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Small-scale shear layers in temporally developing turbulent boundary layers are investigated6
using direct numerical simulations at momentum-thickness Reynolds numbers from 2000 to7
13000. Flow statistics are evaluated in a local coordinate system aligned with each shear layer8
identified by the shear intensity. Conditional mean fields show that shear layers are embedded9
in a biaxial strain. Near the wall, these conditional fields further reveal two distinct regions10
of intense rigid-body rotation beneath the shear layer, leading to momentum transfer through11
a mechanism consistent with counter-rotating vortex pairs. Two distinct scalings are found12
for the shear layers. In the logarithmic and outer layers, the mean shear-related velocity jump13
Δ𝑢3 and its width 𝛿3 scale with the Kolmogorov velocity 𝑢𝜂𝑇 and length 𝜂𝑇 evaluated in the14
turbulent region. In the buffer layer, 𝛿3 scales with the viscous length 𝛿𝜈 = 𝜈/𝑢𝜏 (𝜈 is the15
kinematic viscosity and 𝑢𝜏 the friction velocity), and Δ𝑢3 scales with 𝛿𝜈/𝜏𝜂𝑇 , consistent with16
the predominance of shear in energy dissipation, where 𝜏𝜂𝑇 is the Kolmogorov time scale.17
Velocity jumps associated with the biaxial strain exhibit Kolmogorov-based scaling in the18
logarithmic and outer layers. In the buffer layer, their widths scale with 𝛿𝜈 , but their velocity19
jumps do not scale with 𝛿𝜈/𝜏𝜂𝑇 because strain contributes little to dissipation. Comparisons20
with turbulent jets indicate weak wall influence in the logarithmic and outer layers. These21
scalings provide a basis for predicting shear-layer properties, which is crucial for developing22
flow-control strategies that leverage small-scale shear instability.23

1. Introduction24

Turbulent flows are ubiquitous in nature and engineering applications, ranging from at-25
mospheric and oceanic currents to flows around vehicles and through pipelines (Davidson26
2004). In these diverse contexts, the dynamics of turbulence at small scales play a governing27
role in determining transport phenomena. For instance, in chemical reactors and combustion28
engines, the efficiency of mixing and chemical reactions is fundamentally dictated by fluid29
motions at the smallest scales, where molecular diffusion takes place (Baldyga & Pohorecki30
1995; Driscoll 2008). Similarly, in environmental sciences, the dispersion of pollutants31
and heat transfer in the atmospheric boundary layer are strongly influenced by small-scale32
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turbulent fluctuations (Blocken et al. 2008; Chillà & Schumacher 2012). Therefore, a deep33
understanding of small-scale features is indispensable for improving predictive models and34
developing efficient control strategies for these industrial and environmental systems.35

Turbulent motions at small scales govern many important dynamical processes, such as36
kinetic energy dissipation and enstrophy production (Johnson & Wilczek 2024). The activity37
of small-scale motions is not spatially uniform but exhibits strong intermittency (Tsinober38
2009). From a statistical perspective, small-scale intermittency is often characterised by39
the probability distributions of velocity gradients and the scaling of high-order structure40
functions. On the other hand, it can also be examined from a structural perspective, in41
which coherent flow patterns define various turbulent structures. Enstrophy 𝜔2 = 𝝎 · 𝝎/2,42
defined using the vorticity vector 𝝎 = ∇ × 𝒖, is often utilised to extract small-scale vortical43
structures. One typical small-scale structure in turbulence is a vortex tube, identified as44
a tubular region of large enstrophy. Besides vortex tubes, large enstrophy values are also45
concentrated in sheet-like regions, called vortex sheets (Ruetsch & Maxey 1991). Vortex46
tubes exhibit large enstrophy associated with rigid-body rotation, whereas the vorticity in47
vortex sheets is associated with shearing motion (Nagata et al. 2020; Gul et al. 2020). For48
this reason, vortex sheets are also called small-scale shear layers (Watanabe et al. 2020b).49
Early attempts to study small-scale vortical structures focused extensively on vortex tubes,50
as attested by the large number of publications on this topic (Jiménez et al. 1993; Kida &51
Miura 1998; Tanahashi et al. 2001; Ganapathisubramani et al. 2008; da Silva et al. 2011;52
Jahanbakhshi et al. 2015; Watanabe et al. 2017b,a; Ghira et al. 2022).53

These studies quantified the characteristics of vortex tubes using conditional averages54
taken over vortex tubes, whereas early studies of small-scale shear layers largely relied55
on flow visualisations (Vincent & Meneguzzi 1994). More recently, there have been56
significant advances in identification schemes for small-scale shear layers based on the57
triple decomposition method (TDM) of the velocity gradient tensor (Kolář 2007). The TDM58
describes the motion of a fluid element as three constituents, shear, rigid-body rotation and59
elongation, and decomposes the velocity gradient tensor ∇𝒖 into these components. This60
method, originally proposed for identifying vortex tubes associated with rigid-body rotation,61
successfully distinguishes shear from rotation, both of which contribute to vorticity (Nagata62
et al. 2020; Das & Girimaji 2020). The TDM enables the extraction of small-scale shear63
layers separately from vortex tubes (Eisma et al. 2015; Watanabe et al. 2020b; Fiscaletti et al.64
2021). Importantly, the shear component of ∇𝒖 can identify both the location and orientation65
of each shear layer. Conditional averages in a local coordinate system aligned with each66
individual shear layer have revealed statistical properties of shear layers, such as the mean67
flow topology (Watanabe et al. 2020b).68

Extensive studies have been conducted on shear layers using the TDM in canonical flows69
such as isotropic turbulence (Watanabe et al. 2020b), turbulent free shear flows (Fiscaletti70
et al. 2021; Hayashi et al. 2021a,b) and turbulent boundary layers (TBLs) (Eisma et al.71
2015). These studies identified a significant change in the layer-parallel velocity across72
shear layers. The shear layers experience strain that compresses the fluid in the direction73
perpendicular to the layer and stretches it in the shear-vorticity direction. Analyses of the flow74
volume occupied by shear layers and the associated shear-induced velocity have shown their75
dynamical importance in the budgets of turbulent kinetic energy and enstrophy (Pirozzoli76
et al. 2010; Enoki et al. 2023). Additionally, interactions between shearing and straining77
motions play an important role in interscale energy transfer (Watanabe et al. 2020a; Enoki78
et al. 2023; Arun et al. 2025). A key subject of debate has been the scaling law, namely79
which turbulence scales characterise shear layers, such as their thickness and the velocity80
jump. Here, a quantity 𝐴 is regarded as scaling with 𝐵 when 𝐴/𝐵 is approximately constant.81
Analyses of isotropic turbulence and turbulent free shear flows provided conclusive evidence82
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that the mean velocity jump and its width associated with shear scale with the Kolmogorov83
velocity and length scales (Watanabe et al. 2020b; Fiscaletti et al. 2021; Hayashi et al. 2021a).84
However, an experimental study of a TBL reported that the layer thickness scales with the85
Taylor microscale (Eisma et al. 2015).86

Shear layers in wall turbulence are expected to exist between uniform momentum zones,87
and Taylor-microscale scaling has also been reported for the interfaces of uniform momentum88
zones (Meinhart & Adrian 1995; De Silva et al. 2017; Hearst et al. 2021). The aforementioned89
studies of wall-free turbulence measured the layer thickness using the velocity and shear-90
intensity distributions in the layer-normal direction. Even in the presence of mean shear,91
the shear in small-scale shear layers is dominated by velocity fluctuations, and the layer92
orientation does not align with the mean shear (Fiscaletti et al. 2021; Hayashi et al. 2021a).93
Nonetheless, in wall turbulence the thickness is typically measured from the streamwise-94
velocity jump along the wall-normal direction. This may strongly affect thickness estimates95
because of projection effects from tilted structures. In addition, most studies of shear layers96
in wall turbulence focus on shear between uniform momentum zones (de Silva et al. 2016;97
Chen et al. 2021; Fan et al. 2019). However, shearing motion is not produced only by such98
large-scale structures with different velocities but is also generated by small-scale vortices99
(Watanabe & Nagata 2022). Evaluating shear layers only at the edges of uniform momentum100
zones, while excluding their interiors, can bias the resulting statistics. The scalings of shear101
layers in turbulence without walls have been systematically assessed using DNS of isotropic102
turbulence and turbulent free shear flows over a range of Reynolds numbers. Comparable103
attempts have not yet been reported for wall turbulence, leading to a limited understanding104
of small-scale shear layers in wall turbulence.105

Small-scale shear layers are unstable, and their roll-up and subsequent breakdown lead106
to the formation of vortex tubes (Vincent & Meneguzzi 1994; Passot et al. 1995; Watanabe107
et al. 2020b). This instability is analogous, in a small-scale sense, to the instability of free108
shear layers, which has been extensively studied in canonical shear flows (Ho & Huerre109
1984). This vortex formation from small-scale shear layers is strongly influenced by velocity110
fluctuations around shear layers. In particular, fluctuations with a scale of about seven times111
the layer thickness efficiently promote vortex formation (Watanabe & Nagata 2023). This112
feature has been shown to be useful for modulating turbulence through external disturbances.113
By introducing velocity perturbations at the unstable wavelength of the shear layers, vortex114
formation and shear-layer breakdown are promoted, enhancing small-scale turbulent activity.115
Specifically, DNS of isotropic turbulence and of a turbulent front evolving into a non-turbulent116
flow have shown that promoting small-scale shear instability enhances turbulent kinetic117
energy dissipation, vortex stretching, small-scale scalar mixing and turbulent entrainment118
(Watanabe & Nagata 2023; Watanabe 2024; Watanabe & Nagata 2025). These effects can be119
significant: excitation of small-scale shear instability increased the entrainment rate by more120
than 10% in a turbulent front (Watanabe 2024), and increased the scalar dissipation rate by121
more than 50% in passive-scalar mixing (Watanabe & Nagata 2025).122

Small-scale shear layers in isotropic turbulence and turbulent free shear flows have a123
characteristic velocity that scales with the Kolmogorov velocity. As the ratio between the124
Kolmogorov velocity and a characteristic large-scale velocity, e.g. the root-mean-square125
(r.m.s.) velocity fluctuation, decreases with Reynolds number, even weaker perturbations126
can promote the instability of small-scale shear layers at higher Reynolds number. These127
considerations suggest that leveraging small-scale instability is a promising strategy for128
efficient turbulence control using small-scale disturbances. This approach is also expected129
to be useful for wall-bounded turbulence. However, investigations of the scaling of small-130
scale shear layers are required, as it is essential for estimating the unstable wavelength of131
small-scale shear layers and the perturbation intensity required to promote small-scale shear132
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instability. The scaling of the layer thickness determines the unstable wavelength, whereas133
the scaling of the velocity jump determines the disturbance intensity required to promote the134
instability. Therefore, identifying the length and velocity scales of small-scale shear layers135
in wall turbulence is essential for extending this control concept to wall-bounded flows.136

Most previous studies of small-scale shear layers using the TDM have focused on flows137
without wall influence, such as homogeneous isotropic turbulence, turbulent jets and mixing138
layers (Watanabe et al. 2020b; Fiscaletti et al. 2021; Hayashi et al. 2021a,b). Although Eisma139
et al. (2015) investigated shear layers in a TBL, the scaling of shear-layer properties in wall140
turbulence remains unclear. In particular, previous studies of wall-free turbulence reported141
Kolmogorov scaling of shear-layer thickness and velocity jump, whereas Eisma et al. (2015)142
reported Taylor-microscale scaling in a TBL. This difference raises the question of whether143
small-scale shear layers identified from velocity-gradient information retain universal small-144
scale features in wall turbulence, or whether they are modified by wall effects and near-wall145
turbulent motions. This question is also related to recent discussions on the universality146
of small-scale statistics in wall turbulence when normalised by local dissipation-based147
scales (Tang & Antonia 2022).148

The present study analyses DNS databases of temporally developing TBLs with Reynolds149
numbers based on momentum thickness ranging from 2000 to 13000 to elucidate the statistical150
characteristics of small-scale shear layers. We apply shear-layer identification based on the151
TDM and evaluate flow statistics in a three-dimensional local shear coordinate system aligned152
with the shear-layer orientation (Watanabe et al. 2020b; Hayashi et al. 2021a). This approach153
measures shear-layer thickness without bias from wall-normal projection effects and enables154
evaluation of statistics for all shear layers, not only those nearly parallel to the wall, such155
as shear regions at the edges of uniform momentum zones. We investigate how the small-156
scale shear layers depend on wall-normal position and Reynolds number. By examining their157
properties from the buffer layer to the outer layer, we aim to assess whether the universal158
characteristics previously observed in homogeneous isotropic turbulence and free shear flows159
are maintained in wall turbulence. The present results show that two different scalings of160
small-scale shear layers emerge depending on wall-normal position: Kolmogorov scaling in161
the logarithmic and outer layers, and a near-wall scaling based on the viscous length and the162
small-scale shear time scale in the buffer layer.163

The paper is organised as follows. Sections 2 and 3 describe the DNS databases of TBLs and164
the numerical details of the shear-layer analyses, respectively. Section 4 presents statistics of165
small-scale shear layers, including the mean flow topology and the dependence on Reynolds166
number and wall-normal position, which are compared with those in homogeneous isotropic167
turbulence and turbulent planar jets. Finally, the main findings are summarised in § 5.168

2. DNS of temporally developing turbulent boundary layer169

2.1. Temporally developing turbulent boundary layer170

The DNS databases used in the present study are those reported and validated in our previous171
studies (Watanabe et al. 2019; Zhang et al. 2023). Therefore, this section summarises only172
the details required for the present shear-layer analysis. Further numerical details, including173
code validation and velocity statistics, are available in those references.174

The DNS considered a temporally developing boundary layer of an incompressible fluid175
over a wall that moves horizontally at a constant speed𝑈𝑊 . The streamwise, wall-normal and176
spanwise directions are denoted by 𝑥, 𝑦 and 𝑧, respectively, and the corresponding velocity177
components are 𝑢, 𝑣 and 𝑤. The kinematic viscosity and fluid density are denoted by 𝜈 and 𝜌,178
respectively. Periodic boundary conditions are imposed in the streamwise (𝑥) and spanwise179
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Table 1: DNS databases of temporally developing TBLs. The Reynolds number based on
momentum thickness, 𝑅𝑒𝜃 , is the value at the end of each simulation. The computational
domain size is (𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧), and the number of grid points is (𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧). The friction

Reynolds number, 𝑅𝑒𝜏 , and the Reynolds number based on the 99% boundary-layer
thickness, 𝑅𝑒𝛿 , are also listed.

Case B02 B04 B06 B08 B10 B13

𝑅𝑒𝜃 2000 4000 6000 8000 10000 13000
𝐿𝑥/𝐷 56 120 170 220 276 360
𝐿𝑦/𝐷 76 162 230 298 360 480
𝐿𝑧/𝐷 28 60 85 110 138 180
𝑁𝑥 1024 1536 2048 2916 3456 4608
𝑁𝑦 648 864 1152 1728 2048 2700
𝑁𝑧 512 1024 1536 1458 2592 3456
𝑅𝑒𝜏 706 1312 1845 2538 3058 3980
𝑅𝑒𝛿 16517 33774 49567 71175 85528 113182

(𝑧) directions. A no-slip condition is applied at the wall (𝑦 = 0), and a slip condition is180
imposed at the top of the computational domain. The flow is initialised with a mean velocity181
field induced by a trip wire of diameter 𝐷 (Kozul et al. 2016; Zhang et al. 2018) and random182
fluctuations. Here, spatial averages over an 𝑥–𝑧 plane are denoted by ⟨ 𝑓 ⟩ and depend on183
time and wall-normal location. For a variable 𝑓 , the fluctuating component is defined as184

𝑓 ′ = 𝑓 − ⟨ 𝑓 ⟩, and its r.m.s. value is 𝑓𝑟𝑚𝑠 =
√︁
⟨ 𝑓 ′2⟩. A TBL develops from the initial velocity185

field over time.186

2.2. Numerical methods and parameters187

The governing equations were the three-dimensional incompressible Navier–Stokes equa-188
tions, which were solved with an in-house DNS code based on a fractional-step method with189
staggered grids. Details of the code and its validation, including comparisons with existing190
data for canonical turbulent flows, are provided in our previous studies (Watanabe et al.191
2015, 2016; Hayashi et al. 2021a; Zhang et al. 2023). Spatial derivatives were computed192
using fully conservative central-difference schemes with fourth-order accuracy in the 𝑥 and193
𝑧 directions and second-order accuracy in the 𝑦 direction. Time was advanced using a third-194
order Runge–Kutta method. The biconjugate gradient stabilised method was used to solve195
the Poisson equation for pressure.196

A computational domain was a cuboid of size (𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧), resolved by (𝑁𝑥 , 𝑁𝑦 , 𝑁𝑧)197
grid points. As the TBL develops, the Reynolds number based on the boundary-layer198
thickness increases. Six simulations with different final Reynolds numbers were conducted,199
as summarised in table 1. All DNS cases were conducted at a Reynolds number based200
on the trip-wire diameter, 𝑅𝑒𝐷 = 𝑈𝑊𝐷/𝜈 = 2000. The momentum thickness is defined as201
𝜃 =

∫ ∞
0 ⟨𝑢⟩(𝑈𝑊−⟨𝑢⟩)𝑈−2

𝑊
𝑑𝑦, and the Reynolds number based on 𝜃 is 𝑅𝑒𝜃 = 𝑈𝑊𝜃/𝜈. In each202

case, time integration was continued until 𝑅𝑒𝜃 attained the specified target value shown in203
table 1. Because the boundary-layer thickness increases with 𝑅𝑒𝜃 , a larger domain is required204
for cases with larger 𝑅𝑒𝜃 . The domain size was determined from the 99% boundary-layer205
thickness based on the mean velocity profile, 𝛿, such that the domain boundaries do not affect206
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the flow evolution. Uniform grid spacing was applied in the 𝑥 and 𝑧 directions. Non-uniform207
grid spacing was applied to the 𝑦 direction such that the grid spacing decreases towards208
the wall. The grid sizes were shown to be small enough to capture small-scale velocity209
fluctuations in both the near-wall region and the outer layer (Zhang et al. 2018, 2023).210

The instantaneous flow field was stored when 𝑅𝑒𝜃 reached the target value, and these field211
data are analysed in the present study. Table 1 also lists the friction Reynolds number 𝑅𝑒𝜏 =212
𝑢𝜏𝛿/𝜈 and the Reynolds number based on the boundary-layer thickness, 𝑅𝑒𝛿 = 𝑈𝑊𝛿/𝜈, at the213

end of each simulation. Here, 𝑢𝜏 =
√︁
𝜏𝑊/𝜌 is the friction velocity, and 𝜏𝑊 = 𝜌𝜈(𝜕⟨𝑢⟩/𝜕𝑦)𝑊214

is the wall-shear stress, where the subscript 𝑊 denotes a quantity evaluated at the wall.215

2.3. Averages within turbulent regions of the TBLs216

The present study focuses on small-scale shear layers that appear inside the TBLs. Because of217
external intermittency, turbulent and non-turbulent fluid intermittently appear at a fixed wall-218
normal location (da Silva et al. 2014). Shear layers do not exist in the non-turbulent region219
(Hayashi et al. 2021b). To compare shear layers with turbulence length and velocity scales,220
we introduce averages evaluated solely over the turbulent region to exclude contributions221
from non-turbulent fluid.222

We identify the turbulent region using the vorticity magnitude 𝜔 as 𝜔 > 𝜔𝑡ℎ (da Silva223
et al. 2014). Based on the threshold dependence of the identified turbulent region, we adopt224
𝜔𝑡ℎ = 0.01𝜔𝑟 , where 𝜔𝑟 = ⟨𝜔⟩ at 𝑦/𝛿 = 0.5 (Zhang et al. 2023). At each wall-normal225
location, horizontal-plane averages are computed using only points with 𝜔 > 0.01𝜔𝑟 . This226
average over the turbulent region is denoted by ⟨ 𝑓 ⟩𝑇 , and the corresponding r.m.s. fluctuation227

is 𝑓𝑟𝑚𝑠𝑇 =

√︃
⟨ 𝑓 2⟩𝑇 − ⟨ 𝑓 ⟩2

𝑇
. Because the volume fraction of the identified turbulent region228

varies only weakly with 𝜔𝑡ℎ around 𝜔𝑡ℎ = 0.01𝜔𝑟 , these turbulent-region averages are229
insensitive to modest changes in the threshold.230

With these averages, the Kolmogorov length and velocity scales are defined as 𝜂𝑇 =231

𝜈3/4⟨𝜀⟩−1/4
𝑇

and 𝑢𝜂𝑇 = (𝜈⟨𝜀⟩𝑇 )1/4, respectively, where 𝜀 = 2𝜈S𝑖 𝑗S𝑖 𝑗 is the kinetic en-232
ergy dissipation rate and S𝑖 𝑗 = (𝜕𝑢𝑖/𝜕𝑥 𝑗 + 𝜕𝑢 𝑗/𝜕𝑥𝑖)/2 is the rate-of-strain tensor. The233
Kolmogorov time scale is defined as 𝜏𝜂𝑇 = 𝜂𝑇/𝑢𝜂𝑇 . The Taylor microscale is evaluated234

as 𝜆𝑇 =

√︃
15𝜈𝑢2

0𝑇/⟨𝜀⟩𝑇 , where 𝑢0𝑇 =

√︃
(𝑢2

𝑟𝑚𝑠𝑇
+ 𝑣2

𝑟𝑚𝑠𝑇
+ 𝑤2

𝑟𝑚𝑠𝑇
)/3 is the characteristic235

large-scale velocity.236
The scales 𝜂𝑇 , 𝑢𝜂𝑇 and 𝜏𝜂𝑇 are local scales evaluated as functions of wall-normal position,237

rather than single reference scales for the entire TBL. The use of turbulent-region averages is238
important because the TBL exhibits external intermittency, with turbulent and non-turbulent239
fluids coexisting at a fixed wall-normal location. Our previous analysis of the turbulent/non-240
turbulent interface in the temporally developing TBLs showed that this intermittency is241
apparent for 𝑦/𝛿 ≳ 0.6 (Watanabe et al. 2018). In this region, averages over the entire242
horizontal plane are affected by the non-turbulent fluid and do not represent the turbulence243
properties. For 𝑦/𝛿 ≲ 0.6, the flow is almost always turbulent, and averages over the entire244
horizontal plane and over the turbulent region are nearly identical. Since the present study245
also examines the intermittent outer region, the local Kolmogorov scales based on turbulent-246
region averages are used throughout the analysis.247

2.4. Mean velocity profile248

The wall-normal distribution of the mean velocity is shown to provide a reference for the249
wall-normal locations used in the shear-layer analysis. Figure 1 shows profiles of the mean250
streamwise velocity, compared with those from other experiments and DNS. The wall-normal251
location 𝑦 is normalised by the viscous length scale 𝛿𝜈 = 𝜈/𝑢𝜏 as 𝑦+ = 𝑦/𝛿𝜈 , while the252
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Figure 1: Wall-normal profiles of mean streamwise velocity, 𝑈+ = (𝑈𝑊 − ⟨𝑢⟩)/𝑢𝜏 ,
compared with previous DNS (Sillero et al. 2013) and experiments (De Graaff & Eaton
2000) at comparable 𝑅𝑒𝜃 . For reference, the viscous-sublayer relation 𝑈+ = 𝑦+ and the

logarithmic law 𝑈+ = (1/𝑘) ln 𝑦+ + 𝐴, with 𝑘 = 0.39 and 𝐴 = 4.3, are shown.

mean velocity is normalised with the friction velocity as 𝑈+ = (𝑈𝑊 − ⟨𝑢⟩)/𝑢𝜏 . Throughout253
this paper, superscript + indicates quantities in wall units. Here, the present temporal TBLs254
are compared with spatially developing TBLs. The present DNS exhibits a typical mean255
velocity profile of TBLs, including 𝑈+ = 𝑦+ in the viscous sublayer and the logarithmic law256
𝑈+ = (1/𝑘) ln 𝑦+ + 𝐴, with 𝑘 = 0.39 and 𝐴 = 4.3 (Marusic et al. 2013). More extensive257
validation, including r.m.s. velocity fluctuations, Reynolds stress, energy spectra and velocity-258
gradient statistics, has been presented in our previous studies (Watanabe et al. 2019; Zhang259
et al. 2023).260

3. Detection and analyses of small-scale shear layers261

The small-scale shear layers are analysed with the TDM, by which local motions of fluid262
elements are represented by three components: shear (S), rigid-body rotation (R) and263
elongation (E) (Kolář 2007). This decomposition splits the velocity gradient tensor ∇𝒖264
into three components as ∇𝒖 = ∇𝒖𝑆 + ∇𝒖𝑅 + ∇𝒖𝐸 . The numerical procedure of the TDM265
adopted in this study is available in previous studies (Nagata et al. 2020; Hayashi et al. 2021a;266
Fiscaletti et al. 2021; Watanabe et al. 2025). The intensities of shear, rigid-body rotation267
and elongation are evaluated as 𝐼𝑆 =

√︁
2(∇𝒖𝑆)𝑖 𝑗 (∇𝒖𝑆)𝑖 𝑗 , 𝐼𝑅 =

√︁
2(∇𝒖𝑅)𝑖 𝑗 (∇𝒖𝑅)𝑖 𝑗 and268

𝐼𝐸 =
√︁

2(∇𝒖𝐸)𝑖 𝑗 (∇𝒖𝐸)𝑖 𝑗 , respectively.269
Small-scale shear layers can be detected as flow regions with large 𝐼𝑆 (Eisma et al. 2015;270

Watanabe et al. 2020b). The present study analyses the flow field around local maxima of271
𝐼𝑆 . The methodology is the same as in our previous studies (Watanabe et al. 2020b; Hayashi272
et al. 2021a; Watanabe & Nagata 2023; Watanabe et al. 2025), where further details are273
provided.274

For each detected local maximum, a local shear coordinate system (𝜁1, 𝜁2, 𝜁3) is introduced275
to align all shear layers in turbulence in a common orientation. The coordinate origin276
(𝜁1, 𝜁2, 𝜁3) = (0, 0, 0) is located at the local maximum. The velocity vector in the shear277
coordinates is denoted by (𝑢1, 𝑢2, 𝑢3). To characterise the local flow pattern around a shear278
layer, these velocity components are taken as the relative velocity with respect to (𝜁1, 𝜁2, 𝜁3) =279
(0, 0, 0). The unit vectors of the shear coordinates are denoted by 𝒆1, 𝒆2 and 𝒆3. In this280
coordinate system, the shear is predominantly expressed by 𝜕𝑢3/𝜕𝜁2, which contributes to281
vorticity in the 𝜁1 direction. Therefore, the 𝜁1 direction is defined by the unit shear-vorticity282
vector, 𝒆1 = 𝝎𝑆/|𝝎𝑆 |, where (𝝎𝑆)𝑖 = 𝜖𝑖 𝑗𝑘 (∇𝒖𝑆) 𝑗𝑘 is the shear-vorticity vector and 𝜖𝑖 𝑗𝑘283
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is the Levi–Civita symbol. The shear-coordinate system is not unique, because physically284
equivalent coordinate systems exist. To remove this ambiguity, we consider only coordinate285
systems with (𝒆2)𝑦 > 0. This coordinate is identified with the numerical algorithm described286
in previous studies (Watanabe et al. 2020b; Hayashi et al. 2021a).287

Following identification of the shear coordinate system at each local maximum of 𝐼𝑆 , flow288
variables 𝑓 (𝑥, 𝑦, 𝑧) on the DNS grid are interpolated onto the shear coordinates (𝜁1, 𝜁2, 𝜁3),289
i.e. 𝑓 (𝜁1, 𝜁2, 𝜁3), using a third-order polynomial interpolation scheme. This interpolation290
is applied for all local maxima of 𝐼𝑆 . Subsequently, ensemble averages of 𝑓 (𝜁1, 𝜁2, 𝜁3) are291
computed over all identified local maxima at each wall-normal location and denoted by292

𝑓 (𝑦; 𝜁1, 𝜁2, 𝜁3), to indicate explicitly the dependence on wall distance 𝑦. Because no shear293
layers exist outside the TBL, the analysis is restricted to 𝑦/𝛿 ⩽ 1.1. In addition, the lowest294
wall-normal location considered is 𝑦+ = 15 to exclude the viscous sublayer, where shear295
layers arising from velocity fluctuations are scarce owing to the predominance of mean shear.296
Within this 𝑦 range, more than 21 discrete points are defined for the shear-layer analysis.297
At each discrete point 𝑦 = 𝑦𝑆 , shear layers are identified within a wall-normal band of ±10298
grid points and sampled to compute conditional statistics in the shear coordinates, which are299
taken to represent the shear-layer characteristics at 𝑦 = 𝑦𝑆 .300

4. Results and discussion301

4.1. Three motions extracted by the triple decomposition method302

Figure 2 visualises 𝐼𝑆 , 𝐼𝑅 and 𝐼𝐸 on an 𝑥–𝑦 plane of the TBL with 𝑅𝑒𝜃 = 10000. In303
figure 2(𝑎), the shear intensity is generally large in the vicinity of the wall, and large 𝐼𝑆 often304
appears as a thin line. In contrast, regions of large 𝐼𝑅 often have a circular shape in figure 2(𝑏).305
Comparison of figures 2(𝑏) and 2(𝑐), together with the enlarged view in figure 2(𝑑), shows306
that 𝐼𝐸 tends to be large around these circular regions of large 𝐼𝑅. Large 𝐼𝑆 and 𝐼𝑅 correspond307
to two-dimensional cuts of shear layers and vortex tubes, respectively (Nagata et al. 2020;308
Watanabe et al. 2020b). Regions of large 𝐼𝐸 , where energy dissipation due to irrotational309
strain occurs, tend to surround vortex tubes (Ruetsch & Maxey 1991). The distributions310
of 𝐼𝑆 , 𝐼𝑅 and 𝐼𝐸 in the TBL are consistent with those observed in homogeneous isotropic311
turbulence (Watanabe et al. 2020b) and turbulent planar jets (Hayashi et al. 2021a).312

Figure 3(𝑎) shows the wall-normal profiles of the mean intensities of the three motions,313
⟨𝐼𝑆⟩𝑇 , ⟨𝐼𝑅⟩𝑇 and ⟨𝐼𝐸⟩𝑇 , normalised by 𝑈𝑊/𝛿 in the TBLs with 𝑅𝑒𝜃 = 4000 and 10000.314
Here, the averages are evaluated within the turbulent region because the non-turbulent region315
has negligible shear and rigid-body rotation. In the viscous sublayer (𝑦+ ≲ 5), ⟨𝐼𝑆⟩𝑇 is much316
larger than ⟨𝐼𝑅⟩𝑇 and ⟨𝐼𝐸⟩𝑇 . The large values of 𝐼𝑆 reflect the predominance of mean shear317
near the wall. A recent velocity-gradient partitioning analysis of channel flows and TBLs318
also observed the predominance of shear in the near-wall region (Arun & Colonius 2024).319
The three intensities decrease with increasing 𝑦+, consistent with the reduction in velocity320
fluctuations. Throughout the TBL, shear is stronger than the other motions. The mean321
intensities are larger for the higher 𝑅𝑒𝜃 case because the time scale of small-scale turbulent322
motions, related to velocity gradients, becomes shorter at a higher Reynolds number.323

The peaks of ⟨𝐼𝑅⟩𝑇 and ⟨𝐼𝐸⟩𝑇 appear near the wall. In the buffer layer, the velocity-gradient324
tensor is dominated by shear, and rigid-body rotation and elongation are weak compared with325
those in turbulent flows without direct wall influence, such as turbulent planar jets (Hayashi326
et al. 2021a). As 𝑦+ increases towards the lower part of the logarithmic layer, rigid-body327
rotation and elongation become relatively more important among the small-scale motions.328
Farther from the wall, however, the overall magnitude of velocity gradients decreases with329
increasing 𝑦+, leading to decreases in ⟨𝐼𝑅⟩𝑇 and ⟨𝐼𝐸⟩𝑇 . The balance between these two330



9

(a) (b)

(c) (d)

Figure 2: Two-dimensional distributions of the intensities of the three motions extracted
by the TDM at 𝑅𝑒𝜃 = 10000: (𝑎) shear, 𝐼𝑆 , (𝑏) rigid-body rotation, 𝐼𝑅 and (𝑐) elongation,
𝐼𝐸 . (𝑑) Enlarged view of 𝐼𝑅 and 𝐼𝐸 in the regions marked by white boxes in (𝑏) and (𝑐).

effects produces the peaks of ⟨𝐼𝑅⟩𝑇 and ⟨𝐼𝐸⟩𝑇 around 𝑦+ ≈ 30, which are not directly related331
to the inner peak of r.m.s. velocity fluctuations.332

The relative importance of the three motions at a given height is examined in figure 3(𝑏)333
using intensities normalised by the Kolmogorov time scale, 𝜏𝜂𝑇 . In the viscous sublayer,334
⟨𝐼𝑆⟩𝑇/𝜏−1

𝜂𝑇
∼ 1.3 is much larger than the other components. In the buffer layer, shear becomes335

relatively weaker and the other two motions become more important, as indicated by the336
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Figure 3: Wall-normal profiles of mean intensities of the three motions, ⟨𝐼𝑆⟩𝑇 , ⟨𝐼𝑅⟩𝑇 and
⟨𝐼𝐸⟩𝑇 , normalised by (𝑎) 𝑈𝑊/𝛿, (𝑏) 𝜏−1

𝜂𝑇
, and (𝑐) ⟨𝜀⟩𝑇/𝑢2

0𝑇 for 𝑅𝑒𝜃 = 4000 and 10000.

decrease in ⟨𝐼𝑆⟩𝑇/𝜏−1
𝜂𝑇

and the increase in ⟨𝐼𝑅⟩𝑇/𝜏−1
𝜂𝑇

and ⟨𝐼𝐸⟩𝑇/𝜏−1
𝜂𝑇

. The mean intensities337

are then nearly constant in the logarithmic layer and decrease towards the edge of the TBL.338
The results for the two 𝑅𝑒𝜃 cases collapse well, indicating that the mean intensities scale339
with the inverse of the Kolmogorov time scale. The difference between 𝑅𝑒𝜃 = 4000 and340
10000 appears at large 𝑦+, because the 𝑦+ location of the outer edge of the TBLs depends on341
𝑅𝑒𝜃 .342

Figure 3(𝑐) adopts the normalisation based on ⟨𝜀⟩𝑇/𝑢2
0𝑇 . The energy dissipation rate343

generally scales as ⟨𝜀⟩𝑇 ∼ 𝑢3
0𝑇/𝐿, where 𝐿 is a characteristic length scale of large-scale344

motions (Davidson 2004). Thus, ⟨𝜀⟩𝑇/𝑢2
0𝑇 ∼ 𝑢0𝑇/𝐿 can be interpreted as the inverse of345

the 𝑦-dependent large-scale time scale. This normalisation leads to significant 𝑦-and 𝑅𝑒𝜃 -346
dependences in the logarithmic and outer layers, indicating that the mean intensities of the347
three motions are not characterised by the large-scale time scale.348

The vorticity vector 𝝎 = ∇ × 𝒖 is decomposed into shear and rigid-body-rotation349
components as 𝝎 = 𝝎𝑆 + 𝝎𝑅, where (𝜔𝑆)𝑖 = 𝜖𝑖 𝑗𝑘 (∇𝒖𝑆) 𝑗𝑘 and (𝜔𝑅)𝑖 = 𝜖𝑖 𝑗𝑘 (∇𝒖𝑅) 𝑗𝑘 .350
The TDM is then used to decompose the velocity field into shear and non-shear components,351
𝒖 = 𝒖𝑆+𝒖𝑁𝑆 , by reconstructing the shear velocity 𝒖𝑆 = (𝑢𝑆 , 𝑣𝑆 , 𝑤𝑆) from the shear vorticity352
𝝎𝑆 = (𝜔𝑆𝑥 , 𝜔𝑆𝑦 , 𝜔𝑆𝑧) through the Biot–Savart relation. This approach follows Enoki et al.353
(2023), but is implemented differently to impose the boundary conditions of the temporal354
TBL considered here.355

Specifically, the Poisson equation356

∇2𝑣𝑆 =
𝜕𝜔𝑆𝑧

𝜕𝑥
− 𝜕𝜔𝑆𝑥

𝜕𝑧
, (4.1)357

is solved for 𝑣𝑆 , and then 𝑢𝑆 and 𝑤𝑆 are obtained from358 (
𝜕2

𝜕𝑥2 + 𝜕2

𝜕𝑧2

)
𝑢𝑆 = − 𝜕2𝑣𝑆

𝜕𝑥𝜕𝑦
+
𝜕𝜔𝑆𝑦

𝜕𝑧
, (4.2)359 (

𝜕2

𝜕𝑥2 + 𝜕2

𝜕𝑧2

)
𝑤𝑆 = − 𝜕2𝑣𝑆

𝜕𝑦𝜕𝑧
−
𝜕𝜔𝑆𝑦

𝜕𝑥
. (4.3)360

The non-shear component 𝒖𝑁𝑆 is obtained by subtracting 𝒖𝑆 from 𝒖. A fast Fourier transform361
in the 𝑥 and 𝑧 directions and a tridiagonal matrix algorithm in the 𝑦 direction are employed to362
solve (4.1)–(4.3), with 𝑣𝑆 = 0 imposed at the wall and the upper boundary. The total velocity363
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Figure 4: Contributions of shear and non-shear velocities to the Reynolds stress ⟨𝑢′𝑣′⟩: (𝑎)
⟨𝑢′𝑣′⟩ = ⟨𝑢′

𝑆
𝑣′⟩ + ⟨𝑢′

𝑁𝑆
𝑣′⟩ and (𝑏) ⟨𝑢′𝑣′⟩ = ⟨𝑢′

𝑆
𝑣′
𝑆
⟩ + ⟨𝑢′

𝑆
𝑣′
𝑁𝑆

⟩ + ⟨𝑢′
𝑁𝑆

𝑣′
𝑆
⟩ + ⟨𝑢′

𝑁𝑆
𝑣′
𝑁𝑆

⟩.
Wall-normal distributions for 𝑅𝑒𝜃 = 4000 are shown.

vector is thus decomposed as364

𝒖 = 𝒖𝑆 + 𝒖𝑁𝑆 = ⟨𝒖𝑆⟩ + 𝒖′
𝑆 + 𝒖′

𝑁𝑆 . (4.4)365

Here, ⟨𝒖𝑆⟩ = ⟨𝒖⟩ and ⟨𝒖𝑁𝑆⟩ = 0, because the mean velocity profile is associated solely with366
the mean shear.367

The non-shear velocity 𝒖𝑁𝑆 is related to the vorticity associated with rigid-body rotation.368
However, it is not referred to here as the rotational velocity, because the symmetric part of the369
non-shear velocity-gradient tensor is the elongational component of the TDM. We therefore370
use the term “non-shear velocity” for this velocity component.371

This decomposition is applied to the Reynolds stress ⟨𝑢′𝑣′⟩, which represents the vertical372
transfer of streamwise momentum, as ⟨𝑢′𝑣′⟩ = ⟨𝑢′

𝑆
𝑣′⟩ + ⟨𝑢′

𝑁𝑆
𝑣′⟩. The first and second terms373

represent the contributions of the shear and non-shear components of streamwise momentum,374
respectively. Figure 4(𝑎) shows the wall-normal profiles of these terms. Here, the present375
study considers a TBL developing over a wall moving in the 𝑥 direction. In this configuration,376
⟨𝑢′𝑣′⟩ is positive, whereas it is negative for a TBL developing over a stationary wall in a377
freestream. In the viscous sublayer and buffer layer, 𝑦+ ≲ 25, ⟨𝑢′𝑣′⟩ ≈ ⟨𝑢′

𝑆
𝑣′⟩, indicating378

that the vertical momentum transfer is dominated by the shear component of the streamwise379
momentum. Even in the logarithmic and outer layers, 𝑦+ ≳ 25, ⟨𝑢′

𝑆
𝑣′⟩ remains larger than380

⟨𝑢′
𝑁𝑆

𝑣′⟩.381
Further decomposition of the wall-normal velocity fluctuation yields ⟨𝑢′𝑣′⟩ = ⟨𝑢′

𝑆
𝑣′
𝑆
⟩ +382

⟨𝑢′
𝑆
𝑣′
𝑁𝑆

⟩ + ⟨𝑢′
𝑁𝑆

𝑣′
𝑆
⟩ + ⟨𝑢′

𝑁𝑆
𝑣′
𝑁𝑆

⟩. These terms represent the vertical transfer of streamwise383
shear/non-shear momentum by wall-normal shear/non-shear velocities. Figure 4(𝑏) shows the384
wall-normal profiles of these decomposed terms. A similar decomposition of the Reynolds385
stress was examined by Enoki et al. (2023) for a turbulent planar jet in the context of turbulent-386
kinetic-energy production. They showed that ⟨𝑢′

𝑆
𝑣′
𝑆
⟩ makes the dominant contribution to the387

Reynolds stress. Consistently, the present results also show that ⟨𝑢′
𝑆
𝑣′
𝑆
⟩ is the predominant388

contribution over most of the TBL. A related analysis of the Reynolds stress in TBLs389
was reported by Pirozzoli et al. (2010), who reconstructed the velocity fields associated390
with shear layers and vortex tubes from truncated vorticity vectors set to zero outside the391
structures of interest. They also showed that the velocity field reconstructed from shear392
layers makes the dominant contribution to the Reynolds stress. These studies suggest that393
the flow induced by shear layers is more energetic than that induced by vortex tubes, leading394
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Figure 5: Probability density functions of the 𝑧, 𝑦 and 𝑥 components of 𝒆1, 𝒆2 and 𝒆3,
denoted by (𝒆1)𝑧 , (𝒆2)𝑦 and (𝒆3)𝑥, at (𝑎) 𝑦+ = 15 (𝑦/𝛿 = 0.0048), (𝑏) 𝑦+ = 31

(𝑦/𝛿 = 0.01), (𝑐) 𝑦+ = 153 (𝑦/𝛿 = 0.05) and (𝑑) 𝑦+ = 1529 (𝑦/𝛿 = 0.5) for 𝑅𝑒𝜃 = 10000.

to a larger contribution to the turbulent kinetic energy and the Reynolds stress. However,395
as the wall is approached, ⟨𝑢′

𝑆
𝑣′
𝑁𝑆

⟩ becomes relatively more important and exhibits a peak396
near the lower edge of the logarithmic layer. This term represents the vertical transfer of397
shear-related streamwise momentum caused by the non-shear wall-normal velocity. This398
momentum transfer is discussed below in connection with the mean flow pattern around399
shear layers in the near-wall region.400

4.2. Fundamental statistical properties of small-scale shear layers401

The orientations of shear layers are examined using probability density functions (p.d.f.s)402
of individual components of the unit vectors of the shear coordinates, 𝒆1, 𝒆2 and 𝒆3, which403
represent the 𝜁1, 𝜁2 and 𝜁3 directions, respectively. The p.d.f.s are shown for the 𝑧, 𝑦 and 𝑥404
components of 𝒆1, 𝒆2 and 𝒆3, respectively, because these components effectively characterise405
shear-layer orientation near the wall. In particular, 𝒆1, 𝒆2 and 𝒆3 tend to align preferentially406
with the 𝑧, 𝑦 and −𝑥 directions, respectively, and to be perpendicular to the other directions.407
Figure 5 presents the p.d.f.s evaluated at four wall-normal locations, 𝑦+ = 15, 31, 153 and408
1529 (𝑦/𝛿 = 0.0048, 0.01, 0.05 and 0.5). Here, 𝑦+ = 15 is within the buffer layer, 𝑦+ = 31409
is close to the boundary between the buffer and logarithmic layers, and 𝑦+ = 153 and 1529410
lie in the logarithmic and outer layers, respectively.411

The p.d.f.s at 𝑦+ = 15 and 31 exhibit distinct peaks at −1 or 1, indicating that shear412
layers predominantly align with specific directions. The shear-vorticity direction 𝒆1 tends to413
have (𝒆1)𝑧 ≈ 1, implying that vorticity due to shear aligns with the spanwise direction. This414
orientation is consistent with the mean shear, since 𝜕⟨𝑢⟩/𝜕𝑦 contributes to spanwise vorticity.415
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(a) (b)

Figure 6: Conditionally averaged flow patterns around small-scale shear layers in the TBL
at 𝑅𝑒𝜃 = 10000. Colour contours and arrows represent the mean shear intensity 𝐼𝑆 and

mean velocity vectors (𝑢1, 𝑢2, 𝑢3). The length of a vector indicates the vector magnitude.
Results are shown on the (𝑎) 𝜁2–𝜁3 plane and (𝑏) 𝜁1–𝜁2 plane for shear layers detected at
𝑦+ = 1529 (𝑦/𝛿 = 0.5). The colour range is set using the mean shear intensity ⟨𝐼𝑆⟩𝑇 and

the maximum value of 𝐼𝑆 , (𝐼𝑆)max.

Peaks are also observed at (𝒆2)𝑦 ≈ 1 and (𝒆3)𝑥 ≈ −1. The direction 𝒆3 is defined to match416
the direction of the shear flow, and the peak at (𝒆3)𝑥 ≈ −1 indicates that streamwise velocity417
fluctuations generate locally intense shear. The unit vector 𝒆2 represents the direction normal418
to the shear layers, and the peak at (𝒆2)𝑦 ≈ 1 implies that shear layers tend to be parallel to419
the wall. These results indicate that shear layers near the wall are strongly influenced by the420
wall. Even at higher locations, 𝑦+ = 153 and 1529, the p.d.f.s show similar trends, although421
the peaks are much weaker than at 𝑦+ = 15 and 31. The edges of uniform momentum422
zones in two-dimensional (𝑥–𝑦) planes are often identified using the wall-normal gradient423
of the streamwise velocity, 𝜕𝑢/𝜕𝑦. Shear layers dominated by 𝜕𝑢/𝜕𝑦 would have (𝒆2)𝑦 ≈ 1.424
However, the present results for the logarithmic and outer layers suggest that shear layers are425
oriented in a range of directions, and that a predominance of 𝜕𝑢/𝜕𝑦 in the local shear does426
not occur.427

Conditionally averaged flow patterns around small-scale shear layers are examined using428
ensemble averages with the method described in § 3. Figure 6 presents two-dimensional429
profiles of the mean velocity vector (𝑢1, 𝑢2, 𝑢3) and colour contours of the mean shear430
intensity 𝐼𝑆 obtained in the TBL at 𝑦+ = 1529 with 𝑅𝑒𝜃 = 10000. In isotropic turbulence431
and turbulent planar jets, shear layers have been shown to comprise two distinct motions,432
shear and biaxial strain, which can be assessed on the 𝜁2–𝜁3 and 𝜁1–𝜁2 planes, respectively433
(Watanabe et al. 2020b; Hayashi et al. 2021a). The mean flow patterns on these planes434
intersecting the shear-layer centre at (𝜁1, 𝜁2, 𝜁3) = (0, 0, 0) are visualised in figures 6(𝑎)435
and (𝑏). The region of large 𝐼𝑆 has a flattened shape, extended in the 𝜁1 and 𝜁3 directions.436
From the centre, 𝐼𝑆 decreases rapidly in the 𝜁2 direction, while the decreases in the 𝜁1 and437
𝜁3 directions are more gradual. The shear-layer size estimated from 𝐼𝑆 is approximately438
30𝜂𝑇 × 5𝜂𝑇 × 30𝜂𝑇 . The shear within this structure is associated with the opposing flows439
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(a) (b)

Figure 7: The same as figure 6, but for shear layers detected at 𝑦+ = 31 (𝑦/𝛿 = 0.01).

(a) (b)

Figure 8: The same as figure 6, but for shear layers detected at 𝑦+ = 153 (𝑦/𝛿 = 0.05).

in the ±𝜁3 directions observed on the 𝜁2–𝜁3 plane in figure 6(𝑎). The mean velocity field in440
figure 6(𝑏) exhibits a biaxial strain, with stretching in the 𝜁1 direction and compression in441
the 𝜁2 direction. This mean pattern of shear and strain is consistent with that observed in442
isotropic turbulence and turbulent planar jets (Watanabe et al. 2020b; Hayashi et al. 2021a).443

Figures 7 and 8 show the mean flow patterns of shear layers near the wall, obtained at444
𝑦+ = 31 and 153 in the DNS with 𝑅𝑒𝜃 = 10000. The range of 𝜁2 shown in figure 7 is445
restricted because no statistical samples are available for 𝜁2/𝜂𝑇 ≲ −16 because of the wall.446
The mean shear-intensity distributions confirm the presence of similar shear layers even near447
the wall. However, the shear becomes more intense as 𝜁2 decreases. Near the wall, the shear448
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(b) (c)

(a)

Figure 9: Conditionally averaged intensity of rigid-body rotation near the shear layers on
the 𝜁1–𝜁2 plane for 𝑅𝑒𝜃 = 4000: (𝑎) 𝑦+ = 31 (𝑦/𝛿 = 0.01), (𝑏) 𝑦+ = 153 (𝑦/𝛿 = 0.05) and

(𝑐) 𝑦+ = 1529 (𝑦/𝛿 = 0.5). The black line indicates the shear layer location with the
isoline of the mean shear intensity equal to the half of its maximum value at the centre.

coordinates (𝜁1, 𝜁2, 𝜁3) tend to align with the (𝑧, 𝑦,−𝑥) directions. Therefore, the large 𝐼𝑆 for449
𝜁2 < 0 outside the shear layer is attributed to stronger shear near the wall, as discussed in450
figure 3. Nonetheless, the shear layers still experience a biaxial strain.451

The decomposition of the Reynolds stress in figure 4 shows that the transfer of shear-452
related streamwise momentum by the wall-normal non-shear velocity makes an important453
contribution to momentum transfer in the near-wall region. This coupling is further examined454
through the conditionally averaged flow pattern around shear layers. Figure 9(𝑎) shows the455
mean intensity of rigid-body rotation on the 𝜁1–𝜁2 plane near the shear layers identified at456
𝑦+ = 31, which is the same wall-normal location as in figure 7. The black line indicates the457
shear-layer location, represented by an isoline of the mean shear intensity.458

In this conditionally averaged field, two regions of intense rigid-body rotation are observed459
on the wall side of the shear layer at 𝜁2/𝜂𝑇 ≈ −8 and 𝜁1/𝜂𝑇 ≈ ±5. The mean velocity460
vectors around these regions indicate counter-rotating motions, which induce flow towards461
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Figure 10: (𝑎) A schematic of the mean flow pattern around a shear layer. (𝑏) A schematic
of the coupling between a shear layer and counter-rotating motions observed in the

conditional mean field, leading to wall-normal transfer of streamwise momentum near the
wall.

the shear layer with 𝑢2 > 0. These regions also exhibit shear flow with 𝑢3 < 0, as shown in462
figure 7(𝑎). In the near-wall region, the shear-coordinate directions 𝜁1, 𝜁2 and 𝜁3 preferentially463
align with the 𝑧, 𝑦 and −𝑥 directions, respectively. Therefore, for 𝜁2 < 0, the relations464
𝑢2 ∼ 𝑣 > 0 and 𝑢3 ∼ −𝑢 < 0 imply 𝑢𝑣 > 0. Thus, the rigid-body rotation beneath the shear465
layer contributes to the Reynolds stress by driving the wall-normal transfer of shear-related466
streamwise momentum. Moreover, the wall-normal motion 𝑢2 > 0 induced by rigid-body467
rotation is associated with 𝑣𝑁𝑆 , whereas the streamwise motion due to shear, corresponding468
to 𝑢3 < 0, is associated with 𝑢𝑆 . This contribution is therefore related to ⟨𝑢′

𝑆
𝑣′
𝑁𝑆

⟩, which is469
shown to be important near the wall in figure 4(𝑏).470

The presence of rigid-body rotation beneath the shear layer is consistent with previous471
observations of coherent structures near the wall. Pairs of counter-rotating streamwise472
vortices have been observed in conditionally averaged flow patterns near walls (Bakewell Jr.473
& Lumley 1967; Blackwelder & Eckelmann 1979). The mean flow pattern in figure 9(𝑎)474
is also similar to the classical sketch of counter-rotating vortices interacting with mean475
shear (Pope 2000; Holmes et al. 2012). An important difference, however, is that figure 9(𝑎)476
suggests an interaction between counter-rotating motions and a local shear layer that is477
strongly influenced by velocity fluctuations, rather than by the mean shear alone, because the478
shear intensity in the layer is much larger than the mean shear.479

Figures 9(𝑏, 𝑐) present the conditionally averaged intensity of rigid-body rotation near480
the shear layers at 𝑦+ = 153 and 1529, for which the conditionally averaged shear-intensity481
profiles are shown in figures 8 and 6, respectively. Intense rotation is again observed for482
𝜁2 < 0. The mean velocity vectors for 𝜁2 < 0 indicate flow towards the shear layer at all483
wall-normal locations shown in figure 9. However, because the shear layers are oriented in484
various directions at large 𝑦+, this local configuration does not lead to a large contribution485
to ⟨𝑢′

𝑆
𝑣′
𝑁𝑆

⟩.486
Intense rigid-body rotation is also observed inside the shear layer in figures 9(𝑏, 𝑐), although487

the mean velocity vectors on the 𝜁1–𝜁2 plane do not show a clear rotating pattern there488
because the rotation axis is not perpendicular to the visualised plane. These rotating motions489
are relevant to vorticity generated from shear layers: rigid-body rotation with vorticity in490
the 𝜁1 direction grows within the shear layer as shear instability proceeds (Watanabe et al.491
2020b; Watanabe & Nagata 2023). The two regions of intense rigid-body rotation, one for492
𝜁2 < 0 and the other within the shear layer, are also consistent with anti-parallel vortex tubes493
observed in various turbulent flows (Goto et al. 2017).494

Figure 10(𝑎) illustrates the mean flow pattern around a shear layer. The mean velocity495
in the 𝜁3 direction, 𝑢3, rapidly varies across the shear layer in the 𝜁2 direction. The mean496
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Figure 11: Mean velocity profiles near shear layers at (𝑎, 𝑏) 𝑦+ = 1529 (𝑦/𝛿 = 0.5) and
(𝑐, 𝑑) 𝑦+ = 31 (𝑦/𝛿 = 0.01) for 𝑅𝑒𝜃 = 10000: (𝑎, 𝑐) 𝑢1 along the 𝜁1 axis; (𝑏, 𝑑) 𝑢2 and 𝑢3

along the 𝜁2 axis. The evaluation of the mean velocity jump, Δ𝑢𝑖 , and its width, 𝛿𝑖 , is
illustrated.

velocities in the 𝜁1 and 𝜁2 directions, denoted by 𝑢1 and 𝑢2, respectively, form a biaxial strain497
around the shear layer, with the mean flow in the 𝜁1 direction diverging from the shear-layer498
centre and that in the 𝜁2 direction converging towards it. The p.d.f.s of the shear-coordinate499
directions in figure 5 indicate the orientation of the shear layer with respect to the (𝑥, 𝑦, 𝑧)500
directions. In the near-wall region, the 𝜁3 direction preferentially aligns with the direction501
opposite to the mean flow, namely the −𝑥 direction, because the mean shear affects the local502
shear in the layer. In addition, the 𝜁2 direction preferentially aligns with the wall-normal503
direction, namely the 𝑦 direction, indicating that the layer is approximately parallel to the504
wall. These tendencies lead to the preferential alignment of the 𝜁1 direction with the spanwise505
direction, namely the 𝑧 direction.506

Figure 10(𝑏) illustrates the coupling between a shear layer and counter-rotating motions507
beneath it, as observed in the mean flow pattern near the wall. The shear layer is approximately508
parallel to the wall. The wall-normal velocity induced by the counter-rotating motions509
transfers the streamwise momentum associated with the shear layer, leading to a contribution510
to the Reynolds stress from the shear and non-shear velocity components, denoted by ⟨𝑢′

𝑆
𝑣′
𝑁𝑆

⟩511
in the Reynolds-stress decomposition based on the triple decomposition. These counter-512
rotating motions are consistent with previous observations of vortical structures near the513
wall, connecting the shear layers identified by the TDM to well-known vortical structures in514
wall turbulence (Bakewell Jr. & Lumley 1967; Blackwelder & Eckelmann 1979; Robinson515
1991; Adrian et al. 2000).516

The mean velocity components associated with the shear and strain exhibit distinct jumps517
across the shear layer. The shear is observed in 𝑢3 along the 𝜁2 axis, while the strain is518
reflected in 𝑢1 along the 𝜁1 axis and 𝑢2 along the 𝜁2 axis. Accordingly, the velocity jump and519
its width are examined using the mean velocity profiles 𝑢1(𝜁1), 𝑢2(𝜁2) and 𝑢3(𝜁2) across the520
shear-layer centre. Figure 11 shows these mean profiles for shear layers at 𝑦+ = 1529 and521
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Figure 12: Wall-normal variations of (𝑎, 𝑐) the width 𝛿3 and (𝑏, 𝑑) the jump Δ𝑢3 in the
mean velocity associated with shear. The Kolmogorov length and velocity scales are used
for normalisation in (𝑎) and (𝑏). In (𝑐), 𝛿3 is normalised by the viscous length scale 𝛿𝜈 ,
and the corresponding velocity scale 𝛿𝜈/𝜏𝜂𝑇 is used to normalise Δ𝑢3 in (𝑑). In (𝑎) and

(𝑏), horizontal lines indicate 𝛿3/𝜂𝑇 = 4.7 and 6.3 and Δ𝑢3/𝑢𝜂𝑇 = 6.9 and 8.2,
corresponding to the minimum and maximum values in transverse profiles of turbulent

planar jets (Hayashi et al. 2021a).

𝑦+ = 31. Large velocity gradients with 𝜕𝑢1/𝜕𝜁1 > 0, 𝜕𝑢2/𝜕𝜁2 < 0 and 𝜕𝑢3/𝜕𝜁2 > 0 further522
confirm that the shear layer experiences extension in the 𝜁1 direction and compression in the523
𝜁2 direction. The velocity jumps in 𝑢𝑖 are denoted byΔ𝑢𝑖 , and the corresponding widths by 𝛿𝑖 .524
At 𝑦+ = 1529 in figure 11(𝑎) and (𝑏), the mean velocities exhibit positive and negative peaks525
near the shear layer, and the velocity jump is evaluated as the difference between these peaks.526
The width of the velocity jump is defined as 𝛿𝑖 = Δ𝑢𝑖/|𝜕𝑢𝑖/𝜕𝜁𝛼 |, where 𝛼 = 1 for 𝑖 = 1527
and 𝛼 = 2 for 𝑖 = 2 and 3; the summation convention is not applied. The gradient |𝜕𝑢𝑖/𝜕𝜁𝛼 |528
is evaluated at the shear-layer centre. Near the wall, shear layers tend to be approximately529
horizontal, and the 𝜁2 direction preferentially aligns with the 𝑦 direction. For 𝜁2 < 0, the530
mean-velocity peak may be truncated by the wall. In such cases, the velocity jump and width531
are estimated as twice those obtained for 𝜁2 > 0. In addition, the 𝜁3 direction preferentially532
aligns with the−𝑥 direction, so 𝑢3(𝜁2) near the wall is influenced by the wall-normal variation533
of the mean streamwise velocity. Specifically, for 𝜁2 > 0, 𝑢3 can increase gradually with 𝜁2534
even outside the shear layer, which obscures the peak used to quantify the velocity jump.535
In such cases, the velocity jump and width are evaluated using the method of Eisma et al.536
(2015), as illustrated in figure 11(𝑑). The slow increase in 𝑢3 for 𝜁2 > 0 is approximated by537
a linear fit. The intersection of this fit with 𝐶𝜁2, where 𝐶 = 𝜕𝑢3/𝜕𝜁2 is evaluated at 𝜁2 = 0,538
is denoted by (𝑢3)𝑃 = 𝑢3(𝜁2 = 𝜁𝑃). The velocity jump and width are then evaluated as539
Δ𝑢3 = 2(𝑢3)𝑃 and 𝛿3 = 2𝜁𝑃 .540
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4.3. Mean velocity jump associated with shear541

The mean velocity jump and width associated with shear, Δ𝑢3 and 𝛿3, are examined542
as functions of wall-normal position and Reynolds number. In homogeneous isotropic543
turbulence and turbulent planar jets over a range of Reynolds numbers, these quantities,544
when normalised by the corresponding Kolmogorov length and velocity scales, are nearly545
constant, indicating that 𝛿3 and Δ𝑢3 scale with the Kolmogorov length and velocity scales,546
respectively. Figures 12(𝑎) and (𝑏) show wall-normal profiles of 𝛿3 and Δ𝑢3 normalised by547
the Kolmogorov scales, 𝜂𝑇 and 𝑢𝜂𝑇 . DNS of turbulent planar jets showed that 𝛿3/𝜂 ≈ 4.7–548
6.3 and Δ𝑢3/𝑢𝜂 ≈ 6.9–8.2 across the transverse direction for jet Reynolds numbers between549
4000 and 100000 (Hayashi et al. 2021a). These bounds are indicated by horizontal lines550
in figures 12(𝑎) and (𝑏). Both Δ𝑢3/𝑢𝜂𝑇 and 𝛿3/𝜂𝑇 collapse well onto single curves despite551
differences in 𝑅𝑒𝜃 . Moreover, for 𝑦+ ≳ 50 across all Reynolds numbers, 𝛿3/𝜂𝑇 ≈ 5 and552
Δ𝑢3/𝑢𝜂𝑇 ≈ 8 depend only weakly on 𝑦+. These values are consistent with those for turbulent553
planar jets. In the jets, 𝛿3/𝜂𝑇 and Δ𝑢3/𝑢𝜂𝑇 decrease slightly towards the jet edge, and a554
similar trend is observed towards the edge of the TBL. Although Δ𝑢3/𝑢𝜂𝑇 and 𝛿3/𝜂𝑇 also555
collapse near the wall, their values vary markedly as 𝑦+ decreases, indicating that the mean556
shear-related velocity jump is not characterised by the Kolmogorov scales in this region. The557
consistency between the TBL and jets for 𝑦+ ≳ 50 suggests that wall effects on the velocity558
profiles around shear layers are negligible in the logarithmic and outer layers.559

Figure 12(𝑐) presents 𝛿3 normalised by the viscous length scale 𝛿𝜈 . The normalised width,560
𝛿3/𝛿𝜈 ≈ 10, remains nearly constant near the wall for 𝑦+ ≲ 50. Thus, the width of the mean561
velocity jump due to shear is governed by the viscous length scale. A corresponding scaling562
for Δ𝑢3 can be obtained by assuming 𝛿3 ∼ 𝛿𝜈 . It has been shown that shear makes a dominant563
contribution to the kinetic energy dissipation rate (Pirozzoli et al. 2010; Nagata et al. 2020),564

implying that the mean shear within shear layers scales as |𝜕𝑢3/𝜕𝜁2 | ∼
√︁
⟨𝜀⟩𝑇/𝜈.565

Combining this estimate with 𝛿3 ∼ 𝛿𝜈 yields the scaling566

Δ𝑢3 = 𝛿3

����𝜕𝑢3
𝜕𝜁2

���� ∼ 𝛿𝜈

𝜏𝜂𝑇
, (4.5)567

which is the velocity scale obtained from the characteristic shear-layer thickness scale, 𝛿𝜈 ,568
and the characteristic small-scale shear time scale, 𝜏𝜂𝑇 . This scaling can also be rewritten569
as Δ𝑢3 ∼ 𝑢2

𝜂𝑇
/𝑢𝜏 , highlighting its difference from Δ𝑢3 ∼ 𝑢𝜂𝑇 by the factor 𝑢𝜂𝑇/𝑢𝜏 . This570

scaling is examined in figure 12(𝑑), which plots Δ𝑢3/(𝛿𝜈/𝜏𝜂𝑇 ) against 𝑦+. In the buffer layer,571
where Δ𝑢3 does not scale with 𝑢𝜂𝑇 , Δ𝑢3/(𝛿𝜈/𝜏𝜂𝑇 ) ≈ 20 remains approximately constant.572
This constancy is observed for 𝑦+ ≲ 50, throughout the buffer layer up to the lower edge of573
the logarithmic layer.574

Two distinct scalings are observed depending on wall-normal location. Above 𝑦+ ≈ 50,575
the mean velocity jump and its width associated with shear scale with the Kolmogorov576
velocity and length scales, respectively, consistent with turbulence without wall influence,577
such as homogeneous isotropic turbulence and turbulent planar jets. This height, 𝑦+ ≈ 50,578
approximately corresponds to the lower edge of the logarithmic layer. These results indicate579
that the shear in the logarithmic and outer layers above 𝑦+ ≈ 50 originates from small-scale580
turbulent motions with scales set by the Kolmogorov scales, without direct wall influence.581
The approximate constancy of 𝛿3/𝜂𝑇 ≈ 5 and Δ𝑢3/𝑢𝜂𝑇 ≈ 8 is also reflected in one-point582
statistics: since ⟨𝐼𝑆⟩𝑇 scales with a characteristic shear Δ𝑢3/𝛿3, Kolmogorov scaling of Δ𝑢3583
and 𝛿3 is consistent with the plateau of ⟨𝐼𝑆⟩𝑇/𝜏−1

𝜂𝑇
in figure 3(𝑏). The shear layer has a584

velocity gradient of about (Δ𝑢3/𝛿3)/𝜏−1
𝜂𝑇

≈ 1.5 at its centre, which is of the same order as585

⟨𝐼𝑆⟩𝑇/𝜏−1
𝜂𝑇

≈ 0.9. Below 𝑦+ ≈ 50, namely within the buffer layer, the width of the mean586
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velocity jump scales with the viscous length 𝛿𝜈 determined by the wall shear stress, and587
the corresponding velocity jump follows (4.5). The present DNS yields 𝛿3/𝛿𝜈 ≈ 10 and588
Δ𝑢3/(𝛿𝜈/𝜏𝜂𝑇 ) ≈ 20, which vary only weakly with 𝑦+ for 𝑦+ ≲ 50. These values are also589
insensitive to Reynolds number. Although 𝛿3/𝜂𝑇 and 𝛿3/𝛿𝜈 for different 𝑅𝑒𝜃 collapse well590
onto single curves in figures 12(𝑎) and (𝑐), their approximate constancy is observed only591
for 𝑦+ ≳ 50 and 𝑦+ ≲ 50, respectively. This distinction indicates that Kolmogorov scaling592
governs the logarithmic and outer layers, whereas viscous scaling governs the buffer layer.593

The relation between the Kolmogorov and viscous normalisations can be understood from594
the 𝑦+ dependence of the Kolmogorov scales. Previous studies of TBLs showed that the595
Kolmogorov length in wall units, 𝜂+

𝑇
= 𝜂𝑇/𝛿𝜈 , is described approximately by a universal596

function of 𝑦+ from the wall to the logarithmic layer (Stanislas et al. 2008; Herpin et al.597
2013; Gustenyov et al. 2023). Since 𝑢+

𝜂𝑇
= 𝑢𝜂𝑇/𝑢𝜏 = 1/𝜂+

𝑇
, the Kolmogorov velocity in598

wall units also follows a corresponding universal relation. Thus, if 𝛿3/𝜂𝑇 and Δ𝑢3/𝑢𝜂𝑇599
are nearly constant in the logarithmic layer, then 𝛿3/𝛿𝜈 = (𝛿3/𝜂𝑇 )𝜂+𝑇 and Δ𝑢3/(𝛿𝜈/𝜏𝜂𝑇 ) =600
(Δ𝑢3/𝑢𝜂𝑇 )/𝑢+𝜂𝑇 also become universal functions of 𝑦+. However, this does not imply viscous601

scaling of 𝛿3 and Δ𝑢3 in the logarithmic layer, because these normalised quantities vary602
significantly with 𝑦+.603

The agreement between the present TBL results and previous results for homogeneous604
isotropic turbulence and turbulent planar jets also indicates that the shear-layer properties in605
the logarithmic and outer layers are not dictated directly by large-scale features associated606
with turbulence generation. These features include the forcing scheme in forced isotropic607
turbulence and mean velocity gradients in shear flows. Thus, although the large-scale608
mechanisms that sustain turbulence differ among these flows, the small-scale shear layers in609
the logarithmic and outer layers appear to be governed primarily by the scales of small-scale610
motions.611

Vortex tubes emerge from shear-layer roll-up and breakdown (Vincent & Meneguzzi 1994;612
Passot et al. 1995; Watanabe et al. 2020b). On the basis of this established pathway, the present613
scalings for the shear-layer width 𝛿3 and velocity jump Δ𝑢3 suggest corresponding scalings614
for the diameter and azimuthal velocity of the vortex tubes generated from these layers. In615
particular, the near-constant values of 𝛿3/𝜂𝑇 and Δ𝑢3/𝑢𝜂𝑇 in the logarithmic and outer layers616
imply that vortex-tube diameter and azimuthal velocity, when normalised by the Kolmogorov617
scales, are approximately independent of wall-normal position in this region. This implication618
is consistent with previous observations of small-scale vortex tubes in channel flows, duct619
flows and TBLs, where the diameter and azimuthal velocity have been reported to show620
similar Kolmogorov-scaled values with weak dependence on Reynolds number and flow621
configuration (Tanahashi et al. 2004; Mouri et al. 2004; Del Alamo et al. 2006; Mouri et al.622
2007; Kang et al. 2007; Mouri & Hori 2009; Pirozzoli et al. 2008; Stanislas et al. 2008;623
Herpin et al. 2013). Therefore, the Kolmogorov scaling of shear layers observed here in624
the logarithmic and outer layers is expected to reflect a common small-scale property of625
wall-bounded turbulence, although direct confirmation using TDM-based analyses of other626
canonical wall-bounded flows remains a subject for future work. Conversely, the increase627
in 𝛿3/𝜂𝑇 and Δ𝑢3/𝑢𝜂𝑇 towards the wall within the buffer layer is consistent with earlier628
reports of larger normalised diameter and azimuthal velocity of vortex tubes in the same629
region (Tanahashi et al. 2004).630

An experiment on a TBL showed that the width of the mean velocity jump across shear631
layers becomes nearly independent of wall-normal position when normalised by the Taylor632
microscale (Eisma et al. 2015), as discussed in § 1. Figure 13(𝑎) shows the wall-normal633
profile of 𝛿3 normalised by the Taylor microscale 𝜆𝑇 . Except near the wall, 𝛿3/𝜆𝑇 exhibits634
little dependence on 𝑦/𝛿 for each Reynolds number. However, the profiles do not collapse635
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Figure 13: Wall-normal variations of (𝑎) 𝛿3 normalised by the Taylor microscale and (𝑏)
Δ𝑢3 normalised by the large-scale velocity 𝑢0𝑇 =

√︃
(𝑢2

𝑟𝑚𝑠𝑇
+ 𝑣2

𝑟𝑚𝑠𝑇
+ 𝑤2

𝑟𝑚𝑠𝑇
)/3.

onto a single curve and instead vary with 𝑅𝑒𝜃 . In contrast, the width normalised by 𝜂𝑇 in636
figure 12(𝑎) is essentially independent of 𝑅𝑒𝜃 . The weak wall-normal dependence of 𝛿3/𝜆𝑇637
arises because the ratio between the Kolmogorov scale and the Taylor microscale varies638
only weakly with 𝑦 in the outer layer for each 𝑅𝑒𝜃 case. A similar issue arises for the mean639
velocity jump normalised by a large-scale velocity. Figure 13(𝑏) shows Δ𝑢3 normalised by640
𝑢0𝑇 , a characteristic velocity of large-scale motions. For each 𝑅𝑒𝜃 case, Δ𝑢3/𝑢0𝑇 varies only641
weakly with wall-normal position, although it depends strongly on 𝑅𝑒𝜃 . Therefore, when the642
length and velocity scales of shear layers are inferred from wall-normal profiles in a TBL at643
a fixed 𝑅𝑒𝜃 , it is difficult to distinguish Kolmogorov-based scaling from alternative scalings.644
This issue must be addressed by examining TBLs at different Reynolds numbers.645

The above comparison does not imply that the Taylor-microscale scaling reported in646
previous studies is incorrect. Rather, different identification procedures may emphasise647
different flow features. Shearing motions can exist over a wide range of scales (Watanabe et al.648
2024; Arun et al. 2025; Han et al. 2026b,a). For example, Watanabe et al. (2024) examined649
low-pass-filtered velocity fields in high-Reynolds-number turbulence and showed that self-650
similar shear layers appear over a range of scales in the inertial subrange. When shear layers651
are identified from velocity distributions rather than from velocity gradients, the detected652
layers with large velocity jumps may represent larger-scale shear layers whose thicknesses653
are larger than the Kolmogorov scale. Such shear layers larger than the Kolmogorov scale654
have been reported in previous studies (Ishihara et al. 2013; Watanabe et al. 2024).655

The difference from Eisma et al. (2015), who also used the TDM to identify the shear layers,656
may additionally be related to the wall-normal behaviour of the turbulence length scales. In657
the present DNS, 𝜆𝑇/𝜂𝑇 varies only weakly with wall-normal position for 0.2 ≲ 𝑦/𝛿 ≲ 0.8.658
Since 𝜆𝑇/𝜂𝑇 is proportional to the square root of the turbulent Reynolds number, this659
behaviour is consistent with other TBL data showing that the turbulent Reynolds number660
𝑅𝑒𝜆 varies only weakly with 𝑦 for 0.2 ≲ 𝑦/𝛿 ≲ 0.8 at a fixed Reynolds number and661
streamwise position (Djenidi et al. 2017; Kamruzzaman et al. 2018). Hence, the collapse of662
𝛿3/𝜂𝑇 and the weak wall-normal variation of 𝛿3/𝜆𝑇 can appear similar at a fixed Reynolds663
number for 𝑦/𝛿 ≳ 0.2 in the present study. In contrast, the data of Eisma et al. (2015)664
show that the layer thickness normalised by 𝜂 varies with wall-normal position, whereas that665
normalised by 𝜆 is nearly constant even for 𝑦/𝛿 > 0.2. This implies that 𝜆/𝜂 also varies with666
wall-normal position in their data. The approximate constancy of 𝜆/𝜂, or equivalently 𝑅𝑒𝜆,667
in the outer layer has not been observed in every TBL dataset. For example, Obligado et al.668
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Figure 14: Wall-normal variations of (𝑎, 𝑐) the width 𝛿1 and (𝑏, 𝑑) the jump Δ𝑢1 in the
mean velocity associated with extensional strain: (𝑎) 𝛿1/𝜂𝑇 , (𝑏) Δ𝑢1/𝑢𝜂𝑇 , (𝑐) 𝛿1/𝛿𝜈 and

(𝑑) Δ𝑢1/(𝛿𝜈/𝜏𝜂𝑇 ). In (𝑎) and (𝑏), horizontal lines indicate 𝛿1/𝜂𝑇 = 8.9 and 17.0 and
Δ𝑢1/𝑢𝜂𝑇 = 2.2 and 3.6, corresponding to the minimum and maximum values in

transverse profiles of turbulent planar jets (Hayashi et al. 2021a).

(2022) reported wall-normal variations of 𝑅𝑒𝜆 in the range 0.4 < 𝑦/𝛿 < 0.8 for different669
𝑅𝑒𝜃 cases. Some cases exhibit only weak variations of 𝑅𝑒𝜆 with 𝑦/𝛿, whereas others show670
an increase in 𝑅𝑒𝜆 with 𝑦/𝛿. The different conclusion on the 𝑦/𝛿 dependence in Eisma et al.671
(2015) may therefore reflect not only the type of detected shear layer, but also differences in672
the wall-normal behaviour of the turbulence length scales.673

4.4. Mean velocity jump associated with strain674

Mean velocity jumps are also observed due to large 𝜕𝑢1/𝜕𝜁1 and 𝜕𝑢2/𝜕𝜁2, which are675
associated with extension and compression in the biaxial strain, respectively. The mean676
velocity jumps for these components are examined below.677

Figure 14 shows wall-normal variations of 𝛿1 and Δ𝑢1 with normalisations based on678
𝜂𝑇 and 𝛿𝜈 and the corresponding velocity scales, 𝑢𝜂𝑇 and 𝛿𝜈/𝜏𝜂𝑇 , as also used for 𝛿3679
and Δ𝑢3. In figures 14(𝑎) and (𝑏), the ranges 𝛿1/𝜂𝑇 = 8.9–17.0 and Δ𝑢1/𝑢𝜂𝑇 = 2.2–3.6680
reported from DNS of turbulent planar jets are indicated by horizontal lines (Hayashi et al.681
2021a). These variations in jets arise mainly from transverse-position dependence rather682
than Reynolds-number effects. Wall-normal variations of 𝛿1/𝜂𝑇 and Δ𝑢1/𝑢𝜂𝑇 for 𝑦+ ≳ 50683
are more pronounced than those of 𝛿3 and Δ𝑢3, for which Kolmogorov scaling is observed.684
Except near the TBL edge, 𝛿1/𝜂𝑇 and Δ𝑢1/𝑢𝜂𝑇 collapse well onto single curves for 𝑦+ ≳ 50,685
and the magnitude of the wall-normal variation, 𝛿1/𝜂𝑇 ≈ 11–19 and Δ𝑢1/𝑢𝜂𝑇 ≈ 3.0–3.8,686
lies within the range reported for the turbulent planar jets. In the jets, 𝛿1/𝜂𝑇 and Δ𝑢1/𝑢𝜂𝑇687
decrease towards the jet edge, and a similar trend is observed towards the edge of the TBL.688
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Figure 15: The same as figure 14, but for 𝛿2 and Δ𝑢2: (𝑎) 𝛿2/𝜂𝑇 , (𝑏) Δ𝑢2/𝑢𝜂𝑇 , (𝑐) 𝛿2/𝛿𝜈
and (𝑑) Δ𝑢2/(𝛿𝜈/𝜏𝜂𝑇 ). In (𝑎) and (𝑏), horizontal lines indicate 𝛿2/𝜂𝑇 = 17.2 and 34.0 and

Δ𝑢2/𝑢𝜂𝑇 = 2.1 and 3.3, corresponding to the minimum and maximum values in
transverse profiles of turbulent planar jets (Hayashi et al. 2021a).

Figures 14(𝑐) and (𝑑) examine viscous-length scaling for 𝛿1 and Δ𝑢1 by normalising689
them with 𝛿𝜈 and 𝛿𝜈/𝜏𝜂𝑇 , respectively. As the wall is approached, 𝛿1/𝛿𝜈 tends towards an690
approximately constant value of about 19. In contrast, Δ𝑢1/(𝛿𝜈/𝜏𝜂𝑇 ) decreases continuously691
towards the wall.692

Figure 15 presents the results for 𝛿2 and Δ𝑢2. Figures 15(𝑎) and (𝑏) show wall-normal693
variations of 𝛿2/𝜂𝑇 ≈ 21–34 and Δ𝑢2/𝑢𝜂𝑇 ≈ 2.9–3.6 in the TBLs, compared with the694
ranges 𝛿2/𝜂𝑇 = 17.2–34.0 and Δ𝑢2/𝑢𝜂𝑇 = 2.1–3.3 (horizontal lines) obtained from DNS695
of turbulent planar jets (Hayashi et al. 2021a). The wall-normal variations are similar to696
those of 𝛿1/𝜂𝑇 and Δ𝑢1/𝑢𝜂𝑇 . Both 𝛿2/𝜂𝑇 and Δ𝑢2/𝑢𝜂𝑇 vary with 𝑦 for 𝑦+ ≳ 50 by amounts697
comparable to those in jets, whereas 𝛿3/𝜂𝑇 and Δ𝑢3/𝑢𝜂𝑇 are nearly constant in the same698
region. Figures 15(𝑐) and (𝑑) show 𝛿2/𝛿𝜈 and Δ𝑢2/(𝛿𝜈/𝜏𝜂𝑇 ). As for 𝛿1 and Δ𝑢1, 𝛿2/𝛿𝜈 ≈ 37699
becomes nearly independent of 𝑦+ and 𝑅𝑒𝜃 near the wall, while Δ𝑢2/(𝛿𝜈/𝜏𝜂𝑇 ) continues to700
decrease towards the wall.701

The mean velocity jumps associated with strain exhibit wall-normal variations in 𝛿𝑖/𝜂𝑇702
and Δ𝑢𝑖/𝑢𝜂𝑇 (𝑖 = 1, 2). Figures 16 and 17 present 𝛿𝑖/𝜂𝑇 and Δ𝑢𝑖/𝑢𝜂𝑇 (𝑖 = 1, 2) as functions703
of 𝑦 normalised by the boundary-layer thickness 𝛿. The profiles are similar across all 𝑅𝑒𝜃704
cases. These wall-normal variations indicate an influence of large-scale motions on the strain705
acting on small-scale shear layers. The 𝑦 dependence of 𝛿𝑖/𝜂𝑇 and Δ𝑢𝑖/𝑢𝜂𝑇 for strain is also706
similar to that in jets, with both decreasing towards the edges of the TBL and jets (Hayashi707
et al. 2021a). This behaviour is likely related to mean-shear effects in turbulence bounded708
by a non-turbulent external flow.709

In the buffer layer, the velocity jumps of shear layers scale differently from those in the710
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Figure 16: (𝑎) 𝛿1/𝜂𝑇 and (𝑏) Δ𝑢1/𝑢𝜂𝑇 plotted against 𝑦/𝛿.
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Figure 17: (𝑎) 𝛿2/𝜂𝑇 and (𝑏) Δ𝑢2/𝑢𝜂𝑇 plotted against 𝑦/𝛿.

logarithmic and outer layers. The widths of the mean velocity jumps, normalised by the711
viscous length, approach constant values for both shear and strain. However, Δ𝑢1/(𝛿𝜈/𝜏𝜂𝑇 )712
and Δ𝑢2/(𝛿𝜈/𝜏𝜂𝑇 ) decrease continuously towards the wall. The scaling 𝛿𝜈/𝜏𝜂𝑇 assumes that713
energy dissipation is dominated by the velocity gradient associated with the mean velocity714
jump across shear layers. However, Δ𝑢1 and Δ𝑢2 are associated with the irrotational strain715
components 𝜕𝑢1/𝜕𝜁1 and 𝜕𝑢2/𝜕𝜁2. Such strain contributes little to the energy dissipation,716
which is instead dominated by shear (Nagata et al. 2020). This explains why 𝛿𝜈/𝜏𝜂𝑇 does717
not govern Δ𝑢1 and Δ𝑢2 in the buffer layer.718

4.5. Characteristics of individual shear layers719

In addition to the velocity jumps and widths inferred from the mean velocity profiles around720
shear layers, local shear-layer properties are examined using probability density functions of721
shear-layer characteristics. We consider the local thickness and velocity jump of each shear722
layer, estimated from the profiles of 𝐼𝑆 and 𝑢3 along the 𝜁2 axis, namely 𝐼𝑆 (0, 𝜁2, 0) and723
𝑢3(0, 𝜁2, 0), following Watanabe & Nagata (2023). The shear-layer thickness 𝛿𝑆 is defined724
as the half-width of 𝐼𝑆 . The velocity jump across the shear layer, Δ𝑢𝑆 , is evaluated as725
Δ𝑢𝑆 = 𝛿𝑆 (𝜕𝑢3/𝜕𝜁2), where 𝜕𝑢3/𝜕𝜁2 is taken at the shear-layer centre. The shear Reynolds726
number is defined as 𝑅𝑒𝑆 = Δ𝑢𝑆𝛿𝑆/𝜈, which is relevant to the instability of each shear layer.727

The same definitions were used in our shear-layer analysis of homogeneous isotropic728
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Figure 18: Probability density functions of (𝑎) 𝛿𝑆/𝜂𝑇 , (𝑏) Δ𝑢𝑆/𝑢𝜂𝑇 , (𝑐) 𝑅𝑒𝑆 and (𝑑)
𝛿𝑆/𝛿𝐵𝑉 obtained for 𝑦+ > 50 in the cases with 𝑅𝑒𝜃 = 4000 and 13000. Results for

homogeneous isotropic turbulence (HIT) are shown for comparison (Watanabe & Nagata
2023).

turbulence (Watanabe & Nagata 2023), which is compared with the present results. The729
relation between shear and strain within a shear layer is consistent with Burgers’ vortex layer,730
an exact steady solution of the Navier–Stokes equations (Burgers 1948; Davidson 2004). The731
thickness of Burgers’ vortex layer, defined as the half-width of 𝐼𝑆 , is related to the strain rate732

𝛼 as 𝛿𝐵𝑉 = 1.67
√︁

2𝜈/𝛼. Burgers’ vortex layer has a constant thickness because thickening733
due to viscous vorticity diffusion is balanced by compression due to biaxial strain. For each734
detected shear layer, the effective strain rate contributing to vortex stretching is evaluated735
as 𝛼 = 𝜔𝑖S𝑖 𝑗𝜔 𝑗/(𝜔𝑘𝜔𝑘) at (𝜁1, 𝜁2, 𝜁3) = (0, 0, 0), and the corresponding Burgers-layer736
thickness 𝛿𝐵𝑉 is compared with the actual thickness obtained from the half-width of 𝐼𝑆 . This737
evaluation of 𝛼 follows previous studies on vortex tubes (Jiménez & Wray 1998; da Silva738
et al. 2011).739

Figures 18(𝑎) and (𝑏) show the p.d.f.s of 𝛿𝑆 and Δ𝑢𝑆 evaluated for 𝑦+ > 50 in the cases740
with 𝑅𝑒𝜃 = 4000 and 13000. In this region, the mean velocity jump associated with shear741
scales with the Kolmogorov scales. Accordingly, 𝛿𝑆 and Δ𝑢𝑆 are normalised by 𝜂𝑇 and742
𝑢𝜂𝑇 , respectively. The present results are compared with those in homogeneous isotropic743
turbulence (Watanabe & Nagata 2023). The p.d.f.s of 𝛿𝑆/𝜂𝑇 and Δ𝑢𝑆/𝑢𝜂𝑇 have similar744
distributions regardless of 𝑦+ > 50 location and 𝑅𝑒𝜃 , and they are also consistent with745



26

0 10 20
0

0.1

0.2

0 10 20 30 40
0

0.05

0.1

(a) (b)
P
.d

.f
.

P
.d

.f
.

Figure 19: Probability density functions of (𝑎) 𝛿𝑆/𝜂𝑇 and (𝑏) Δ𝑢𝑆/𝑢𝜂𝑇 at 𝑦/𝛿 = 0.2 for
all Reynolds number cases.

homogeneous isotropic turbulence. The Kolmogorov-based scalings, examined using the746
mean velocity profiles, therefore apply even to individual shear layers. In particular, the747
peaks of the p.d.f.s occur at 𝛿𝑆/𝜂𝑇 ≈ 5 and Δ𝑢𝑆/𝑢𝜂𝑇 ≈ 8.748

Figure 18(𝑐) shows the p.d.f. of 𝑅𝑒𝑆 for the same locations and Reynolds numbers as in749
figures 18(𝑎) and (𝑏). The p.d.f. peaks at 𝑅𝑒𝑆 ≈ 40. This value is consistent with the peaks750
at 𝛿𝑆/𝜂𝑇 ≈ 5 and Δ𝑢𝑆/𝑢𝜂𝑇 ≈ 8, since 𝑅𝑒𝑆 can be written as 𝑅𝑒𝑆 = (Δ𝑢𝑆/𝑢𝜂𝑇 ) (𝛿𝑆/𝜂𝑇 ).751
Almost all shear layers satisfy 𝑅𝑒𝑆 ≫ 1, indicating that 𝑅𝑒𝑆 is sufficiently large for shear752
layers to become unstable, as suggested by numerical studies of Burgers’ vortex layers and753
strained shear layers with finite aspect ratio (Beronov & Kida 1996; Watanabe & Nagata754
2023).755

Figure 18(𝑑) shows the p.d.f. of 𝛿𝑆/𝛿𝐵𝑉 , examining the relation between strain and756
thickness in Burgers’ vortex layer. The p.d.f. exhibits a pronounced peak at 𝛿𝑆/𝛿𝐵𝑉 ≈ 1 for757
all 𝑅𝑒𝜃 and wall-normal locations. Thus, the shear-layer thickness is well predicted by the758
strain–thickness relation of Burgers’ vortex layer.759

Figure 19 presents the p.d.f.s of 𝛿𝑆/𝜂𝑇 and Δ𝑢𝑆/𝑢𝜂𝑇 at a fixed wall-normal position,760
𝑦/𝛿 = 0.2, for all 𝑅𝑒𝜃 cases. At this wall-normal position, the p.d.f.s show only weak761
dependence on 𝑅𝑒𝜃 . The remaining variation in the peak positions is comparable to that762
observed for the p.d.f.s at different 𝑦+ in figure 18. These results indicate that the imperfect763
collapse of the p.d.f.s in figure 18 is not solely caused by wall-normal dependence, because764
a comparable level of variation remains even at fixed 𝑦/𝛿. Although the p.d.f.s in figures 18765
and 19 do not collapse perfectly, the variation of their peak positions is limited. The peak766
of 𝛿𝑆/𝜂𝑇 varies approximately between 4.6 and 5.3, and that of Δ𝑢𝑆/𝑢𝜂𝑇 varies between767
6.6 and 9.3. These variations are small compared with the full widths of the p.d.f.s, and768
the peak positions remain similar for different wall-normal positions and Reynolds numbers.769
Comparable variations have also been reported for vortex tubes, whose radius and azimuthal770
velocity depend only weakly on flow type and Reynolds number. For example, previous771
studies reported p.d.f. peak values of the vortex-tube radius and azimuthal velocity with772
variations comparable to those observed here for 𝛿𝑆/𝜂𝑇 and Δ𝑢𝑆/𝑢𝜂𝑇 (Tanahashi et al.773
2001; Kang et al. 2007).774

Figures 20(𝑎) and (𝑏) show the p.d.f.s of 𝛿𝑆/𝛿𝜈 and Δ𝑢𝑆/(𝛿𝜈/𝜏𝜂𝑇 ) in the buffer layer,775
where 𝛿𝜈 characterises the mean velocity profile associated with shear. The p.d.f.s exhibit776
peaks at 𝛿𝑆/𝛿𝜈 ≈ 8 and Δ𝑢𝑆/(𝛿𝜈/𝜏𝜂𝑇 ) ≈ 20 at the examined wall-normal locations, largely777
independent of 𝑅𝑒𝜃 . The distribution of Δ𝑢𝑆/(𝛿𝜈/𝜏𝜂𝑇 ) broadens as 𝑦+ increases, indicating778
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Figure 20: The same as figure 18, but for 𝑦+ < 50.

that fluctuations in shear-layer characteristics become larger away from the wall. Figure 20(𝑐)779
shows the p.d.f. of 𝑅𝑒𝑆 . From 𝑦+ = 30 to 15, the p.d.f. of 𝑅𝑒𝑆 shifts towards larger 𝑅𝑒𝑆 values,780
indicating that shear layers have larger Reynolds numbers closer to the wall. Figure 20(𝑑)781
shows the p.d.f. of 𝛿𝑆/𝛿𝐵𝑉 . The peak at 𝛿𝑆/𝛿𝐵𝑉 ≈ 1 confirms a balance between strain and782
viscous diffusion similar to that in Burgers’ vortex layer. The p.d.f. for 𝑦+ < 50 is narrower783
than that for 𝑦+ > 50, and deviations from this balanced state occur more frequently for784
𝑦+ > 50, where shear-layer characteristics are set by the Kolmogorov scales.785

These scalings of 𝛿𝑆 and Δ𝑢𝑆 are directly relevant to flow-control strategies that leverage786
small-scale shear instability (Watanabe & Nagata 2023; Watanabe 2024; Watanabe & Nagata787
2025). The most effective perturbation wavelength for exciting this instability scales with788
the shear-layer thickness. The perturbation effectiveness is also governed by the imposed789
disturbance energy normalised by the square of the shear-layer velocity jump. Thus, the790
present two-regime scaling provides a basis for estimating both the instability wavelength and791
the disturbance intensity required to destabilise small-scale shear layers in wall turbulence.792
Specifically, the unstable wavelength is about 7𝛿𝑆 (Watanabe & Nagata 2023), which can be793
expressed as approximately 36𝜂𝑇 in the logarithmic and outer layers and 60𝛿𝜈 in the buffer794
layer based on the peaks in the p.d.f.s of 𝛿𝑆 . The corresponding velocity scale is 𝑢𝜂𝑇 in795
the logarithmic and outer layers and 𝛿𝜈/𝜏𝜂𝑇 in the buffer layer. These estimates clarify how796
disturbance parameters should be selected differently in the buffer layer and in the logarithmic797
or outer layers.798
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5. Conclusion799

The scalings of small-scale shear layers are investigated using DNS databases of temporally800
developing TBLs with the Reynolds number based on momentum thickness, 𝑅𝑒𝜃 , ranging801
from 2000 to 13000. Shear layers are identified as regions of locally intense shear using802
the TDM of the velocity gradient tensor. Conditional averages are evaluated in a local shear803
coordinate system in order to observe shear layers in a common reference frame aligned with804
their orientations. Shear-layer characteristics are examined for different 𝑅𝑒𝜃 and wall-normal805
positions from the buffer layer to the outer layer.806

Mean flow profiles around shear layers confirm that shear layers form within a biaxial807
strain field, in which shear vorticity is stretched and the shear layer is compressed in the layer-808
normal direction. This shear–strain relation, previously observed in homogeneous isotropic809
turbulence and turbulent planar jets, persists even near the wall. Shear-layer orientation is810
influenced by the wall: shear layers near the wall tend to be parallel to it. Although this811
trend is also observed in the logarithmic and outer layers, shear layers exhibit a range of812
orientations, and the local shear does not necessarily align with the mean shear.813

Conditional averaging around near-wall shear layers reveals two distinct regions of intense814
rigid-body rotation on the wall side of the shear layer. Their coupling with the shear layer near815
the wall contributes to the Reynolds stress through the transfer of shear-related streamwise816
momentum by the wall-normal non-shear velocity component. This mechanism is consistent817
with counter-rotating vortex pairs in wall turbulence.818

The mean velocity jump of shear across the layer, Δ𝑢3, and its width, 𝛿3, are examined as819
functions of 𝑦 and 𝑅𝑒𝜃 . For 𝑦+ ≳ 50 in the logarithmic and outer layers, 𝛿3 and Δ𝑢3 scale820
with the Kolmogorov length 𝜂𝑇 and the Kolmogorov velocity 𝑢𝜂𝑇 , respectively. Specifically,821
the present DNS yields 𝛿3/𝜂𝑇 ≈ 5 and Δ𝑢3/𝑢𝜂𝑇 ≈ 8. For 𝑦+ ≲ 50, mostly in the buffer layer,822
𝛿3 scales with the viscous length 𝛿𝜈 of wall turbulence. Assuming that shear dominates the823
kinetic energy dissipation, 𝛿3 ∼ 𝛿𝜈 leads to Δ𝑢3 ∼ 𝛿𝜈/𝜏𝜂𝑇 , which is supported by the present824
data. The DNS yields 𝛿3/𝛿𝜈 ≈ 10 and Δ𝑢3/(𝛿𝜈/𝜏𝜂𝑇 ) ≈ 20 for all 𝑅𝑒𝜃 values.825

The mean velocity jumps and widths associated with the biaxial strain also exhibit826
Kolmogorov-based scaling for 𝑦+ ≳ 50. The normalised jumps and widths depend only827
weakly on 𝑅𝑒𝜃 , but vary with wall-normal position. In the logarithmic and outer layers,828
the present results yield 𝛿1/𝜂𝑇 ≈ 11–19 and Δ𝑢1/𝑢𝜂𝑇 ≈ 3.0–3.8 for the extensional strain,829
and 𝛿2/𝜂𝑇 ≈ 21–34 and Δ𝑢2/𝑢𝜂𝑇 ≈ 2.9–3.6 for the compressive strain. The wall-normal830
variations of the mean velocity jumps associated with biaxial strain collapse when plotted831
against 𝑦/𝛿, indicating the influence of large-scale motions on the strain. In the buffer layer,832
𝛿1/𝛿𝜈 ≈ 19 and 𝛿2/𝛿𝜈 ≈ 37 become nearly independent of 𝑦+ and 𝑅𝑒𝜃 . However, the scaling833
based on 𝛿𝜈/𝜏𝜂𝑇 does not apply to the corresponding velocity jumps, because biaxial strain834
contributes little to the energy dissipation.835

The p.d.f.s of shear-layer thickness and shear-related velocity jump support the above836
scalings for individual shear layers. The Reynolds number of almost all shear layers is837
sufficiently large for the layers to be unstable, regardless of wall-normal position. The shear-838
layer thickness is also close to the estimate based on Burgers’ vortex layer even near the wall,839
indicating a balance between thickening due to viscous vorticity diffusion and compression840
due to biaxial strain.841

The shear-layer characteristics for 𝑦+ ≳ 50 are consistent with previous studies of turbulent842
planar jets (Hayashi et al. 2021a). The mean velocity jumps and widths for all components843
agree quantitatively with DNS data of turbulent planar jets. In addition, the normalised844
mean velocity jumps and widths decrease towards the TBL edge, consistent with shear-layer845
behaviour near the jet edge. These results indicate negligible direct wall influence on shear846
layers in the logarithmic and outer layers.847
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The present study establishes two distinct scalings of small-scale shear layers in TBLs.848
These scalings provide a basis for estimating shear-layer properties using turbulence length849
scales defined from conventional velocity statistics. Such estimates are crucial for testing850
and applying flow-control strategies that leverage the instability of small-scale shear layers,851
which has been shown to enhance turbulent mixing and entrainment in wall-free turbulent852
flows.853
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