strain satisfies Ayy = −Axx/2, which is also observed in the experimental re-

sults. The continuity equation further yields Ayy = Azz = −Axx/2, which was also confirmed

by velocity measurements on the x–z planes in our previous study.13

Table I shows the rms velocity fluctuations urms and vrms and the longitudinal integral

scales Lu and Lv. The rms values are defined as frms = ⟨f ′2⟩1/2. The integral scales are

evaluated by integrating the corresponding longitudinal autocorrelation functions. For all

cases, urms is greater than vrms, and Lu is greater than Lv. Numerical simulations and rapid

distortion theory have consistently shown that axisymmetric expansion leads to urms >

vrms and Lu > Lv.
1,4 The present study investigates whether such anisotropy arising from

axisymmetric expansion affects the scale-dependent characteristics of shear layers.

Although the jet Mach number is 1.36 at the nozzle exits, compressibility mainly affects

the initial development of the supersonic jets near the nozzles. Previous measurements using

the same multiple-jet generator showed that the jets rapidly mix with the surrounding fluid,
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and nearly homogeneous isotropic turbulence is formed at about 0.35 m downstream of

the nozzles in the inner duct.50 At this location, the mean-flow Mach number M = ⟨u⟩/a
is about 0.12, and the turbulent Mach number MT = (u2

rms + 2v2rms)
1/2/a ≃

√
3urms/a is

about 0.09, where ⟨u⟩ is the mean velocity, urms is the root mean square value of streamwise

velocity fluctuations, and a is the speed of sound corresponding to the mean temperature.50

Therefore, the flow in the measurement region far from the nozzles is in a low-Mach-number

regime, and local compressibility effects are negligible. In addition, inertial-range statistics of

turbulence generated by a single multiple-jet array, such as the k−5/3 law of the energy spectra

and anomalous scaling of high-order turbulence statistics, were shown to be consistent with

those of incompressible turbulence.42 For the OMJA facility, the mean continuity equation

for an incompressible flow was also examined by PIV measurements on the x–y and x–z

planes.13 It was confirmed that ∂⟨u⟩/∂x + ∂⟨v⟩/∂y + ∂⟨w⟩/∂z = 0 is satisfied under the

present experimental conditions. Thus, Eq. (1) provides an appropriate description of the

mean strain in the present measurement region, and the conclusions of this study are not

affected by compressibility.

The strain rate is quantified by the mean velocity gradient as S = (−Axx+2Ayy+2Azz)/3,

with Azz = Ayy. The timescale of large-scale turbulent motions is estimated as T = L/U ,

where the relevant length and velocity are defined as L = (Lu + Lv + Lw)/3 and U =

[(u2
rms + v2rms + w2

rms)/3]
1/2, with Lw = Lv and wrms = vrms. The timescale ratio between the

strain and turbulence at large scales is denoted by ST , which is also listed in Tab. I. When

the strain acts on turbulence on a much shorter timescale, ST ≫ 1. In the present study,

ST varies between 0.76 and 1.2, indicating that the strain timescale is comparable to the

turbulence timescale.

The Kolmogorov scale η = ν3/4ε−1/4 is evaluated using the turbulent kinetic energy

dissipation rate ε, which is estimated as ε = AU3/L with A = 1. Here, ν is the kinematic

viscosity. This estimate is used only to evaluate the order of the Kolmogorov scale, because

A is not strictly equal to 1, although A = O(100) is generally accepted.26 As shown in

Tab. I, the ratio between Lu and η is of the order of 103. The PIV resolution, defined as

the vector spacing δ, is about 40η–70η, which is comparable to the Taylor microscale.13

The PIV measurements do not resolve the smallest-scale velocity fluctuations. However, the

resolution is sufficient to examine velocity statistics at intermediate scales, such as those in

the inertial subrange, as confirmed in our previous study.42
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The turbulent Reynolds numberReλ is defined using the Taylor microscale λ =
√

15U2ν/ε

as Reλ = Uλ/ν, and its values are listed in Tab. I. The Reynolds number is about 570–730,

which is high enough to examine the scale dependence of turbulent motions.

III. SHEAR LAYER ANALYSES WITH THE TRIPLE DECOMPOSITION

A. Evaluation of scale-dependent shearing motion

The velocity gradient tensor describes local fluid motion around a point. Similarly, the

filtered velocity gradient tensor, defined by applying a low-pass filter to the velocity field,

describes local motion at the filter cutoff scale. The present study analyzes the low-pass

filtered velocity field measured by PIV with the triple decomposition. The low-pass filtering

and triple decomposition are local kinematic operations applied to the measured velocity-

gradient tensor and do not require the assumption of homogeneous isotropic turbulence.

In the present study, these procedures are applied to turbulence subject to axisymmetric

expansion in order to examine the effects of the mean strain on shear-layer properties.

A Gaussian filter is applied to the fluctuating velocity fields. The filter operation is defined

using a Gaussian low-pass filter kernel G(r, LF ) with filtering scale LF , introduced in Ref. 1,

as

G(r, LF ) =

√

6

πL2
F

exp

(

−6r2

L2
F

)

. (2)

The filtered velocity fluctuations (ũ′, ṽ′) are then calculated as

ũ′(x, y;LF ) =

∫ LF

−LF

∫ LF

−LF

G(r, LF )u
′(X, Y ) dX dY, (3)

ṽ′(x, y;LF ) =

∫ LF

−LF

∫ LF

−LF

G(r, LF )v
′(X, Y ) dX dY, (4)

r =
√

(x−X)2 + (y − Y )2. (5)

Here, a cutoff at X, Y = ±LF is applied, corresponding to a 3σ truncation of the standard

Gaussian kernel. Data points near the boundaries, for which the prescribed integration do-

main is not fully contained within the FOV, are discarded and excluded from the subsequent

analysis.

The triple decomposition considers three types of motion: shear (S), rigid-body rotation

(R), and elongation (E). The filtered velocity gradient tensor ∇ũ′ is decomposed into these
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components as ∇ũ′ = ∇ũ′

S +∇ũ′

R +∇ũ′

E. This differs from the traditional decomposition

into symmetric and antisymmetric parts, which are called the rate-of-strain tensor and rate-

of-rotation tensor, respectively. The former is influenced by shear and elongation, whereas

the latter is influenced by shear and rigid-body rotation. Therefore, these two components

alone cannot distinguish the three motions considered in the triple decomposition.

The triple decomposition is applied to ∇ũ′ using the same algorithm implemented in

previous studies.24,33,42 The triple decomposition begins by identifying the basic reference

frame (BRF) at each position. In the BRF, the shear component is extracted as

(

∇ũ
′(B)
S

)

ij
=

(

∇ũ′(B)
)

ij
− sgn

[

(

∇ũ′(B)
)

ij

]

min
[∣

∣

∣

(

∇ũ′(B)
)

ij

∣

∣

∣
,
∣

∣

∣

(

∇ũ′(B)
)

ji

∣

∣

∣

]

, (6)

where the superscript (B) denotes quantities evaluated in the BRF. The BRF is not unique

in the sense that the decomposition results remain unchanged even in a reference frame

obtained by applying a 90◦ rotational transformation and/or a symmetric transformation to

a given BRF. The present study adopts the BRF in which the shear-related velocity gradient

∇ũ
′(B)
S is expressed as

∇ũ
′(B)
S =





0 |ω̃S|
0 0



 , (7)

where ω̃S = (∇ũ′

S)21 − (∇ũ′

S)12 denotes the shear vorticity. This frame, where the shear

component is expressed in the form of Eq. (7), is convenient for the following shear-layer

analysis because it has a common alignment for all shear layers.42

One of the BRFs is obtained with the eigenvectors of the rate-of-strain tensor of the

filtered velocity field, which is defined as s̃ij = (∂ũ′

i/∂xj+∂ũ′

j/∂xi)/2.
24,33,42 The eigenvalues

of s̃ij are denoted by s1 and s2, where s1 ≥ s2, and the corresponding eigenvectors are e1 =

(e1x, e1y) and e2 = (e2x, e2y). The transformation matrix from the laboratory coordinates

x = (x, y) to the principal-axis coordinate system is defined as

Qe =





e1x e1y

e2x e2y



 . (8)

The BRF is obtained by rotating this principal-axis coordinate system by 45◦. With

Qr(θ) =





cos θ sin θ

− sin θ cos θ



 , (9)
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the transformation matrix from the laboratory coordinates to one of the BRFs is QB0 =

Qr(45
◦)Qe. The velocity gradient tensor in this BRF is obtained as ∇ũ′(B0) = QB0∇ũ′QT

B0,

where T denotes the matrix transpose and the superscript (B0) denotes quantities evaluated

in this BRF. Additionally, we can obtain the transformation matrix to the BRF where

∇ũ
′(B)
S is expressed in the form of Eq. (7), denoted by QB, by applying a 90◦ rotational

transformation and/or a symmetric transformation to QB0 as needed. Specifically, QB is

obtained as QB = Q2Q1QB0, where Q1 and Q2 are given by

Q1 =











Qr(90
◦) when |(∇ũ

′(B0)
S )12| = 0,

I otherwise,
(10)

and

Q2 =











Qsym when (Q1∇ũ
′(B0)
S )12 < 0,

I otherwise,
(11)

where I is the identity tensor and Qsym is a symmetric transformation matrix written as

Qsym =





1 0

0 −1



 . (12)

This derivation of QB is based on the characteristics of ∇ũ′

S, which has only one non-zero

component in the basic reference frame, either (∇ũ
′(B0)
S )12 or (∇ũ

′(B0)
S )21

33.

The filtered velocity gradient tensor in the BRF is expressed as ∇ũ′(B) = QB∇ũ′QT
B.

After the shear component is extracted with Eq. (6), the components of rigid-body rotation

and elongation are obtained as the antisymmetric and symmetric parts of the residual tensor

after shear extraction, ∇ũ′(B) −∇ũ
′(B)
S , respectively. These decomposed terms in the BRF

are then transformed back to the original laboratory coordinate system using the inverse of

QB.

B. Conditional statistics of shear layers

The flow field around intense shear is investigated using the filtered velocity field. The

shear intensity is evaluated as the norm of∇ũ′

S, ĨS =
√

2(∇ũ′

S)ij(∇ũ′

S)ij. The present study

examines the mean flow pattern around local maxima of ĨS, which appear within shear layers.

Here, local maxima with small ĨS are excluded to mitigate the effects of measurement errors.
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Case 1

Case 2

Case 3

Case 4

Case 5

Case 6

0.0           0.1           0.2           0.3            0.4

106

105

104

FIG. 2. The number of detected shear layers, NS , for different filter sizes LF .

Specifically, only local maxima satisfying ĨS > Cth⟨ĨS⟩ are taken into account in evaluating

the statistics of shear layers. A previous study also investigated shear layers using the same

method applied to PIV data of nearly homogeneous isotropic turbulence, where Cth was

shown not to influence the scale dependence of shear layer properties.42 Most results are

presented for the threshold Cth = 1.5, while the dependence on Cth is also examined in

Appendix A, which confirms that the discussion below is not influenced by the specific

choice of threshold.

The number of detected shear layers, NS, depends on the filter size because local maxima

of shear intensity are identified from the filtered velocity fields. Figure 2 shows NS as a

function of LF/Lu for all cases. Although NS decreases as the filter size increases, it remains

larger than 104 for all cases and all filter sizes examined in this study. A previous study of

conditionally averaged shear-layer statistics reported that the mean shear-layer properties

are insensitive to the number of samples over the range 103–107.34 The present sample

number is therefore sufficient for evaluating the conditionally averaged shear-layer statistics.

The local flow pattern of different shear layers is observed in the basic reference frame

defined with QB, where the shear is represented by Eq. (7). This reference frame, also called

the shear coordinate, is denoted by (ζ1, ζ2), whose origin is located at the local maxima of

ĨS.

The ζ1–ζ2 coordinate system is discretized following the nonuniform mapping function
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that determines the grid points along the ζi direction as

ζi(n) = −ζmax

αζ

arctan

[

tanh(αζ)

(

1− n+Nζ

Nζ

)]

, (13)

where n = −Nζ , . . . , Nζ is the grid index and Nζ = 100 determines the resolution. The

parameter αζ = 2.5 controls the stretching of grid points, while ζmax = 7.5LF defines the

examined domain size. This procedure results in finer grids near the center, (ζ1, ζ2) = (0, 0).

Flow variables, such as velocity and shear intensity, are interpolated onto the discretized

shear coordinate using a third-order Lagrange polynomial interpolation scheme. The velocity

vector in the shear coordinate is evaluated by applying the coordinate transformation from

the laboratory frame to the BRF to (ũ′, ṽ′). Here, the velocity components in the ζ1 and ζ2

directions are denoted by ũ′

1 and ũ′

2, respectively. The interpolation onto the shear coordinate

is repeated for all local maximum locations. Conditional ensemble averages over all shear

layers, denoted by f , are then taken as functions of (ζ1, ζ2).

The shear layers are analyzed on two-dimensional planes, although shear layers in turbu-

lence are intrinsically three-dimensional structures. The present 2D-2C PIV measurements

do not provide the complete three-dimensional velocity-gradient tensor. Therefore, the shear

layers examined in this study should be interpreted as projected shear-layer signatures on

the measurement plane.

The influence of this limitation was examined in our previous study using DNS of homo-

geneous isotropic turbulence.42 In the two-dimensional analysis, the absolute value of shear

intensity was underestimated because the out-of-plane velocity-gradient components were

not included. The mean velocity jump across shear layers was also underestimated because

the out-of-plane velocity contribution to the shear-flow velocity was not included. However,

the conditionally averaged profiles of shear vorticity and velocity around shear layers are

similar between the three- and two-dimensional analyses, and the scale dependence of the

velocity jump is well reproduced by the two-dimensional analysis.

To further examine this projection effect in anisotropic turbulence, Appendix B compares

three-dimensional and two-dimensional shear-layer analyses using DNS data of a turbulent

planar jet. Although the planar jet is different from the present turbulence subject to ax-

isymmetric expansion, it is an anisotropic turbulent flow and is useful for assessing how two-

dimensional analyses capture projected shear-layer statistics. The comparison shows that the

two-dimensional analysis underestimates the absolute values of shear intensity and velocity
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Case 1

Case 2

Case 3

Case 4

Case 5

Case 6

2.5

2.0

1.5

1.0

0.5

0.0

0.0            0.1            0.2           0.3            0.4

FIG. 3. Ratios of rms velocity fluctuations, ũrms/ṽrms, at different filter sizes LF . Here, ũrms and

ṽrms are evaluated using both ensemble and spatial averages. The error bars indicate statistical

uncertainty.

jump because out-of-plane velocity-gradient components and out-of-plane velocity contribu-

tions are not included, respectively. However, the normalized shear-intensity profile and the

orientation dependence of the velocity jump are similar between the three-dimensional and

two-dimensional analyses. These results support the use of the present two-dimensional PIV

data to examine the qualitative orientation dependence of projected shear-layer statistics,

while confirming that absolute values should be interpreted with caution.

IV. RESULTS AND DISCUSSION

A. Filtered velocity statistics

The basic statistics of filtered velocity fluctuations are presented before discussing the

shear layer statistics. Figure 3 shows the ratios of rms velocity fluctuations, ũrms/ṽrms, as

functions of the filter size LF . For all cases, the ratios are greater than unity over the

examined range of LF , indicating anisotropy induced by the mean strain. As LF increases,

the ratios gradually increase, suggesting stronger anisotropy at larger scales. This behavior

is consistent with the classical picture that small-scale motions are less directly influenced

by large-scale mean deformation and tend to retain a degree of local isotropization through

the energy cascade process.64
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FIG. 4. x distribution of mean shear intensity ⟨ĨS⟩ at y = 0 for various filter sizes in case 2. The

error bars are presented at selected locations to visualize statistical uncertainty.

Figure 4 presents the x distribution of mean shear intensity ⟨ĨS⟩ at y = 0 for various

filter sizes in case 2. In the OMJA configuration, a turbulent fluid is subjected to the mean

strain for a longer time as it is advected from the ends of the inner ducts located at x =

±DE/2 toward the test section center, x = 0. This leads to nonuniform distributions of

Reynolds stress along the x axis, which become increasingly anisotropic toward the test

section center.13 However, the mean shear intensity evaluated from the filtered velocity

exhibits a uniform distribution and is not directly influenced by this large-scale anisotropy

of Reynolds stress.

B. Mean flow properties of shear layers

Figure 5 visualizes the shear intensity ĨS for the filter size LF = 0.15Lu. Previous stud-

ies have reported that intense shear is concentrated in layer-like regions.25,35,42 The two-

dimensional profile in Fig. 5 also exhibits the same tendency in regions of large ĨS. The

local maxima are identified from the two-dimensional profiles of ĨS. The mean flow prop-

erties around these maxima are then investigated using conditional averages in the shear

coordinate (ζ1, ζ2).

Figure 6 shows the distribution of the averaged shear intensity ĨS around shear layers for

cases 1 and 4 with the filter size LF = 0.2Lu. The conditionally averaged shear intensity is
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FIG. 5. Shear intensity profile of the filtered velocity at the filter size LF = 0.15Lu in case 1.
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FIG. 6. Conditionally averaged shear layers for the filter size LF = 0.2Lu in (a) case 1 and (b)

case 4. The color contours represent the mean shear intensity ĨS normalized by its center value

(ĨS)0. The black arrows indicate the direction and relative magnitude (arrow length) of the mean

velocity vectors on the ζ2 axis at ζ1 = 0.

normalized by the corresponding value at (ζ1, ζ2) = (0, 0), denoted by (ĨS)0. The condition-

ally averaged velocity vectors (ũ1, ũ2) calculated on the ζ2 axis are illustrated with arrows,
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FIG. 7. (a) Normalized conditionally averaged shear vorticity ω̃S and (b) conditionally averaged

velocity in the ζ1 direction, ũ′1, across the shear layers in case 1. In (a), ω̃S is normalized by the

corresponding center value at (ζ1, ζ2) = (0, 0), denoted by (ω̃S)0.

whose lengths represent the vector magnitude. Large shear intensity is observed in a layer

parallel to the ζ1 direction. Both cases with different test section geometries yield almost

identical distributions.

Figure 7(a) examines shear layers at different scales using the profile of the conditionally

averaged shear vorticity ω̃S along the ζ2 axis. The conditionally averaged shear vorticity is

normalized by the center value (ω̃S)0, while ζ2 is normalized by the filter size. The condi-

tionally averaged shear vorticity is large within the shear layer located at |ζ2/LF | ≲ 1. This

spatial extent of the shear layer does not change with LF , indicating that shear layers of size

LF are effectively identified from filtered velocity gradients. The normalized distributions

of the conditionally averaged shear vorticity are almost identical for different filter sizes,

indicating that the shear layers are self-similar over the examined range of scales.

Figure 7(b) presents the conditionally averaged velocity in the ζ1 direction, ũ1, normalized

by the rms velocity fluctuation urms, across the shear layers at different scales. The condi-

tionally averaged velocity changes rapidly across the shear layer, exhibiting peaks on both

sides. The difference in the conditionally averaged velocity across the shear layer changes

with the filter size, indicating that the velocity jump across the shear layers varies with scale.

Three parametric descriptions of the conditionally averaged flow field around shear layers

are introduced: the thickness δS, the velocity jump ∆u, and the aspect ratio AR. The shear-

layer thickness δS is defined as the half-width of ω̃S(ζ2) at ζ1 = 0, shown in Fig. 7(a).

The velocity jump ∆u is then defined as ∆u = δS(ω̃S)0, where the shear vorticity at the
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FIG. 8. Relation between the mean velocity jump ∆u and the thickness δS of shear layers obtained

with different filter sizes LF . The mean velocity jump is normalized by (a) the rms velocity fluctu-

ation urms and (b) urms(δS/Lu)
1/3. The error bars indicate statistical uncertainty.

shear-layer center, (ω̃S)0, is equal to the conditionally averaged velocity gradient associated

with shear. The aspect ratio is defined using the conditionally averaged shear intensity

profile ĨS(ζ1, ζ2) in Fig. 6. The normalized shear intensity is defined as ˆ̃IS(ζ1, ζ2) = (ĨS −
⟨ĨS⟩)/[(ĨS)0−⟨ĨS⟩], which takes a value of unity at the shear-layer center and decreases to zero

toward the far field. The dimension of the shear layer along the ζ1 axis, LS1, is quantified as

the distance between two points where ˆ̃IS(ζ1, 0) = 0.1. Similarly, the dimension along the ζ2

axis, LS2, is quantified as the distance between two points where ˆ̃IS(0, ζ2) = 0.1. The aspect

ratio is then evaluated as AR = LS1/LS2. Since the conditionally averaged shear-vorticity

profiles plotted against ζ2/LF are nearly independent of LF in Fig. 7(a), the half-width in

the normalized coordinate is nearly constant. Thus, δS/LF = C, where C is independent of

LF , indicating that δS is proportional to the filter size LF . Therefore, the dependence of δS

on LF is not presented below; instead, ∆u and AR are presented as functions of δS.

Figure 8(a) presents the relation between ∆u and δS, which are normalized by urms and

Lu, respectively. The mean velocity jump increases as the layer thickness increases. This

tendency is consistent with the general scale dependence of turbulence, where more turbulent

kinetic energy is contained at larger scales. In nearly homogeneous isotropic turbulence, it

was shown that the scale dependence of the mean velocity jump in the inertial subrange

is well predicted by Kolmogorov’s second similarity hypothesis.42 This leads to the scaling
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FIG. 9. Relation between aspect ratio AR and thickness δS . The error bars indicate statistical

uncertainty.

of ∆u ∼ (εδS)
1/3, which, under the dissipation scaling ε ∼ u3

rms/Lu, can be rewritten as

∆u ∼ urms(δS/Lu)
1/3. Figure 8(b) examines this scaling by plotting (∆u/urms)/(δS/Lu)

1/3.

Here, the examined scale range, δS/Lu = O(10−1), corresponds to δS/η = O(102), which is

expected to lie within the inertial subrange. Under this normalization, the mean velocity

jump does not vary with δS for any of the cases, despite the different degrees of anisotropy

arising from axisymmetric expansion. Thus, the mean velocity jump across shear layers

follows the prediction based on Kolmogorov’s second similarity hypothesis, even under the

influence of axisymmetric expansion. This contrasts with the effect of axisymmetric strain

on the energy spectrum, for which the inertial-subrange scaling is known to be altered, as

discussed in the introduction.

Figure 9 shows the aspect ratio as a function of shear-layer thickness. The aspect ratio

depends only weakly on the thickness. The scale independence of the aspect ratio further

suggests the self-similarity of shear layers at different scales, which is also indicated in

Fig. 7(a).

The range of filter sizes examined in the present OMJA experiment is limited by the

spatial resolution of the PIV measurements. To assess whether the observed self-similar

shear-layer profile and velocity-jump scaling are robust at different scales, Appendix C com-

pares the present results with additional PIV data obtained in nearly homogeneous isotropic

turbulence generated by opposed multiple-fan arrays.65 The same shear-layer analysis is ap-
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FIG. 10. Probability density functions of θ at different filter sizes: (a) LF = 0.3Lu, (b) LF = 0.2Lu,

and (c) LF = 0.1Lu.

plied to both datasets. This comparison extends the examined scale range in Kolmogorov

units and shows that the normalized shear-layer profile and the Kolmogorov-scaled velocity

jump are consistent between the two experiments.

C. Orientation dependence of shear layers

Axisymmetric expansion leads to larger velocity fluctuations in the x direction than in the

other directions. Because this anisotropy may cause shear-layer characteristics to depend on

their orientation with respect to the strain direction, we examine the orientation dependence

of shear layers. The directional angle θ is defined as the angle between the x direction and

the ζ2 axis of a shear layer. Namely, θ = 0◦ and 180◦ when the shear layer is perpendicular

to the x direction, whereas the shear layer is parallel to the x direction when θ = 90◦.

Figure 10 shows the probability density function (PDF) of θ for three selected filter sizes.

The PDF distribution is similar for all cases. The PDF is relatively small near θ = 0◦

and 180◦, while it increases over the broad range 45◦ ≲ θ ≲ 135◦, indicating that shear

layers are less frequently aligned parallel to the y direction than to the x direction. Here,

the x direction corresponds to the compression axis, while the y direction is one of the

transverse expansion directions on the measurement plane. This tendency is consistent with

urms > vrms, because shear layers associated predominantly with velocity differences in v are

parallel to the y axis. In homogeneous isotropic turbulence, the PDF of θ is expected to be

constant. The θ-dependence of the PDF becomes weaker at smaller filter sizes. This indicates
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FIG. 11. The θ dependence of the mean velocity jump, ∆u, normalized by urms(δS/Lu)
1/3 at

different filter sizes: (a) LF = 0.3Lu, (b) LF = 0.2Lu, and (c) LF = 0.1Lu. The error bars indicate

statistical uncertainty.

that the deviation of shear-layer orientation from an isotropic state is less pronounced at

smaller scales. Thus, the influence of axisymmetric expansion on the orientation distribution

of shear layers is weaker at smaller filter sizes. Previous experiments on turbulence subject

to axisymmetric or planar contraction also reported that vortex tubes preferentially align

with a specific direction.66,67 Thus, both axisymmetric contraction and expansion affect the

orientation of vortical structures.

The shear layer statistics are evaluated as functions of θ. Specifically, 0◦ ≤ θ ≤ 180◦

is discretized into 18 bins, and each shear layer is categorized into one of these bins. The

conditional averages of shear layers as functions of (ζ1, ζ2) are then evaluated using the

samples in each θ bin.

Figure 11 examines the θ dependence of the mean velocity jump ∆u, normalized by

urms(δS/Lu)
1/3, for three filter sizes. Here, δS is evaluated from averages taken without con-

ditioning on θ. As also observed for the mean velocity jump evaluated over all shear layers,

∆u normalized by urms(δS/Lu)
1/3 depends only weakly on scale for all cases. However, the

normalized velocity jump increases as θ approaches 90◦, namely for shear layers parallel

to the x direction, which is the compression axis. When a shear layer is parallel to the x

direction, the shear arises from the x-directional flow. Axisymmetric expansion intensifies

velocity fluctuations in the x direction, leading to a larger velocity jump across shear layers

parallel to the x direction. Comparison among the three filter sizes indicates that the θ de-
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FIG. 12. The θ dependence of the aspect ratio AR at different filter sizes: (a) LF = 0.3Lu, (b)

LF = 0.2Lu, and (c) LF = 0.1Lu. The error bars indicate statistical uncertainty.

pendence is more pronounced at larger scales, suggesting that axisymmetric expansion has

a greater impact on larger-scale shear layers. This observation is consistent with the scale-

by-scale anisotropy shown in Fig. 3, where velocity fluctuations in the x direction become

increasingly larger than those in the y direction as the scale increases.

Figure 12 shows the aspect ratio as a function of angle for three filter sizes. Although

oscillations due to statistical uncertainty are not negligible, AR increases as θ approaches

0◦ and 180◦ from 90◦. Axisymmetric expansion consists of compression in the x direction

and expansion in the other directions. Therefore, this behavior of AR is consistent with the

expectation that shear layers become flattened for θ ≈ 0◦ and 180◦, for which compression

and expansion act in the layer-normal and layer-parallel directions, respectively.

V. CONCLUSIONS

The present study experimentally investigated the scale-dependent characteristics of shear

layers in turbulence subject to axisymmetric expansion generated by opposed multiple-jet

arrays. The analysis was performed using two-dimensional, two-component PIV data and

the triple decomposition applied to filtered velocity gradients. The filtered velocity statistics

showed that the anisotropy induced by axisymmetric expansion becomes stronger at larger

scales, whereas the mean shear intensity remains approximately uniform in space within the

measurement region.

Conditional averaging in the shear coordinate showed that intense shear is concentrated
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in layer-like regions and that the normalized profile of conditionally averaged shear vortic-

ity is nearly independent of filter size. This result indicates that shear layers identified at

different filter sizes are self-similar over the examined range. The mean velocity jump across

the shear layer increased with shear-layer thickness and followed the scaling predicted by

Kolmogorov’s second similarity hypothesis. Thus, despite the anisotropy introduced by ax-

isymmetric expansion, the scale dependence of the velocity jump remained consistent with

that in nearly homogeneous isotropic turbulence.42 The aspect ratio depended only weakly

on shear-layer thickness, which further supports the self-similar nature of the shear layers.

The orientation dependence of shear layers was also examined. The orientation distri-

bution of shear layers was not uniform: shear layers were less frequently observed with

orientations nearly parallel to the expansion direction than to the compression axis, and

this tendency became more pronounced at larger filter sizes. The normalized mean velocity

jump increased as θ approached 90◦, indicating that the deviation of shear-layer character-

istics from a homogeneous isotropic state is clearer for shear layers nearly parallel to the

compression axis. The aspect ratio increased as θ approached 0◦ and 180◦, suggesting that

the imposed strain tends to flatten shear layers depending on their orientation relative to

the compressive and extensional strain directions.

These results show that axisymmetric expansion modifies the orientation dependence and

anisotropy of projected shear-layer signatures, and that this deviation from a homogeneous

isotropic state becomes more pronounced at larger scales. At the same time, the normalized

shear-vorticity profile remains nearly independent of filter size and the velocity jump follows

the scaling based on Kolmogorov’s second similarity hypothesis over the examined range.

The present findings provide a new perspective on the structure of turbulence under mean

deformation and may contribute to a better understanding of strained turbulent flows.
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Appendix A: Threshold dependence of shear layer analyses

The shear layer analyses conducted in this study discard local maxima of shear inten-

sity smaller than Cth⟨ĨS⟩. The dependence of the conditionally averaged shear vorticity and

conditionally averaged velocity profiles on Cth is presented in Fig. 13. The profiles are in-

sensitive to Cth between 1.0 and 3.0, indicating that the threshold does not affect the mean

characteristics of shear layers.
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(a) (b)

-2                 0              2

1.0

0.5

0.0

1.0

0.5

0.0

-0.5

-1.0
-2                 0              2

FIG. 13. Threshold dependence of the shear layer analysis. (a) Normalized conditionally averaged

shear vorticity ω̃S and (b) conditionally averaged velocity in the ζ1 direction, ũ′1, normalized by

the mean velocity jump across the shear layers in case 1 with LF = 0.2Lu.

0.0       0.1     0.2

3

2

1

0

FIG. 14. Threshold dependence of ∆u normalized by urms(δS/Lu)
1/3 in case 1.

Figure 14 presents ∆u normalized by urms(δS/Lu)
1/3 for different values of Cth. As Cth

increases, weaker shear layers are excluded from the analysis. Therefore, larger Cth leads

to larger mean velocity jumps. However, the scale independence of (∆u/urms)/(δS/Lu)
1/3 is

observed for different Cth, indicating that the discussion in the present study is not sensitive

to the choice of Cth.
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Appendix B: Comparison between three-dimensional and two-dimensional

shear-layer analyses

The present study uses two-dimensional, two-component PIV data to investigate pro-

jected shear-layer signatures on the measurement plane. As discussed in Sec. III, this anal-

ysis does not provide the complete three-dimensional velocity-gradient tensor. Therefore,

the absolute values of shear intensity and the velocity jump across shear layers may be

underestimated. In addition, orientation-dependent statistics may be affected by projection

onto the measurement plane. To examine this issue, we compare three-dimensional and two-

dimensional shear-layer analyses using direct numerical simulation (DNS) data of a turbulent

planar jet.

The planar jet considered here is not turbulence subject to axisymmetric expansion. How-

ever, it is an anisotropic turbulent flow with a mean velocity gradient and is therefore useful

for examining projection effects in two-dimensional shear-layer analyses of anisotropic tur-

bulence. The purpose of this appendix is not to reproduce the present OMJA flow, but to as-

sess whether the angle dependence of shear-layer statistics obtained from a two-dimensional

projected analysis is consistent with that obtained from the full three-dimensional velocity-

gradient tensor. In this appendix, we do not apply the low-pass filter or examine small-scale

shear layers, because the Reynolds number in the DNS is much smaller than in the exper-

iments and the scale separation between large and small scales is not sufficient to examine

scale dependence.

1. DNS of a temporally evolving turbulent planar jet

We use the DNS database of an incompressible, temporally evolving turbulent planar

jet. The DNS details are documented in our previous studies.34,68 A temporally evolving

planar jet is periodic in the streamwise and spanwise directions, and the jet develops in time

while spreading in the transverse direction.69,70 Therefore, the streamwise development of a

spatial jet is approximately represented by temporal evolution. Because of the relatively low

computational cost of temporal simulations compared with spatial simulations, the temporal

configuration has been widely adopted for fundamental studies of turbulent jets.32,71–76

The streamwise, transverse, and spanwise directions are denoted by x, y, and z, respec-
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tively, and the corresponding velocity components are u, v, and w. The jet Reynolds number

is defined as ReJ = UJH/ν, where UJ is the initial jet velocity, H is the initial jet width,

and ν is the kinematic viscosity. The governing equations are the incompressible Navier–

Stokes equations. Spatial derivatives are evaluated using fully conservative central-difference

schemes, and time integration is performed with a third-order Runge–Kutta method. The

fourth- and second-order central-difference schemes are used for the spatial derivatives in

the x and z directions and in the y direction, respectively, because nonuniform grid spacing

is adopted in the y direction. The pressure Poisson equation is solved using the biconjugate

gradient stabilized method. Periodic boundary conditions are imposed in the streamwise

and spanwise directions, while free-slip boundary conditions are imposed in the transverse

direction.

In this study, we performed a new DNS whose parameters are identical to those in Refs. 34

and 68, except for the streamwise domain size and grid size. The Reynolds number is ReJ =

4000. The streamwise domain size is increased to improve statistical convergence of the shear-

layer statistics. We also adopted a higher spatial resolution in this study. The computational

domain size is (Lx, Ly, Lz) = (8H, 10H, 4H). The number of grid points is (Nx, Ny, Nz) =

(768, 600, 384). Other numerical parameters are the same as in our previous studies. The grid

spacing is uniform in the x and z directions and nonuniform in the y direction, with finer

resolution near the jet centerline. The initial mean streamwise velocity profile is specified

with a hyperbolic tangent function following previous studies of turbulent planar jets, while

the initial mean velocities in the other directions are zero.69 Spatially correlated random

fluctuations are added to the initial mean velocity field near the jet centerline to trigger

transition. The reference time scale of the jet development is defined as tr = H/UJ , which

is used to normalize time t.

The planar jet becomes fully turbulent by t/tr = 10.34 For evaluating conventional velocity

statistics, spatial averages are taken over x–z planes and temporal averages are taken over

the period 20.29 ≤ t/tr ≤ 21.46, during which instantaneous velocity fields are stored every

20 time steps. The averages are denoted by ⟨f⟩ and are obtained as functions of y.

Figure 15 shows the mean streamwise velocity ⟨u⟩ normalized by the centerline mean

velocity ⟨u⟩C . The transverse position y is normalized by the half-width bu of ⟨u⟩. Because
the planar jet is statistically symmetric with respect to y = 0, data points on both sides are

used to evaluate the mean velocity profile for y > 0. The mean velocity profile is compared
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with previous experiments and DNS of spatially evolving turbulent planar jets. The result

of the present temporally evolving simulation agrees well with these previous data.

Figure 16 shows the transverse profiles of rms fluctuations of the streamwise velocity, urms,

and transverse velocity, vrms, normalized by the mean centerline velocity. The normalized

rms velocity fluctuations exhibit distributions similar to those reported in previous DNS

studies shown in the figure.

The mean velocity profile in Fig. 15 indicates that the mean velocity gradient ∂⟨u⟩/∂y
becomes large near the jet half-width, y/bu = 1. At this location, turbulence production

occurs actively for the streamwise component of turbulent kinetic energy, leading to the peak

in the rms streamwise velocity fluctuation urms shown in Fig. 16.77–79 Although the pressure-

strain correlation redistributes the streamwise component of turbulent kinetic energy to the

transverse and spanwise components, urms remains larger than vrms at y/bu = 1. Because of

this anisotropic feature, the shear-layer analyses below are conducted for shear layers located

around y/bu = 1. Specifically, shear layers identified in the range 0.9 ≤ y/bu ≤ 1.1 are used

as samples for the conditional averages.

At y/bu = 1, urms/vrms = 1.4, which is comparable to the values in turbulence generated

by the OMJA facility. At the jet half-width location, both turbulent and non-turbulent

fluids appear because of external intermittency.80 We therefore evaluate the Kolmogorov

scales using the kinetic energy dissipation rate averaged over the turbulent fluid. Here, the

turbulent fluid is detected as the region where the vorticity magnitude ω exceeds a threshold

ωth. Using the mean vorticity magnitude on the jet centerline, ⟨ω⟩C , the threshold is set to

ωth = 0.01⟨ω⟩C . This threshold is determined based on the threshold dependence of the

detected turbulent region, as discussed in our previous studies.34,68 The average evaluated

solely over the turbulent fluid is denoted by ⟨f⟩T . The turbulent-fluid average of the kinetic

energy dissipation rate is defined as ⟨ε⟩T = ⟨2νSijSij⟩T , where ν is the kinematic viscosity

and Sij is the rate-of-strain tensor. The Kolmogorov length, velocity, and time scales are

then evaluated as η = (ν3/⟨ε⟩T )1/4, uη = (ν⟨ε⟩T )1/4, and τη = (ν/⟨ε⟩T )1/2. These scales are

used to normalize the conditional averages of shear-layer quantities.
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 Present DNS

 Klein et al. 

 Terashima et al. 

 Watanabe et al.

FIG. 15. Mean streamwise velocity ⟨u⟩ normalized by the mean centerline velocity ⟨u⟩C . The

transverse position y is normalized by the mean velocity half-width bu. The present results are

compared with the DNS of Klein et al.81 (ReJ = 4000) and the experiments of Terashima et

al.82 (ReJ = 22000) and Watanabe et al.83 (ReJ = 2000). The gray shaded region indicates the

transverse positions where shear layers are analyzed.

2. Three-dimensional shear-layer analysis

The three-dimensional shear-layer analysis is based on the triple decomposition of the

full velocity-gradient tensor ∇u, which has been used in our previous studies of temporally

evolving planar jets.34,68 The velocity-gradient tensor is decomposed into shear, rigid-body

rotation, and elongation components as ∇u = ∇uS + ∇uR + ∇uE. The decomposition

algorithm is the same as that used in our previous studies.22,85 The shear intensity is defined

as IS = [2(∇uS)ij(∇uS)ij]
1/2. From the three-dimensional distribution of IS, shear layers

are identified as local maxima of IS.

For each detected shear layer, a shear coordinate is defined as (ζ1, ζ2, ζ3). The corre-

sponding unit vectors are denoted by e1, e2, and e3. Here, e1 is the direction of the shear

vorticity, whose component is defined as (ωS)i = ϵijk(∇uS)jk with the Levi–Civita symbol

ϵijk. The layer-normal direction and shear-flow direction are denoted by e2 and e3, respec-

tively. Hereafter, the x, y, and z components of eα (α = 1, 2, 3) are denoted by eαx, eαy, and

eαz.

With this definition, the shear is represented by the velocity gradient ∂u3/∂ζ2, where u3

is the velocity component in the ζ3 direction. The sign ambiguity of the shear coordinate

is fixed by imposing e2y > 0. The orientation of each shear layer relative to the transverse
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(a) (b)

0 1 2 3
0

0.1
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 Watanabe et al.

FIG. 16. Transverse profiles of rms velocity fluctuations of (a) streamwise velocity urms and (b)

transverse velocity vrms, normalized by the mean centerline velocity ⟨u⟩C . The transverse position

y is normalized by the mean velocity half-width bu. The present results are compared with the

DNS studies of Klein et al.81 (ReJ = 4000), Stanley et al.77 (ReJ = 3000), and Watanabe et al.84

(ReJ = 2200). The gray shaded region indicates the transverse positions where shear layers are

analyzed.

direction is quantified by cosϕ = e2 · ey = e2y, where ey is the unit vector in the y direction

and ϕ is the angle between the layer-normal direction and the y direction.

Conditional averages around shear layers, denoted by f , are evaluated as functions of ζ2

at (ζ1, ζ3) = (0, 0), representing the profiles of averaged quantities across the shear layer.

Here, 0 ≤ cosϕ ≤ 1 is divided into 20 bins, and the conditional averages are evaluated from

shear layers in each bin. This procedure allows us to examine the orientation dependence of

shear-layer statistics.

3. Two-dimensional shear-layer analysis on x–y planes

To mimic the analysis applied to two-dimensional PIV data, we also perform a two-

dimensional shear-layer analysis on x–y planes of the DNS data. In this analysis, only the in-

plane velocity components (u, v) and their in-plane gradients are used. The two-dimensional

velocity-gradient tensor is decomposed into shear, rigid-body rotation, and elongation com-

ponents using the same two-dimensional triple-decomposition procedure as that used for the

PIV data.
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The algorithm for the two-dimensional shear-layer analysis is similar to that for the three-

dimensional analysis. The in-plane velocity vector and velocity-gradient tensor are embedded

in three-dimensional form as

u(2D) = (u, v, 0), ∇u(2D) =











∂u/∂x ∂u/∂y 0

∂v/∂x ∂v/∂y 0

0 0 0











. (B1)

The triple decomposition yields the two-dimensional shear tensor∇u
(2D)
S . The shear intensity

IS is evaluated from this shear tensor, and shear layers are identified as local maxima of IS

on the x–y planes.

The in-plane components of ∇u
(2D)
S are used to determine the shear-coordinate orienta-

tions (e1, e2, e3) using the same procedure as that used for the three-dimensional analysis.

In the two-dimensional analysis, e1 is parallel to the z direction, while e2 and e3 lie on the

x–y plane. A shear coordinate (ζ1, ζ2, ζ3) is then defined for each detected shear layer. The

same conditional averaging procedure is applied in this shear coordinate using the in-plane

velocity components. The orientation dependence of the projected shear-layer statistics is

evaluated from conditional averages as functions of ζ2 at (ζ1, ζ3) = (0, 0), which are evaluated

separately for different bins of cosϕ = e2y. Here, the notation for the shear coordinate differs

from that in Sec. III. In Sec. III, the shear-flow direction is denoted by ζ1, whereas in this

appendix it is denoted by ζ3 so that the notation is consistent with the three-dimensional

shear-coordinate system used in our previous studies.

4. Comparison between three-dimensional and two-dimensional analyses

Figure 17(a) compares the conditionally averaged shear intensity IS obtained from the

three-dimensional and two-dimensional analyses for cosϕ = 0.88. In both analyses, IS ex-

hibits a pronounced peak in a thin region around the shear-layer center, indicating that the

projected two-dimensional analysis captures the layer-like distribution of shear. However, the

magnitude of IS is underestimated in the two-dimensional analysis because the out-of-plane

components of the velocity-gradient tensor are not included. The peak values normalized by

the inverse of Kolmogorov time scale are 1.31 in the three-dimensional analysis and 0.749

in the two-dimensional analysis. Their ratio is 1.31/0.749 = 1.75, which is close to
√
3. This
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FIG. 17. Conditional averages of (a) shear intensity IS and (b) velocity in the ζ3 direction, u3,

for cosφ = 0.88. The profiles are compared between the three-dimensional and two-dimensional

analyses on the x–y plane.

-10 0 10

0

1

 2D

 3D

FIG. 18. Normalized conditionally averaged shear intensity ÎS = (IS − ⟨IS⟩)/(IS0 − ⟨IS⟩) for

cosφ = 0.88. The profiles are compared between the three-dimensional analyses and the two-

dimensional analyses on the x–y plane.

ratio is consistent with the factor of
√
3 derived theoretically for isotropic turbulence and

confirmed by DNS in Ref. 42.

Figure 17(b) compares the conditionally averaged velocity in the shear-flow direction, u3.

The conditionally averaged velocity changes rapidly across the shear layer in both the three-

dimensional and two-dimensional analyses. However, the velocity jump is smaller in the two-

dimensional analysis. This underestimation is attributed to the missing out-of-plane velocity

contribution to the shear-flow velocity u3. Thus, the two-dimensional analysis captures the
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0 0.2 0.4 0.6 0.8 1
0

2

4

6

 2D

 3D

FIG. 19. The mean velocity jump across the shear layer evaluated as a function of the cosine of

the angle between the layer-normal direction, e2, and the transverse direction, cosφ = e2y, where

e2y is the y component of e2. The profiles are compared between the three-dimensional analyses

and the two-dimensional analyses on the x–y plane.

qualitative mean shear-layer structure but underestimates the absolute values of the shear

intensity and velocity jump.

Figure 18 shows the normalized conditionally averaged shear intensity,

ÎS =
IS − ⟨IS⟩T
IS0 − ⟨IS⟩T

, (B2)

where ⟨IS⟩T is the mean shear intensity in the turbulent region at y/bu = 1, and IS0 is the

conditionally averaged shear intensity at ζ2 = 0. The normalized shear intensity is equal to

1 at ζ2 = 0 and decreases toward 0 away from the shear layer. The profiles of ÎS are nearly

identical in the three-dimensional and two-dimensional analyses. Therefore, although the

two-dimensional analysis underestimates the magnitude of the shear intensity, it reproduces

the normalized distribution of conditionally averaged shear intensity across the shear layer.

The mean velocity jump is evaluated using the half-width of ÎS, denoted by δS, and the

velocity gradient at the shear-layer center as

∆u3 = δS
∂u3

∂ζ2

∣

∣

∣

∣

ζ2=0

. (B3)

This definition, originally applied for the velocity jump of each shear layer in Ref. 39, is used

in this appendix instead of the definition based on the peaks of the conditionally averaged

velocity profile. In the planar jet, the mean streamwise velocity affects the conditionally

averaged velocity profile when the layer-normal direction is close to the transverse direction,
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and the velocity peaks are not always clearly identified. The present definition based on the

velocity gradient at the shear-layer center provides a more robust estimate of the velocity

jump for examining its orientation dependence.

Figure 19 shows ∆u3 as a function of cosϕ = e2y, where e2y is the y component of the

layer-normal unit vector e2. The mean velocity jump decreases as cosϕ approaches zero,

for which the layer-normal direction is nearly perpendicular to the transverse direction. In

the turbulent planar jet, the rms velocity fluctuation in the streamwise direction is larger

than those in the transverse and spanwise directions.81,84 When the layer-normal direction

is nearly perpendicular to the transverse direction, the shear is less strongly associated with

the streamwise velocity component. As cosϕ increases, the streamwise velocity fluctuations

contribute more strongly to the shear, resulting in a larger mean velocity jump.

The two-dimensional analysis gives smaller values of ∆u3 than the three-dimensional

analysis, as expected from the comparisons of IS and u3 in Fig. 17. Nevertheless, the depen-

dence of ∆u3 on cosϕ is similar in the three-dimensional and two-dimensional analyses: ∆u3

increases with cosϕ in both cases. This result indicates that the projected two-dimensional

analysis captures the orientation dependence of the shear-layer velocity jump, although its

absolute magnitude is underestimated.

This behavior is consistent with the interpretation of the orientation dependence observed

in the OMJA experiments. In both the turbulent planar jet and turbulence subject to ax-

isymmetric expansion, the velocity jump tends to be small when the layer-normal direction

is perpendicular to the direction of relatively weak velocity fluctuations. In this orienta-

tion, the stronger velocity fluctuations contribute less directly to the velocity jump in the

shear-flow direction. The present DNS comparison therefore supports the use of projected

two-dimensional shear-layer statistics for examining the departure from an isotropic state,

while confirming that the absolute values of shear intensity and velocity jump should be

interpreted with caution.

Appendix C: Comparison with turbulence generated by opposed multiple-fan

arrays

The scale range examined in the present OMJA experiment is restricted by the spatial

resolution of the PIV measurements. To examine the robustness of the shear-layer statistics
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FIG. 20. Comparison between the OMJA experiment and the opposed multiple-fan experiment.

(a) Normalized conditionally averaged shear-vorticity profiles across shear layers. (b) Conditionally

averaged velocity jump across shear layers normalized by the Kolmogorov scaling, ∆u/(εδS)
1/3, as

a function of δS/η.

over a wider range of scales in Kolmogorov units, we compare the present results with

velocity data of nearly homogeneous isotropic turbulence generated by opposed multiple-fan

arrays.65 The multiple-fan facility consists of two sets of 9 × 9 fans installed on opposing

faces of a closed rectangular chamber, where nearly homogeneous isotropic turbulence with

Reλ ≃ 120 is generated. Two-dimensional, two-component PIV was used to measure the

velocity field. The same filtering, triple decomposition, and conditional shear-layer analysis

as those used for the OMJA data are applied to this dataset.

The filter size normalized by the Kolmogorov scale is LF/η ≈ 198–1161 (δS/η = 148–

753) in the OMJA experiment, whereas it is LF/η = 60 (δS/η = 39) in the multiple-fan
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experiment. Thus, the combined datasets allow us to examine whether the mean shear-layer

statistics remain consistent at scales smaller than those in the OMJA experiment.

Figure 20(a) compares the conditionally averaged shear-vorticity profiles across the shear

layer. The layer-normal coordinate is normalized by the filter size LF , and the conditionally

averaged shear vorticity is normalized by its peak value. The profiles obtained from the

OMJA and multiple-fan experiments are nearly identical. This result shows that the con-

ditionally averaged shear-vorticity distribution is nearly independent of the examined scale

range, indicating self-similar shear-layer structure over these scales.

Figure 20(b) shows the mean velocity jump across the shear layer normalized by the

Kolmogorov scaling, ∆u/(εδS)
1/3. The normalized velocity jump is approximately 1.9 at

δS/η ≃ 39 in the multiple-fan experiment and approximately 1.8–1.9 for δS/η > 100 in

the OMJA experiments. These values are very close, especially considering that the unnor-

malized velocity jump expected from ∆u ∝ δ
1/3
S changes by a factor of about 2.7 between

δS/η = 39 and 753. These results support the conclusion that the velocity jump across shear

layers is consistent with the Kolmogorov scaling over the examined range.
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